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EASY EXERCISES 



OH THB 



FIRST PART OF THIS WORK. 



EXERCISES ON THE FIRST BOOK OF EUCLID. 

1. Pbote Eac. I. 9, L 11, aojd 1. 12, without vuanz I. 8. 

2. If there be two nnequal piurallel straight lines, the two straip^t 
lines, joining their extremities which are towards the same parts, 
wiU meet if produced through the extremities of the shorter par- 
allel 

3. The three straight lines drawn from a point within a trianglt 
to the angles, are together less than the perimeter, but greater tluin 
its half. 

4. The diagonala of a parallelogram diTide it into four equal 
parts. 

5. If a quadrilateral be bisected by both diagonals, it is a paral- 
lelogram. 

, 6. Prove Euc. I. 82, by the construction of Euc. 1. 16. 

Y. Oiyen the perpcoimcular of an equilateral triangle, to con- 
struct it. 

8. Given the diagonal of a square, to construct it. 

0. Prove Euc. L 17, without producing any side. 

10. Prove the first and second parts of Euc. I. 28, independ- 
ently of L 27, and of one another : and from each, when proved, de- 
rive L 27, and the remaining part of L 28. 

11. Given the sum of the side and diagonal of a square ; to con- 
struct it. 

12. Given the difference of the side and diagonal of a square ; 
.to construct it. 

13. Given the sum of the diagonal and two sides of a square ; to 
ocxistruct it. 

14. Given the sum of the sjde and perpendicular of an equila- 
teral triangle ; to construct it 

15. Given the difference of the side and perpendicular of an equi- 
lateraJtriande ; to construct it 

IQ. Prove^uc. L 36, without joining BE, ' CH, by producing 
3A, FE, and CD, GH tiU they meet Wlien will this faU, and 
how will the proposition then be proved? 



Tl EAST EXERCISES. 

17. If a diaffonal of a paraUelogram be either equal to a aklo or 
less than a 8i& of the same figure, that diagonal is less than the 
other. 

18. If a rectangular floor be 25 feet 6 inches (25*5 feet) long, 
and 16 feet 9 inches (16*75 feet) broad, what is its area in square 
yards ? Anew. 47'4683'. 

19. If the length of a rectangular garden be 15 perches, what 
must be its breadth, so that it whkj contain fin acre? Anew, 
lOf perches. 

20. If the side of a square be 89 inches, what is its area ? Anaw, 
7921 square inches. 

21. Find the side of a square field, containing three aeiM. 
Anew, 21*9089 perthet. 

22. Giren the base of a paraUelogram equal to 14 chains 32 
linju, and its perpendicular breadth equal to 10 chains 46 links ; 
to find its area.* Anew, 14a. dr. d6*6p. nearly. 

23. If the base and perpendicular of a triangle be 66 and S3 
yards respectiyely, what i« the area? Answ. 1066 squaie yagrds. 

24. Given the diagonal of a four-sided field equal to 9 chains 
62 links, and the perpendiculars to it from the aofflea whicK it 
subtends, equal tai oEains 20 links, and 6 chains 77 finks, reypect- 
irely ; to compute the area. Ansm, 4a. 3r. 7*3 p. nearly. 

25. Givea the legs of a right-angled triangle, equal to 2263 and 
2184 feet, respectiyely; to find uie hypotenuse. Anew, 3145 

feet 

26. Given the hypotenuse of a right-angled triangle equal to 
79 chains 13 links, and one of the legs equal to 6^ chains 65 
links ; to find the other leg. Anew. 53 chams 12 links. 

27. The square described on the diagonal of a square is dpuhW 
of thajquare itself: and a square ia double of the squm^e. d^^cribed 
on half its diaffonaI.t 

28. Given tSe le^ of a rigbi^-angled triangle, equal to 136 and 
255 inches, respectively ; to compute the length of the perpendi- 
cular from tiie right angle to the h^rpotenuse. Answ, 120 inches.. 

29. Through two given points in two paralleUi to. dnyw two 
straight lines lomung a rhombua with the paraUels. 



* The land-flixrr^or's chain, inTented by Gnnter of Oresham CoU^e, London, 
Is llMifperohes ill iM^fth, and iidhrided into 100 equal links. Booh Mnf the langdi 
of the chain, the area of a square chain is 16 square perches, and acoordinstr KH 
square chains nudse an acre. To And, therefore* tbt area of a pwraUe)pfrrait| in 
acres, multiply the length by the perpendicular hreadth, taking the chains an^ 
links in each as a single number, and from the product out off fire figures as deci^ 
mals. Thus, In the present example, the dimensions are 14*as and 10*46 chains, 
and the area is 14*32x10-46, or 149*7872 square chslns; and by diirtdbiv thfo kf 
10, we get 14*97872 acrea» the same as would ^ obCaliioA l)y nnltifilxias 14^ l^ 
1046, and cutting off fire figures. Hie roods are found by multip&mg tl^e deci- 
mal 1^ 4, the roods in an acre, and cntthig offfive Agues; and the ^esebos hf 
■udllplartag IkoM flgvo* br 4«> tbt iqiiv* i«r«te» lii « itQ^ imM CNMw off 

figures. 

t HfDoa, If Ihe side 9f a looave be given, the disgoas) wtn he Ibund hiiipulliply- 
!ng the square not of 2 by the side: and if the diagonal be qfiveii, the sidi» wfv b? 
flmnd by muMplyhig the square root of 2 fay half the <ttagonaL These eoqchiatoat 
an eadiy iUnstrated by means of aigebis. 



P'BEFiiCE. 



Aa the price of ti^ fymm ^cUtiioas pf thii^.iiF^ ^(§f. Ib^d to b« 
an ohfliacld witii mmj wlto woq^ bf^^^aii^^i^P^ U ^ ^ 
text-hooJ^ ^ pewwAt ««UaQ% tb^i^ y^ i|e w*l iwjjwiyfflpft^ 
•nd addaaoBft, m p!jJWiri>gd ip a dif^igiirt «ffl4 % <ihWMWff wCT tl^. 
itfiioiie np eithflf ii). one Tfi^Ljo^q^ or % T^a ^^i^^li^.: >^.t^%t^ ^jii 
the pleaiuie of tfen^ taap^ o« Bi^V^fV^I^ iji m^ff ^ H.^ ^e^ aa i^ 
whoK or one paart maj biQ ^r^- ^^«j4i9^ .^4: '^fti^ %^^ ^ other, 
if the learner mh to obtain.^ ii^ofe., pfofoipf^ knml^^.oi ele- 
nanterf geD9»atcy» Tl^ Fir6t F^ <M>x^t^^ tb^ ^i^i 3^. Book^ 
of Baotidt with tiift £]m««^ c^ ^^L^, Trigooomf^: an4. tb^ 
fiaeond eonpnOModfttbe. Jpileviw^.a^ 4wal% fip^kf^ o!t ^acli<}) 

with an Aapimi&^m l^o^r BooJ(ft ^W^i APfic^'^i^ ¥^^ <^»- 
taioAokgi a BUmbftP- of* nUhoeUcaM^^^^ pipoppsi^ seii^^V^aL of whioi^ 
ava curioaa aadt i!aibiable» i^m^ of ^ Tfv^geoflij^ of Locsi, of 

Curcle ; and hj means of some of the notes, ^b^ tlf^f4ff^ ^^ ^ 

tm of the anwont GeoipiRtiapfit 4«Alyai% Th^. ^ifbj^^- w 
neoessarily tieatock of i^iiiDpk kyravilyi W^^ if ii«re git^i^ ho^eT^^ 
vill ped^pft b» aefuAy sqfiSflient ^^% ^ajilifpjiai^pfd ^;^4^ of 
tiia i»BflaBl4aj, whose tyose apd atiffl(MfW^ ^^: 1^ ^c^ ^uii^ 
a moderate acquaintance with the ancient geometry, will bfi n^or^ 
profitably devoted to> ^a sjtudy of xnigdearn spi^oce. In additioi^ to 
whak has bd«^ already mei^tioned^tbe S^^nd Partci^i^jijift y^t^gp 
and BlnaftcatlviMi on t^e preceding pi^^ of ijo^: "wofjfi^ wbi^h. vtj\\ 
be ««bM not anlgp to the tenehert b^t. aUp. ^ the ^tii^^ti wJbip 
viihef to hafe an ea^tenwye ]|mpwle<ige of ej^^n^tpiy geoip^e^. 
is this part akflo,tb»re 9re^mevkTxi^m ^^f»m^if^i^ W^ 9^ 
papilTi safeotod, whiioh it miiy bo «8iri^ for ^ ^t^^^ tf> ^^jHfP 
iramtimata time^ ^iRbieB ^ $ii4p^ t)^ (l^hMg^t M99^iSlt^f«Q0 
practice to. aiuible him to da 90^ 

• la thJA e^itioH, a wwikber of sUqplo ^nA ^a^y yff? ^M^Tn;ffl<my 
vldoh tupe of a pvactieal natvr^:— a^ Flv^^b|Ad tq^ tt^^ First j^t^, 
which QBght to bfi perfonned ^y oyei^y s^i|d^^ w^o, ynaj^ ijo 
obtain eraii a Bnodfivate knowl^B^ of geo^elry^ |^4 ^h^ ^fP^^' 
tary parts of plane trigonometry : and to the Second Part a short 
article is subjoined, giving a view of the leiBMlii:]^ fapl^s ^j(f>^f?4^S 
the History of Elementary Q^ometry and Trigonometry. 

With regard to the Eight Books of Euclid contained in the 
woric, it is proper to state, that Dr. Simson's valuable edition has 



IT FBETACE. 

1)6611 generally Ibllawed. In the definitions, hawerer, teyeral een- 
dderable changes, and, it is hoped, improyements, have been 
made ; and, in Tarions instances throoghoat the wo^ xepetSiions 
baye been done away, that seemed to be nnneoessary, and whieb 
must often baye been embarrassing to the learner. Besides the 
more lengthened Notes at the end of the work, various foot-notes 
,haye been giyen, which will assist the student^ and increase his 
knowledge. The demonstrations, also, of seyeral propositions have 
been shortened and sunplified, partienlaiiy those of the 5th and 
30th propositions of the First Book of Eaelid; of the 18th and 
others in the Second Book ; of the 14th, 15th, 2l8t, 81st and 83d 
of the Third Book ; and of seyeral in the remaining Bodes. 

The short article on Trigonometry, at the end of tiie First Part, 
contains the best methods at present known for the resolution of 
triangles ; and it giyes the method of determining the heights and 
distances of otjects in some of the simplest and most useful cases. 
Throughout the work, indeed, care has been taken to give the 
matter, directiy or indheetiy, when opportunities occurred, a prae* 
tical character, without interfering, however, with the stri<AneBs 
of reasoning, which is so weU calculated to train and strengthen 
the mind of the student, and thus to psomote one great object of 
scientific education. 

To the Fifth Book a Supplement is annexed, in which the prin- 
ciples of proportion are established in a brief and simple way, and 
which, for saving the time of the student, may be used with 
advantage, instead of the method employed by Euclid, which is 
prolix, and which is generally found by beginners to be somewhat 
difficult 

Of the improvements and additions, some are new, and some 
are derived from the writings of others. Much originality cannot 
be expected in a work on a subject, which, for more than twenty 
centuries, has occupied the attention, and been cultivated by 
the talents and labour of a great number of eminent men. 
Besides this» the great object in view in the present publication 
has been utility; and, accordingly, the writings of othen have 
been carefUly consulted, and whatever appeared to be valuable 
and iqppropriate, has be^ freely but not servilely used. 

Suggestions have been given by several'individuals, wlileh how 
contributed to the improvement of the work. From Mr. Miehatf 
Lawler of Dublin, in particular, several judicious remarks hftte 
been received, which have been employed with advantage. 

GUuffOW CdOege, Feb. U, 1845. 



SAST KZE&CI8S8. TB 

BXEBCISES ON THE SECOND BOOK OF EUCLID. 

1. GiTBtt the ImxileDafle and one leg of a il^t-anji^ied triangls 
egaal to 2045 ana 1924 ; to find the lemaining leg without squanng 
tiSe giYen numbers. Answ. 693. 

2. If a side of a parallelogram be eqnal to one of the ^agonals, 
the squares of the two sides which intersect that side are together 
e^na.^ the difference of tiie squares of the diiiconaLi 

9. If liie sides of a triangle be 2536, 2730, and 2925^ respeotlTelT^ 
what are the lengllis of the segments into which tbej are seyeiallj 
divided by the perpendiculars from the opposite angles.* Aniaw, 
ues and 1050, 1755, and 975. And 1638 and 1287. 

4. If the sides of a triangle be 8500, 4080, and 5780, what ynH 
be the segments of the several sides made hj perpendiculars from 
tEe opposite angles. Answ, 6236 and 3264, 6800 and — ^2720, and 
T700 and — 1920 ; the mark — denotin|f that tiie segment to which 
it is prefixed is not in the base^ bnt in its continnation. 

5. If the base of atriangle be 70, and the other sides 45 and 35 ; 
what ie the length of the s&aight line drawn frx>m the vertical angle 
to the point of msectaon of the base? Answ, 20. 

' 6. Ix two adjacent sides and one of the di^onals of a parallelo- 
gram be 100, 120, and 150, what is the length Ofthe other diagonal ? 
Answ, 162*17, nearly. 

r. €Kven the odes of a triangle «qiial to 21, 17, and 10 feet» 
respectively; to compute the area. ^n^u;. 84 square feet 

EZBBCISES ON THE THIRD BOOK OF EUCLID. 

^ I. In a given line, straight or curved, find a point firom which, 
ai centre^ a circle be described, it will pass through two given 
points. W hen ytHI this be impossible, ana when will there be noM 
mn one solution? 

. SL Through one extremity of a given stnught line^ to draw a 
pei^pendioular to it, without producmg it. 

3. To describe a circle touching a given arc of a circle, and the 
lines passing through its extremities, and the ^sentre. 

4. How many points determine the position of a straight line, 
and how many the position and magnitude of a circle? 

5. If the arc of a segment of acucle be a fourth of the eircum- 
fBawDce, what is the magnitude of iui a^le in the segment? 

6. If a chord of a cirooiajr arc, 17 indies in length, be divided 
iaio two parts of 8 and 9 incfae8» respectively, by another chord, 
«jwit ii the length of the latter, one of its segments being 4 inchest 
Answ^ 22 inches. 

Y. If the chord of an arc be 336 feet, and the chord of its half 
1 75 feet, what is tiie diameter of the circle ? Answ, 625 feet 
8. ]^ from a point without a circle, two straight lines be drawn 

" This should be solved both bj mesns ofthe thhteenth proposition and of the 
flMrth ooroiluy to tlie flfkh. The next shonld be done by means ofthe twelfth and 
thirteenth propodtilQns* and tiie same eoroUaiy. 



Tiii EAST SZEBClSE&r 

entting it, and if the* parts of one of tiieiii, withoat the circle and 
withiiriL be req>ecttyely 8 inches and 4 inclies, while the external 
part of the other is 6 niches ; what is the length of the part of the 
btter within the circle? Answ, 10 inches. 

9. Suppose that, with a view to find the diameter of a circular 
pood, a point is taken ootside, snch that tangents from it to the 
drtam&renc& form with each other an angle of an eqailatend tri- 
ang^, and that the length of each tangent is found to be 12 
percbM, what is the diameter? Answ. 13*8564 (=8V3) perches. 

10. In a given straight line, to find a pointy from which, as 
centre, if a circle be described with a given radios, it will toach 
another struct line given in position. When will there be two 
stations? When only one ? and when will the problem be impos- 
sible? 

11. From a given point as centre, to describe two circles, each of 
them touching a given circle. What different cases of this problem 
may there be? 

12. Through a given point, either within or not within a given 
circle, to draw a straight line cutting the circle, so that the part of 
it wifhin the circle may be equal to a g^ven straight line. What 
are the limits of the magnitude of the given line? 



EXERCISES ON THE FOURTH BOOK OF EUCLID. 



1. If a circle be inscribed in a triangle, and if another triansle 
be formed by joining the points of contact, each angle of the lai&r 
triangle is equal to half tne sum of the two angles of the original 
triangle at the extremities of the side on which its vertex stands. 

2. In a given circle, to inscribe a quadrilateral having two of its 
sides and the diagonal drawn through their point of intersection^ 
respectively equalto given straight Imes* Wnen will this be im- 
possible, and when w9l there be only one solution, and when two ? 

3. Given two opposite sides of a auadrilateral described in a 
given circle, and one of the diagonals; to construct the figure. 
What cases may there be? 

4. In an equilateral triangle, to describe three circles, each touch^ 
ing the other two, and toucning two sides of the triangle. 

6, About a square to describe an equilateral triangle. 

6. In a square to inscribe an equilateral triangle, having one of 
its angular points at one of the angles of the square. 

7. n two remote sides of a regular pentagon be produced till 
they meet, the angle which they rorm is two mths of a right an^le. 

8. In a given square, to describe two equal semicircles touching 
each other, and having their diameters coinciding with two adja- 
cent sides, and each or them touching also one of the remaining 
sides of the square. 

0. If the sides of a triangle be 13, 14, and 15 yards, respectively,, 
what is the radius of its inscribed circle? And what are the radui 
of the circles, each touching one of the sides and the other two. 
produced? Armju, 4, lOj, 12, and 14 yards, respectively. 
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EXERCISES ON THE FIFTH BOOK OF EUCLID. 

J. If A : B : : C : D, prove that «iA+B : B :: mC+D : D. 

2. On the same hypothesis, prove that mA^-nB : pA^qB : : 
mC+nD ; pC+qJ), 

3. On the same hypothesis, still, prove that A*+B* : A* — B* : : 
C«+D» : C»— D> 

4. Prove also that A»+AB+B* : A>— AB+B" :i C*+CD-|. 
D« : C*— CDH-D*. 

5» Find a third proportional to 4 and 6. Answ, 9. 

6. Find a fourth proportional to 12, 16, and 30. Anaw. 62. 

T. Find a mean proportional between 34 and 54. Answ. 36. 
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I!XERCISES ON THE SIXTH BOOK OF EUCLID. 

1. If the sides of a trianp^le be 532, 684, and 012, respectively, 
trhat are the parts into which each of them is divided by the 
straight line bisecting the opposite angle? Answ, 228 and 304 ; 
252 and 432 ; and 390 and 513. 

2. Given the le^s of a right-angled triangle eqnal to 65 and 
156 inches, respectively; to compute the segments into which the 
hypotenuse is divided by the perpendicul^ to it from the right 
angle, and to compute idso that perpendicular. Anaw. The seg- 
ments are 25 and 144, and the perpendicular 60. 

3. If the base of a triangle be 123. and the other sides 125 and 
80, respectively, what is the length of the line bisecting the vertical 
ai^;lef Answ, 80. 

4. If two homologous sides of two similar fields be 15 and 25 
perches respectively, and if the content of the greater be 5 a. Ir. 
36 p. what IS the content of the less? Answ, 1 a. 3 r. 35 p. 

5. If the homologous sides of two similar fields be in the ratio of 
3 te 4, and if the one contain two acres more than the other, what 
are their respective contents? Answ, 2a. 2 r. llfp; and 4a. 2 r. 
Ufp. 

6. If the joint content of two similar fields be 7 acres, what are 
thdr separate contents, their homologous sides being as 5 to 7 ? 
Answ, 2 a. Ir. IS^^-p. and 4 a. 2 r. 21ffp. 

7. If the base of a triangle be 18, ana the other sides 25 and 16, 
respectively, what is the length of the external segment of the base, 
made by a straight line bisecting the exterior angle at the vertex? 
Anaw, 32. 

8. From the same data find the length of the bisecting line. 
An»w, 28-28427 (=20V2). 

9. If the sides of a triangle be 13, 14, and 15 inches, respectively, 
wiiat is the radius of the circumscribed circle? Anaw, 8^-. 

10. Through a given point to draw a straight line, forming with 
two sides of a given triangle, or with one or tSth of them produced, 
a triangle similar to the given one. Show that in generalthis may 
be done in six different ways, and point out in what circumstances 
there will be fewer solutions. 



BXSIRGISES m TBIGONOMETBY. 

1.. Giyen the sides of as iiandeft triangle^ to oompute its ftn^es 
in the limplest manner. 

2. Giyen the angles and any side of an isosceles triangfe, to find 
the renlaining sides in the easiest manner. 

3. Given the angles of a triangle, and the straight line drawn 
finm the Tertieal angle to the pSnt of biseetion S. the base ; to 
compute the sides. 

4. ProTe that the sine of twiee a oircnlar ansj is. less than twice 
its sme; bat that the faingiant of twice an are is greater than twice 
the tangent of the same arc ; the simple are in each instance being 
less than 45^ What yarieties will there be in each case, if the 
arc exceed 45^? 

5. Preve the think propOBitioa of tbe sixth book of Euclid by 
means of trigonometry. 

6. Given two an^^ of a tcBpenum, and the time sidee which 
iorm them; to show the method of computing the remaining side. 

7. Compute the anele which a straighi One drawn from one 
angle of a square, to bisect one of the remote sides,, maJose waft 
tbSb side. Amw. 63® 26/^ nearly.. 

8. If the natural sine of an angle be 0*50538, what is its cosiiief 
Anew. 0*86205. 

0, If the natural eonne of an angle be 0*86603, what ia its oo* 
tangent? Answ. .1*73206.. 

10. If the natural secant of an angle be 1*4142136,. what are^its 
sine and tangent? Answ, 0*7071068 and 1. 

11. If the natural tangent of an angle be 0*51872, what is ita 
sine? Anaw* 0*4^046. 



THE 



ELEMENTS OF EUCLID, 



BOOK I. 



DEFINITIONS.* 

1. A paint is that which has position, but not magnitude, f 

2. Aline is length withont breadth. 

CordUmy. The extremities of a line are points ; and an inter- 
section oi one line with another is also a point I 

3. If two lines be such that they cannot coincide in any two 
pointB, without coinciding altogether, each of them is called a 
straight line. || 

€aif>, Heiiee two straight lines cannot enclose a space. Neiliier 
can two straight lines nave a common segment; that is, they 
cannot coinoide in part without ccnnciding altogether. ( 



* Definitions explain the precise sense in whidi tenns are to be understood 
distinguishing the ideas eicpressed by those terms from the ideas expressed hj any 
others. 

t In geometrical flgarea» or, as tiaoyve also called diagranu, we are obliged, 
instead of mathematical points and lines, to employ physical ones ; that is, dots, 
-instead of mathematical points, and lines of some perceptible breadth, instead of 
mathematical ones ; as the finest iine tiiat we can make has breadth, and the finest 
point both length and breadth. Our reasoning, however, is not vitiated on this 
account, as it is conducted on the supposition that the point has no magnitude, 
and the line no breadth , and nothing in it depends on the magnitude of the point 
or the breadth of the line in the diagram. 

t A emroUafy is an inference which arises easily and immediatdy flpom some 
other principle, not requiring any lengthened process of reasoning to establidi its 
truth. 

The truth of this corollary is numifest, since, f^m the definition of a line, It 
follows, that the extremities and tiie intersections of Unes have position, but not 
magnitude, and therefore (definition 1) are points. The corollaries to the fourth 
and sixth definitions may be illustrated in a similar manner. 

II Tills will be illustrated by applying the edges of two straight rulers to one 
another, and turning thou in different ways. It will also be rendered clearer by a 
negative illustration, by means of two wires, or other substances, bent rimilarly ; 
as, though these may coincide, entirely when turned in one direction, they will 
ctdncide only in some points when placed otherwise. 

9 Thus, if ABC, DBC could both be straight lines, they would have the segment 
or part, EC common. But this is impossible ; j^ 
for if they coincide in any two points, as B — ■».> ...,^^ a 

and G, the parts AB and DB must siso cdn- 
oide« 

A 
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4. A Bwrfau^ or tu/ptrficks, is that whieh has only length and 
breadth. 

Ccr. The extremities of snrfooes are lines ; and an intersection 
of one sorfiioe with another is also a line. 

5. A plane snrfaoe, or, as it is generally called, a plane, is that 
in which any two pohits being taken, the straight line between 
them lies wholly in that surfiice.* 

Cot, Hence two plane suilEaces cannot enclose a space. Nether 
can two plane surfaces have a common segment. 

6. A oody^ or acUd^ is that which has length, breadtii, and 
thickness. 

Cor, The extremities of a body are surfaces. 

7. A reetSmeal angle is the mataal inclination of two straight 
lines, which meet one another, f The pomt in which the straight 
lines meet is called the tfertea of the angle. 

8. When one straight line standing on another makes the 
adjacent angles equal, each of the angles is called a right anile; 
and the straight line which stands on the other is called * 
perpendictdar to it, and is said to be a< rig/U angles to it. 

9. An obtuse angle is 
that which is greater 
than a right angle. 



/ N. 



10. An acute an^le is that which is less than a right angle. 

11. I^araRel straight lines are those which are _____.^ 

in the same plane, and which, being produced 

ever so far both ways, do not meet. 

12. A figure is that which is enclosed by one or more boundaries. 

13. J^ectiUnedl or reetiUnear figures are those which are con- 
tained by straight lines : 

14. Triangl^, by three straight lines : 

15. Quadrilateral figures, by fi>ur straight lines : 

16. Polygons, by more than four straight lines. X 



* On the oontnrj, if two points be taken on the sorfiKce of a ball, the straight 
line between them will lie within the ball, and not on its surface, llie surface of 
a ball, therefore, is nut a plane surface. 

t Or a reetiUnettl angle is the degree of opening, or divergence of two straight 
lines which meet one another. A clear idea of the nature of an angle is ubtained 
by gradually opening a carpenter's rule, or a pair of compasses ; as Uie angle made 
by the parts of the rule or the legs of the compasses, will become greater as ihe 
opening widois. It is evident that the magnitude of the ancle does not depend on 
the length of the lines which form it, but merely on their relative positions. 

An angle is best named by « single letter placed at its vertex, unless there be 
more angles than one at the same point. In this case, the angle is generally 
expressed by three letters, the middle one of which is placed at the vertex, and 
the others at some other points of the lines containing it. Thus, in the first figure 
for the fifth proposition of this book, the angle contidned by AB and AC is cfdled 
the angle A, wl:Jle that which is contained by AB and BC is called the angto ABC. 

I An equilateral figure is that which has equal sides, and an equiangular one 
that which has equal angles. A polygon which is equilateral and equiangular is 
called a regular polygon. Polygons, especially when they are regular, are often 
distinguished by particular names, derived from the Greek language, denoting the 
number of their angles, and consequently of their sides. Thus, a polygon of five 
sides is called a pentagon; of six, a hexagon ; of seven, a heptagon i of eighth an 
ortagon ; td vXiMt an enneagon; of ten, a aecagon; of twelve^ a aod^agonf inil of 
.fifteen, ^ peniedecagon. 
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has its three sides equfi: 

' 181 An isosceles triangle is that . w 

which has two sides equal : /\ A l\ 

•1§. A scalene triangle is that / \ / \ I \ 

irliich has all its sides nnequal : ^ ■ . ^A f , , \ ^-^ 

90;, A fiaht'CmgUd triangle is 
that which has a light angle • |\ ^ ' 

, %\, An obhtse-angUd tnsai^e is I \ Vv A 

that which has an obtuse angle: I \ V^v / \ 

22. An acute-angled triangle is ' ^ ^^ — -^ ^ * 

that winch has three acute angles. 

23. In a figure of four or more sides, a straight line drawn 
through two remote angles of it^ is called a diagonaL % 

24. Offour>sided figures, ajKira22«2a^am is that ^ V 
which has its opposite sides paraUeL \ \ 

35. Any other four-sided figure is called a trapezwm. 



' S^, A parallelogram which has a right angle is F 
called a rectangle, f j 




27. A rectangle which has two adjaeent tides eqoal, 
is cidled a square. 



28. A paralleky^m which has two a^acent 
sides equal, but its angles not right angles is 
cidled a.rAom^.i 



* From this and the five following deflnltiona, It ai^>ean that tilangles are divided 
into three kinds from the nOations of thcHbr sides, and Into three others from those 
of their angles. When the tliree 4des are etpial, the triangle Is eqpilUrtend ; when 
two are equal it is isosceles ; and when thej are all imeqiuSi, It is scalene. Again, 
ft triangle may hare one right angle, one obtuse angle, or neither one nme ouier ; 
and hence the dtetinctiorrinto right-angled, obtuse-angled, and aoute-angled. It 
wiU appear from the 17th or S2d proposition of this book, that a triangle can have 
only one right or one obtuse angles sjod, from the 83d, thai It may bave three acute 
angles. It may be remarited 4£afe the term tcalent is sddom used ; and that obtuse- 
angled' and acute^^ngled triangles are often oaUed obtique-vngltd trianglea in con- 
tnnistiniction to right-angled 



t In Slmson's, and most other editions of Eudid, the diagonals of ^^rtSUiognxaB 
ace £^Ued their diameters. It is better, however, to confine the tenn diuneter to 
rae Hnes whU;h are so called in the circle and otlrar curves. It may be remarked, 
that in this definition, as in many other instances, the term angle is used to denote 
what in strictness is the vertex of the angle. 

t A rectangle which is not a square, is sometimes oaEed an obhng. 

J THeCottowing are the definitions of the square and rhombus which are given 
in Simeon's edition : — 




29. A rhomboid is a paraUdogram wliieh haa not its adiaooot 
sides equal, nor its angles right angles. 

30. A circle is a plane figure contained by one line, 
which 18 called the circumference, and is such that r 
all straight lines drawn from a curtain point within a' 
the figure to the circumference are equal to one 
another.* 

31. That point is called the centre of the circle. 

32. Any straight line drawn firom the centre of a circle to the 
circumference is called a radius of the circle. 

33. An arc of a circle is any part of the circumference. 

34. A straight line drawn fix>m one point in the circumference 
to another, is called the chord of either of the arcs into wldch it 
diyides the circumference. 

35. A diameter of a circle is a chord which passes through the 
centre. 

36. A segment of a circle is the figure contained by an arc and 
its chord. The chord is sometimes called the base of the segment. 

37. A semieircle is a segment whose chord is a diameter.f 

38. Two arcs which are together equal to the arc of a semicircle 
are called supplements of one another, or are said to be suppiemeK- 
tary. So also are two angles which are together equal to two right 
angles. 



•* A aquan is a finir.«lded flgon whidt Ina all its tides equal and aU its angks 
right angles. 

** A rhonUnu is a four-dded figure which has sll its sides eqdal ; bat its angles are 
not right angles." 

The latter of these is a correct definition of the figure ; but it does not point the 
rhombus out u being a species of parallelognnLm. The former, though it coiUsiiie 
nothing fUse, errs inbeing redundsnt, and Ip asoriUng properties U> the sqpare^ 
the possibility of its having which requires to be proved. TbuSi as will appear 
hereafter, it con be proved, that if a quadrilateral have all its sides equal, and oavv 
one right angle, it will have all its angles right angles : and tiU tiie 39d pr^KieitiQii 
and its corollaries are established, we are no more entitled to conclude that a quadri- 
lateral can have four right angles than that it can have four obtuse or fbur acute 
ones. The definition above quoted, however, has the advantage of embodying* in 
very simple and concise terms, the principal properties of the square : si^d some may 
stiU prefer using it, especially after having demonstrated the 46th proposition* 

* According to this definition, which is remaricable fbr its perspicuity and pn^ 
cidon, the circle is the space inclosed, while the drcurnference is the line that boiuids 
it. The cireufuferenee, nowever,. is frequentiy caJled tiie circle. 

t The definitions of the radius, are, and chord are here given on account of the 
constant use of the terms in mathematics. The terms are (for which some writers 
rather improperly use arch) and ehord recetve their names from the bow (in Latin 
arctu)t and its cord or string. The diameter being merely a particular chord. Us 
definition is placed after that of the chord, and made to depmd on it. In like man- 
ner the definition' of a segment of a circle is placed before that of its spedes, the 
scmlcirde. The following, which is Euclid's definition of the aemioiralQ, will 
perhaps be preferred by some : — 

** A semicircle is the figure contained by a diameter and the part of the circum- 
ference cut oif by the diameter.'* 

It may be proved that a diameter divides a circle into two equal parts, hgr%»- 
rerting one of them and applying it to the other, so that the centres may eoincMe; 
as the figures will coincide altogetheiv the radii being all equal. It is firom titis 
that the semicircle gets its name. It is evident that a circle might be divided 
equally in numberiess other ways ; but It is only the parts Into whidi it Is divided 
by a diameter, that are called semicircles. 
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POSTULATES* 

X, Let it be granted, that & straiglit line may be drawn from 
any one point, to any other point : f 

2. That a terminated straight line may be produced to any 
length in a straight line : 

. 3. That a circle may be described from any centre, at any dis- 
tance from that centre.^ 



AXIOMS. 

1. Things which are equal to the same, or to equals, are equal 
16 one another. 

2. If equals or the same be added to equals, the wholes are 
equal. 

3. If equals or the same be taken from equals, the remainders 
are equal 

* The propoiUians in mathematics— that is, the sul^ecta pix>posed to the mind 
for consideration — are either problems or theorems. In a problem something is 
reqtdred to be performed, such as the drawing of a line, or the construction of a 
fljnure; and whatever points, lines, angles, or other magnitudes, are given for 
efltetfag the otject-in view, are called titio data of the problem. A theorem is a 
truth proposed' to be demonstrated: and whatever is assiuned or admitted as true^ 
and fiKnn which the proof is to be derived, is termed the hypothetit. 

A pottulate is a problem so simple and easy in its nature, that it is unnecessary 
to p<nnt out the method of performing it; or in strictness, it is the demand of the 
iMittior that the reader may admit the method of performing it to be known. The 
method of solving all other problems that occur in the work, is pointed out. An 
amom is a propoiltion, the truth of which the human mind is so constituted as to 
tuSMit, as soon as the meaning of the terms in which it is Expressed, is understood. 
It is plain from this that postulates bear the same relation to other problems, as 
axt<Hns do to theorems. 

Seme writers tacitly em[doy the postulates and axioms without giving than in 
ft sepantto form. It seems better, however, to let the student know, at ^ outset, 
iHiat proportions he is to take for granted without proof. In this way he is not 
stopped Inhis progress to consider whether the point tacitly admitted be established 
in BOBie previous proposition; and though it may be said that azionu are less 
evJUbeot in a general form, than in particular cases, the collection of them into a 
separate list will not hinder the student from considering in apy particular in- 
stance, whether an axiom is legitimately applicable or not. 

From what haa now been sfdd, it wUl appear that a corollary, as already ex- 
jAfdned, is likewise a propodtion. It may also be remarked that a proportion 
whi^h Is preparatory to one or more oUiers, and which is of no other use, is called 
a lefnma. Such a proposition is thrown into a separate form for the sake of sim- 
tOaelty and disUnctnass. 

t To /oin two points Is an abbreviated expression, meaning the same as to draw 
ft straight line from one of them to the other. 

t These postulates require, in substance, that the simplest cases of drawing 
farsight Uoes, and describing circles be admitt.ed to be known; and they imply the 
upe of the rule and compasses, or something equivalent. A . circle may also be 
dascribed by means of a cord or other line of invariable lengtii, fixed at one extre- 
mity, or by employing another circle, already drawn, as a pattern. The latter 
mode, however, does not agree with the third postulate, as it does not enable us to 
describe a circle from ft given centre^ and at a g\wx distance from that centre. 
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4. If eqoaUi or the BAxne be added to nneqaala^ the whoki are 
nnequaL* 

5. If eqaaU or the fiame he taken from aneqaab, the remainderB 
are uneq,uaL 

e. Things which are douUes of the same, or of eqttals, aaM 
equal to one anothecf 

7. ThingB which ara halves of the same, or of eqnals, are equol 
to mae another. 

' 8. Magmtndes which exactly coincide with one another, are 
equal. 

9. The whole is greater than its part t 

10. The whole is equal to all its parts taken t(^ther.$ 

11. All right angles are equal to oda another, f 

12. If a s&aightline meet two other straight unes which afe )|i 
the same plane, so as to mi^e the two interior angles on the same 
side of it, taken together, less than two risht angles, these strdiight 
lines shall at length meet upon that ai&, if they be continntklly 
produced.^ 

■ ■ ■ ■ - ■ I ■ ■ _ ■ ^ > ■ i : ^ I 

V * 

* In this ttiom and tlie Ibllowing, it Is evident tlut the result obtained by a^diiM 
to the greater, or taking firomit» is greater than that whiefa it obtained by adding to 
the less, or taking from it. 

t This axiom might be derived from axiom 2 ; and the next from tlds one by «^ 
indirect demonstration. They are generalized in the first and second M^nu of 
thefifthboc^ 

t This is implied fa the signiflcatfons of the terms whole and paxt. In itrielntei, 
therefore, it is scarcely to be regarded as an axiom. 

$ Though this axiom is not delivered by Euclid in a distinct fonn, it Is tadtly 
employed by him in many instances. Like the foregoing, it may be regarded as 
being implied in the signification of the terms whole and part. 

H This axiom does not relate to the right angles made by one Bne standing on 
another, such angles being equal by the eighth detlnition. Instead of being con- 
sidered as an axiom, this ivoposition has been demonstrated by some writers inthe 
following manner: 

Let AB be perpenfficuhir to CD, and EF to 0H, then tiie angles ABD, EP|I 
are equal. For, let the stra^ht line CD, be applied to QH, so tiiat the point B miqr 
fall on F, and if the straight Hne 

B A do not &11 on FE, kt it take ^ S 

the position FK. Then (def. 8) 
ABD is equal to ABC and EF6 
to EFH. But (axiom 9) GFK 
or its equal KFH, is greater than _ 

CFE or its equal EFH, which is G 
fanposdUe. since (ax. 9) EFH is 

greater than KFH : therefore BA cannot have the position FK; and- inttif i 
manner it miglrt be shown that it cannot have any other position exe^ Ffi%«Mid 
therefore (ak. 8) the angles ABD, EFH are equal. , :.( 

T This wHl be illustrated in tiie remarks on the 28th propontion of tbe<Ai|rt 
book ; and the student may postpone the consideration of it, till he has peotMkiqptt 
proposition. He wfll find it vseAil also, in other instances, to postpone, the acinous 
consideration of definitions, postulates, and axioms, till they oome to be ^nj^Qa 
in the propositions; but he should then make hisnself pcnectly acquaiatea w 
their nature. * -• ,?? 

■ I '(■; 
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PROPOSITIONS. 

Proposition I. Problem.* — To describe an equilateral 
triangle on a given finite straight line.t 

I^et AB be the giyen straight line : it is required to describe an 
equilateral triangle upon it. 

From the centre A, at the distance AB, describe (L postulate 
d I) the circle BOD, and from the centre 
B, at the distance B A^ describe (L post. 3) 
the circle AGE ; and from the point 0, in 
which the circles cut one another, draw 
(L post 1) the straight lines OA, OB to 
the points A, B : ABO is the equilateral 
triangle required. 

. Because the point A is the centre of the circle BOD, AO is 
equal (L definition 30) to AB ; and because the point B is the 
centre of the circle AOE, BO is equal (L de£ 30) to BA. But 
it has been proved that OA is equal to AB ; therefore, A, OB 
are each of them equal to AB : but things which are equal to the 
eame are equal (I. axiom 1) to one another; theremre CA is 
equal to OB ; wherefore OA, AB, BO are equal to one anotker ; 
and the triangle ABO is therefore (L def. 17) equilateral, u^ it 
k described upon the given straight line AB : which was required 
to be done. 

Scholium.^ If straiffht lines be drawn from A and B, to F, the 
elher point in which the circles cut one another, it would be proved 



* The words in which a propocAtion is expressed, are called its ettuneiaiion. If 
the aiundation refer to a particular diagram, it is celled a particular ennnciatloa: 
— otherwise, it is a genertu one. 

A dtmmutratian is a series of argnments which estsMish the truth of a theorem, 
oroftfaesoliition of a problem. Demonstratloos are dther A'reei or MMfireef. The 
dtreet demoastration oommences with what has heen already admitted, or proved, 
to be true, and from this deduces a series of o^er trutibis, each depending on what 
pMfeedes, till it flnsUy arrives at the truth to be proved. In the indireci ornegaiivt 
dsmoiirtnition. or as it is also called, the reduct.'o ad abturdumt a sapposinon la 
made which is contrary to tiie conclusion to be established. On this assumption, 
a demonAration is founded, which leads to a result contrary to some known truth ; 
tiius proving the truth of the proposition, by showing that the suppositfxm of its 
oontniv leads to an absurd conclusion. 

The ordwing of any lines, or the performing of any other operation that may 
be necessary in a proposition, is called the emutruction. 

.In This proposition, the first paragraph is the general enandatlon ; the seeond, 
the pellicular one ; the third, tiie construction ; and the fourth, the demonstration. 

' fe That is» to describe an equilateral triangle, which shall have given a straight 
Uaa ak one of Its rides. The word Jhute is onployed to show that the line is not 
of nnlimlted length, but Is given In magnitude, as wdl as portion. 

Hie student should be accustomed to point out the data in problems and the 
h^pcAekat in theorems. In this problem, a straight Una Is given, and it Is re- 
mdtuik todasoribe on it an equilateral triangle. 

% In the refdrenoes, the Boman numerals denote the book, and the others, when 

'lito. Word Is annexed to them, indicate the proposition ;— otherwise the latter denote 

H tiellnltlon, postulate, or axiom, as spedfied. Thus, III. 16 means the sixteenth 

proposition of the third book; and I. ax. 2, the second axiom at the first book. 

So also ^p, denotes hypothegu, and eoiuf. cotutructUtn. 

J By a tehotium Is meant a note or observation. 



(f THB SUnKBHTS plOMlL 

in the same manner that AFB is an equilateral triangle. Henoe 
on any straight line two eqtdlateral triaiigles may be described one 
<m each side of it* 

Pbop. II. Pbob. — From a ^en point to drstw a straighf 
Uiie equal to a giyen straight hne.t 

Let A be the given point, and BC the given straight Sne; it is 
reqoired to draw from A a straight line equal to BC. 



From the point A to B draw (I. post. 1) the 
straight line AB ; and upon it describe (I. 1) 
the equilateral triangle DAB, and produce (I. 



post. 2) the straight lines DB, DA, to E and ( 
F. From the centre B, at the distance BC, de- \ 




scribe (L post. 8) the circle CEH, and from the 
cenize D, at the distance D£, describe (I. post 
d) the circle EFG. AF is equal to BO. t 

Because the point B is the centre of the circle CEH, BC is 
equal (I. def. 30) to BE ; and because D is the centre of the circle 
EFG, DF is equal (L def. 30) to DE ; and DA, DB, parts of them 
are e^ual: therefore the remainder AF is equal (I. ax. 3) to the 
remamder BE. But it has been shown, that BC is equal to BE ; 
wherefore AF and BC are each of them equal to BE ; and things 
Ihatare equal to the same are equal (I. ax. 1) to one another; 
therefore the straight line AF is equal to BC. Wherefore hwBO, 
the given point A a straight line AF has been drawn equal to the 
given straight line BO *. which was to be done. 

Prop. III. Pbob. — From the greater of two giyen straight 
lines to eut off a part equal to the les8.§ 



* It wUl be ihown In the 10th proposition of the 3d book, tiiat two circles can 
eut each other in only two points} and hence there can be only two equilateral 
triangles on a straight Hne. 

In the practical conitniction it is saffldsBt to deeczlfae small ansa interseetlng 
fla<3fa other in C or F. 

t Here the data are ft pdnt and a straight line* 

t A straight line may be drawn from the point A* to either extremity of BC, and 
on either of the lines thus drawn, two equilateral triangles may be constructed. 
Hence there may be tour straight lines drawn, any one of which wiU be such aa Ja 
required in the problem. To this there is an exception, when A is at either «gc* 
tretnlty of BC, or in its continuation, as in either case it wiU readily appear that 
only two such lines, can be drawn by the construction here giren. It is plain also 
that if A be in BC, the equilateral mangle is to be described on either of the parts 
into which BO is divided at that point. In practice, every person will solve this 
problem 1^ opening the compasses to the distance between B and C ; and then, <Mie 
point bdngplaced at A, the other will mark out the point F on any lino dfftwil 
firom A. This method, however, ttioogh greatly preferable in practioe^ ceuM aot 
in strictness be adopted by Euclid, as it is not derived from the postulates or tiie 
first proposition. It is the same in Ikct as assuming this proportion as an addl» 
tlonal postulate. In a science, however, which is strictiy demonstrative, tlie fewer 
first principles that are assumed the better; and though it may sometimes be con* 
venient, and may save time, to dispense with strict rigour, it is always satisfisctory 
to know that the ol|)ect in view may be attained without any departure from geo- 
metrical accuracy. 

i Here the data are two straight lines. In practice* what la done in this 9r»|»> 
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Let AB and G be the two given straight lines, of which AB is 
the greater. It is required to cut off &x>m AB, the 
greater, a part equal to C, the less. 

From the point A draw (I. 2) the straight line 
AP equal to ; and from the centre A, at the 
distance AD, describe (L post. 3) the circle DEF: 
AE is the part required. 

Because A is the centre of the circle DEF, AE 
is equal (I. def. 30) to AD; but the straight line 
O is likewise equal (const) to AD ; whence AE and C are each 
of them equal to AD ; wherefore the straight line AE is equal 
(L az. 1) TO 0, and from AB, the greater of two straight lines, a 
part AE has been cut off equal to C the less : which was to be 
done. 

ScJiol, By drawing (I. 2) from either extremity of C, a straight 
line equal to AB, the line might be produced, till it and the 
part added would be equal to AB. Also, by producing AB ^ough 
A, to meet the circumference, a line would be obtained equal to 
aad AB together. 

Prop. IV. Theorem. — If two triangles have two sides of 
the one equal to two sides of the other, each to each ;* and 
haye also the angles contained by those sides equal to one 
another: (1) they haye likewise their bases, or third sides,i 
equal; (2) the two triangles are equal ;| and (3) their 
oUier angles are equal, each to each, yiz. those to which 
the equal sides are opposite. § 

Let ABC, DEF be two triangles which have the two sides AB, 



slUon and in the scholium, will be ^ected simply by means of the compasses, as 
was pointed out in the preceding proposition. 

* Tba mffmning of the expression eadk to eaeh^ or rupedively, which is used in 
the same sense, will be known firom its application here. Were this expression 
wanting, the meaning might be merely that the sides AB, AC are together equal 
to DE, DF; while, when taken separately, they might be either equal or unequal. 
"With the Itanidng expression, however, the meaning is, that *AB is equal to D£, 
•ad AG to DF. In such cases, the lines or magnitudes must be taken m the tame 
otrdar. Thus, it would be improper in the proeeat case to say, that AB, AC are 
equal to-DP, DE, each to eaoh. 

f This expression shows the meaning which Euclid attaches to the bate of a 
triangle. It Is the third side as distinguished from the other two, whether that is 
the side on which the triangle stands or not. 

t That is, they haye equal areas or sur&oes, the area of a snperfldal figure being 
thi» ivaoe wliieh it contahos. 

' f This enunciation might be more briefly expressed thus! — 
' If two triangles have two sides, and the contained angle of the one respectively 
etiUal to two sides and the contained angle of the other; they have likewise their 
temaiidng sides equal, and tiieir remaining angles equal, each to each, viz. those 
which are similarly situated ; and their areas are equal. 

' Ih this proposition, the hypothesis is, that there are two triangles which have two 
sides and the contained angle in one of them, equal respectively to two sides and 
the contained angle in the other; and it is proved tliat if this bo so, the triangles 
BRur^ ia every respeot equal. 

A2 
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AG eqiiAl to the two sides, DE, DF, eadi to 
each, Yiz. AB to D£, and AG to DF; and 
the angle BAG equa] to the angle EDF: then 
(1) the base BG is equal to the base EF; (2) 
the triangle ABG to the triangle DEF ; and 
(3) the ower angles, to vhich the equal sides 
are opposite, are equal, each to each, yiz. the 
an^Ie ABG to the angle DEF, and the angle 
ACB to DFE. 

For, if the triangle ABG be applied to DEF, so that the point 
A may be on D, and the struct line AB upon DE ; the point 
B shall coincide with the point E, because (hyp.) AB is equal to 
DE ; and AB comciding with DE, AG shall coincide wiUi BF, 
because (byp.) the angle BAG is e^ual to the angle EDF; where* 
fore also ihe point G shall coincide with the point F, because 
(hyp.) AG is equal to DF. But the point B coincides with.lE ; 
wherefore the base BG riiaU coincide with the base EF ; because, 
the ^int B coinciding with E, and G with F, if BG did not 
coincide with EF, two straight lines would enclose a space, which 
(L de£ 3, cor.) is impossible. Therefore the base BG shall edA- 
cide with the base EF, and (I. ax. 8} be equal to it. Wherefore 
the whole triangle ABG shall coincide (I. de£ 5, cor.) with tlie 
whole triangle DEF, and (I. ax. 8) be equal to it; and the other 
angles of the one shall coincide with the remaining angles of tiie 
other, and (I. ax. 8) be equal to them, iriz. the angle ABG to 
DEF, and the angle AGB to DFE.* Therefore, it two triangles 
have two sides of the one equal to two sides of the other, each to 
each, and have also the angles contained by those sides eaualio 
one another ; their bases are likewise equal, and the triangles are 
equal, and their other angles to which the equal sides are opposite, 
are equal, each to each : which was to be demonstrated. 

Schdl, If the equal sides AB, DE be produced through B and 
E, the extremities of the baseis, the exterior angles GBG, FEH 



* Tlie foUowiog observatioiw may assist the beginner in understanding the proof 
of tills important proposition. 

When AB is applied to DE, it vffl cdndde with it by the third definition. A!«o 
B will coincide with E, because AB is equal to DE. If B fell between D and E, 
AB would be less than DE ; but if B fell on the continuation of DE throusb £, 
AB wovld be greater than DE. Again, the angles A and D are equal ; fllat is, the 
opening of the liaes AB, AC is equal to that of DE and DF. Hence, AB coitMiia. 
ing with DE, AC must coincide with DF. For if AC feU beyond DF, the Wigle 
A would be greater than D ; but if AC fSell between DE and DF, A would be less 
than D. The point C is then shown to coincide with F, in the same manner In 
which B was shown to coincMe with E. Now, B and C coinciding with E and F, 
the lines between them must coincide so as to exclude space; for if they did not 
in every part coincide, a space would be eneloeed between them : whioh (I. def. 3, 
cor.) is impossible. Hence these lines (I. ax. 8) are equal. The tijanglea matt 
also coincide entirely: for, since the three sides of the one triangle eoianide re- 
spectively with those of the other, if the triangles did not eoindd* interaally.'a 
space would be enclosed between two plane snrfaoes, which (I. def. S, eor.) ii» im- 
possible. The triangles axe therefore (I. ax. 8) equal. Lastly, since the sferaigin 
lines BA, BC coincide at the same time with ED, EF, the i^enings beiween.them 
must be equal ; that is, the angles B and E mu&t be equal : and C and F mus| be 
equal for a like reason. 

When a proposition is demonstrated by supposing one figure to he applied to 
Another, it b said to be proved l^ the method of tuptftporition, "-• 
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are eq^al to one another; for the lines which contain them coin- 
cide, when the one triangle is applied to the other. In like man- 
ner, it would appear that the angles formed hy producing AG and 
DF through CTand F are equal 

Prop. V. Theor. — The angles at the base of an isosceles 
triangle are equal to one another ; and, if the equal sides 
be produced, the angles upon the other side of the base are 
also equal* 

Z^ ABC be an isosceles triangle, of which the side AB is equal 
to AO, and let the sides AB, AC be produced to D and E ; the 
angle ABC is equal to the angle ACB, and the angle CBD to the 
angle BC£. 

In BDf take any point F, and from AE the greater, cut off 
(I 3) AG equal to AF the less, and join (L post 1) FC, GB. 

, Because (const) AF is equal to AG, and (hyp J AC to AB, the 
twe tides FA, AC are equal to the two GA, AB, each to each ; 
.«od they contain the angle A common to the two 
titdaiigies AFC, AGB: therefore (I. 4, part. 1) 
^e base FC is equal to the base GB ; and the 
mmaining angles of the one are equal (L 4, part 
S) to the remaining angles of the other, each to 
each, to which the equal sides are opposite ; there- 
lore the an^le AFC is equal to the angle AGB. 
AJad because the whole AF is equal (const) to the 
Mrhole AG, of which the parts AB, AC are (hyp.) 
equal ; the remainder Bf is equal (I. ax. 3) to the remainder CG; 
and FC has been proved to be equal to GB : therefore, in the tri- 
angles FBC and GCB, the two sides BF, FC are equal to the 
two CG, GB, each to each : and the angle BFC has been proved 
to be equal to CGB ; wherefore (L 4, part. 3) their remaining 
angles are equtil, each to each, to which tne equal sides are oppo- 
site ; therefore the angle FBC is equal to the angle GCB, and 
(I. 4, schol.) the ande ABC is equal to the an^le ACB, which are 
the angles at the oase of the tiiangle ABC: and it has been 
proved that the angle FBC is equal to the angle GCB, which are 
the anffles upon the other side of the base. Therefore the angles 
at the base, occ. ; which was to be demonstrated. 

Otherwise : — Let the straight line AFJ divide the angle BAC 



*^n this propoiition, the hypothesis is, that the triangle under consideration 
'lnM|re of its sides equal ; and on this hypothesis it is to be proved that the angles 
nppmha to those sides are equal. The demonstration of this proposition given by 
JS^IdlM is generally felt by beginners to be one of the most difficult in the Elements. 
9%e' one here given proceeds on the same general principle, but is shorter and 




Y^The proof would be equally easy were F and G taken in AB and AC. 

X Through the point A an infinite number of stridght lines may be drawn, and 
i^ ^ pUin Uiat there is one of these which divides the angle BAC into two equal 
parts, tn assuming the truth of thiSv however, we virtually employ an additional 
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into two equal parts. Then, in the triangles BAF, CAF, the Me 

BAis equal (hyp.) to CA, and AF is common; 

thereforo the two sides BA, AF, are equal to the 

two CA, AF, each to each, and the contained 

angles BAF, OAF are equal : wherefore (L 4, part 

3) the remaining angles are equal, each to each, 

to which the equal sides are opposite; therefore, 

the angle ABF is equal to the angle ACF, and 

(L 4, schoL) the exterior angles DBF, £CF, are 

also equal. 

Cor, Hence eyery equilateral triangle is also equiangolar. 
This is shown hy taking, first, one side as base^ and then 
another. 

Prop. VI. Theor.* — If two angles of a triangle 1)6 
equal to one another, the sides which subtend, or are oppo- 
site to, those angles, are also equal to one another. 

Let ABC he a trian^e haying the «n^e ABC equi^ to the 
anffle ACB ; the side AB is also equal to ute side AC. 

For, if AB be not equal to AC,! one of them is ^ater than 
the olher : let AB be the greater, and from it cut <« (L 3) BD 
equal to AC, the less, andjoin DC. Then, because in the 
tnanfles DBC, ACB, DETis eaual to AC, and BC C(Mn- 
mon to both, the two sides DB, BC are equal to the 
two AC, CB, each to each; and (hyp.) the angle DBC 
is equal to the angle ACB ; therefore (L 4, pa?t 2) the 
triangle DBC is equal to the triangle ACB, the less to 
the greater ; which is absurd. Th^efore AB is not un- 
eqnSi to AC, that is, it is equal to it. Wherefore, if two 
angles, &c. 

Cor, Hence erery equiangular triangle is also equilateral. 



axiom, which onght not to he done without a good reason. In other r espect s thb 
proof is perfectly satltfftetory ; and on account of Its ease and dmplicity, it may 
perhaps be preferred by those who are reading the Elements for the first time. 

This proposition may slso be proved by concdrlng the triangle BAC to be In- 
verted, and to be applied to the space whi^ it before occupied, so that the point J^ 
may retain its position, while AC will fiiU on AB ; then will ^e point C ftSl on B,' 
AB on AC, and B on C; and the angles ACB, ECB will coinofda with ABC, 
DBC respectiyely, and (I. ax. 8) be eqnal to them. 

It may be remained tibat EucHd's proof, when stripped of artifice, and referred to 
the principle of snperposition, on whidi it, and every demonstrat'on which has the 
fourth proposition for its basis, ultimately depends, is reduced to an Invergion and 
mutual application vach as that indicated above. This will appear evident firom 
proving the equality of the triangles ABO, ACF by superposition. 

* This proposition is the converse of the fifth ; that is. in the language of ^ie, 
the snttject of this is the predicate of the fifth, and the predicate of this the soiPot 
of the fifth. Thus, it is proved in the filth, that if two sides of a triangle be equaJ, 
the angles opposite to them are also eqaal; and in the sixth, that if two aaglea of 
a triangle be equal, the sides opposite to them are equiJ. 

t This demonstration is indirect. To prove AB eqnal to AG, we aoppoaatlnny 
if possible, to be uneqtul. Then one of them, suppose AB, being conndered the 
greater, we cut off a part DB, terminated at one of the equal angles, which we 
assume as equal, if possible, to AC ; and joining CD, we prove, by means of the 
fourth proposition, that if the supposition were tme^ the triaqgle DBC wouM J» 
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PiLOt, VII. Theor.* — Upon the same base, and on the 
same side of it, there cannot be two triangles that have 
their sides which are terminated in one extremity of the 
base equal to one another, and likewise those which are 
terminated in the other extremity. 

If it be possible, let there be two triangles ABC, ABD, upon 
the same base AB, and upon the same side of it, which have their 
sides CA, DA, terminated in the extremity A of the base equal 
to one another, and likewise their sides CB, DB, that are termi- 
nated in B. 

Join CD ; then, in the case in which the vertex of each of the 
trianffles is without the other triangle, because AC is 
equal to AD, the angle ACD is equal (I. 6) to the 
angle ADC. But the angle ACD is greater (L ax. 9) 
tlianBCD ; therefore the angle ADC is greater also 
than BCD; much more then is the angle BDC 

S-eater than BCD. Again, because CB is equal to 
Bji the angle BDC is equal (I. 5) to BCD ; but it has been de- 
monstrated to be ^ater than it; therefore the supposition, that 
AQ isequfil to AD, and likewise BC to BD, is false. 

Buft if one of the vertices, as D, be witlun the other triangle 
ACB ; produce AC, AD to E, F ; therefore, because AC is equal 
to AD in the triangle ACD, the angles ECD, FDC 
upon the other side of the base CD are equal (L 5) 
to one another ; but the angle ECD is ^ater (I. ax. 9) 
than BCD; whei'efore the angle FDC is likewise 
greater ^an BCD : much more then is BDC greater 
man BCD. Again, because CB is equal to DB, the 
angle BDC is equal (I. 5) to BCD; but BDC has 
been proved to be greater than the same BCD ; and therefore AC 
cannot be equal to AD, and at the same time BC to BD. The case 
in which the vertex of one triangle is upon a side of the other, 
needs no demonstration. Therefore on the same base, and on the 
same side of it, &c. 

equal in magnitude to ACB : but this being contrary to the 9th axiom, we conclude 
that AB and AC cannot be unequal, since Uie supposition that they are so, leads to 
an absurd conclusion. The student may exercise himself useftxlly in proving this 
proposition by producing CA through the vertes, and by supposing the whole Hne 
thus produced to be equal, if possible, to AB : and be may in like manner haTB two 
yariatiotis of the proof by supposing AC greater than AB. 

It would perhaps remove, in some degree, the difficulty which beginners often 
f&d. with respect to negative demonstrations, wete they expressed hypoChetioaUy. 
Thus, in the present instance, we might proceed briefly in the following manner:— 
For, if AB were not equal to AC, one of them, as AB, would be the greater. 
Thdn some part of AB, as BD, would be equal to AC ; and, CD being Joined, there 
would be two triangles DBC, ACB, in which there would be two sides and the 
contatoed angle of the one respectively equal to two sides and the contained angle 
of tfa6 other, and therefore (I. 4) the triangle DBC would be equal to ACB, which 
(I. ax. 9) is impossible. Therefore AB is not unequal to AC, that is, it is equal to it. 

It Is often stated that this proposition affords the first instance in which the 
indirect method of proof is employed. This, however, is incorrect, as it is on this 
prineipto that the Imses and the triangles themselves are proved to coincide in the 
fourth -proposition, by showing tliat thdr fidling to coincide would be contrary to 
the oMxdlfliies to tiw 3d and 6th definitions. 

* fhla proposition is merely a lemma to the 8th, and may be omitted, if the 
seconfi Mtechod df demoiiHrating that proposStioa be adopted. 
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Prop. VIII. Theor. — If two triangles have ti«ro sides of 
the one equal to two sides of the other, each to each, and 
have likewise their bases equal: (1.) the angle whioh is 
contained bj the two sides of the one is equal to the angle 
contained by the two sides, equal to them, of the other; 
and (2.) the two triangles are equal to one another.* 

Let ABC, DEF be two triangles having the two sides AB, AC 
equal to the two sides DE, DF, each to each, viz. AB to DE, and 
AG to DF ; and also the base BC equal to the base EF ; the 
angle BAG is equal to the angle EDF, and the two triangles are 
equal in area. 

For, if the triangle ABG be applied to DEF, so that the psAat 
B may be on E, and the straight line BG on EF ; the poiiit' 
shall also coincide with F, because BG is equal (hyp.) to EF, 
Therefore, BG coinciding with EF, BA . ^ 

and AG shall coincide wSh ED and DF; ^ " 

for, if the base BG coincide with the 
base EF, but the sides BA, GA do not 
coincide with the sides ED, FD, but 
have a different situation, as EG, FG ; then, upon the same base 
EF, and upon tlie same side of it, there would be two triangles 
having their sides which are terminated in one extremity of ti))9 
base equal to one another, and likewise their sides terminated in 
the other extremity; but (I. 7) this is impossible: therefore, if the 
base BG coincide with the base EF, the sides BA, AG cannot 
but coincide with the sides ED, DF; wherefore also the angle 
BAG coincides with the angle EDF, and (I. ax. 8) is equal to it. 
Also (I. def. 5, cor.) the triangle ABG coincides with the triangle 
DEF, and (I. ax. 8) is equal to it Therefore, if two triangles, &c. 

Otherwise : — Let the triangle ABG be inverted with respect 
to the base BG, and let BG be applied to EF, so that B may faU 
on E ; then will G coincide with jB , be- 
cause BG is equal to EF ; and the tri- Jr 
angle ABG will take the position GEF, y\ 

E(3 being: the same as AB, and FG the ^ \ 

same as G A. Join DG; and, because * ^ 
(hyp.) DE and EG are equal, the angles 
EDG, EGD are (I. 5) equal. It would 
bo shown in a similar manner, that the angles FDG, FGD are 
equal; and, therefore, (I. ax. 2) the angle EGF, that is, BAG; is 
equal to EDF. But (hyp.) the sides jB A, AG are respectively 
equal to ED, DF, and it nas now been shown that the contained 
angles are equal ; therefore (I. 4) the triangles are equal, and the 
remaining angles in the one are respectively equal to me remaliDJixig 
angles m the other, that is, ABG to DEF, and AGB to DFE^f 







* Or, if the three sides of one triangle be equal to the three sides of anb^hen 
each to each; (I) the angles of the one are equal to the angles of the other, eadn 
to each, viz. those to which the equal sides are opposite; and (2) the tihnigles At^ 
equal to one another. 

t Should DG &U on DF and FG, or on DE and EG, the proof would be Had' by 
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1 P]^. IX. Pbob. — To bisect agiren rectilineal ang^e, 
ia^t is, to divide it into two equal angles. 

' Lidt BAG l)e the given angle; it is required to bisect it. 

'Take anj point D in AB, and from AC cut ofi*(L 3) AE equal 
^'AD; jom DE, and upon it describe (L 1) an 
equilateral trian^e DEF, on the side remote from 
A ;* then join AF : AF bisects the angle BAG. 

•Because AD is equal (const) to AE, and AF is 
OfMoimon' to the two triangles DAF, E AF ; the two 
aides DA, AF are equal to the two EA, AF, each 
to each : and the base DF is equal (const and I. 
def. 17) to the base EF: therefore, the angle DAF 
ib equal <l. 8) to EAF ; wherefore, the giyen angle 
BAt) is bisected by the line AF : which was to be done.f 

.Prop. X. Prob. J — To bisect a given finite straight line. 

Let AB be the given line : it is required to bisect it. 

IDescr&e (1. 1) upon it an equilateral triangle ABC, and bisect 
(I: 0) the ande AGB bv the straight line CD : 
AB U bisected in the poinl D.^ 
. Bteoause AG is equal to GB, and GD common to 
ths tiwo trianffles AGD, BGD ; the two sides AG, 
QDy are equal to BG, QDy each to each ; and the 
angle AGD is equal (const.) to the ande BGD; 
tiherc^ore the base AD is equal (1. 4) to me base DB, and the line 
AB is bisected in the point D : which was to be done. 



gleans of one isosceles triangle. But should the point F fall within the isosceles 
Irianigle DE6, or E within DFG, two isosceles triangles would still be requisite, and 
tin equality of the Tertical angles would be prored by means of the third axiom. 

* The expression, " on the side remote from A," is added in this edition, because, 
if the equilateral triangle were described on the other side, its vertex might fall on 
the f ertex of the angle to be bisected (as it would do in the next proportion), in 
which case tho solution would fiiil, as no second point in the bisecting line would 
tlM^t he determined. 

lA the practical construction of this problem, arcs may be described flrom D and 
E aa. centres with any radius greater than the half of DE, and the line Joining 
either of their points of intersection with A wiU bisect the given angle. It is plain, 
that if the radius be taken equal to AD or A E, A must be Joined with the remote 
point of Intersection, as A and the other would coincide. 

' 1/ the &n^es BAF^ CAF were Usected, the given angle would be divided into 
lour eoual parts; the bisection of which would divide it into eight equal parts; and 
(has the division, by successive bisections, might be continued without limit. 

t Otherwise. — Let DAE (Ist fig. to prop. 6) be the given angle ; in AD assume 
any points, B and F, and cut off AC and AO, respectively equal to AB and AF : 
)oin BO and CF, and the straight line Joining their point of inten;ectioD with A 
biseota tile, angle. The proof, which is easy, ia left to exercise the learner. 

X This problem is a particular caae of the ninth proposition of the sixth book. 

, &,Jj^ practice, the construction is effected more easily by describing arcs on both 
jloes Qf,43t from A as centre, and with any radius greater than the half of AB ; 
ajv3'jt:^ein,by describing arcs intersecting them, with an equal radius, from B as 
centre:' the line Joining the two points of intersection will bisect AB. The proof 
iaeasy. 




r 
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Pbop. XL Prob.* — To draw a straight line at rigl^ 
angles to a given straight line, from a gtren point in the 
same. 

Let AB be a given Btraight line, and C a |)oint given in it ; ifc 
is required to draw a strai^t line from at right angles to AB. 

Take any point D in AC, and make (L 3) C£ equal to CD » 
upon D£ describe (L 1) the equilateral triangle 
DFE, and (L post 1) join FC ; FC is the re- 
quired line, f^ 

Because t>C is equal to CE, and FC com- 
mon to the two inangldB DCF, ECF ; the two 
sides DC, CF are equal to the two EC, CF, ^ d c b b 
each to each; and the base DF is equal (const, and L del 17) to 
the base EF ; therefore^ the angle DCF is equal (L 8) to the angle 
ECF ; and they are adjacent angles. But, when the adjacent 
angles which one straight line makes with another straight line 
are equal to one another, each of them is called (I. def. 8) a right 
^mgle : therefore each of the angles DCF, ECF, is a right anele. 
Wnerefore, from the given point C, in the given straight line AB, 
FC has been drawn at right angles to AB : which was to be done. 

Prop. XII. Prob, — To draw a straight line peipendi* 
cular to a given straight line of an unlimited length, from 
a given point without it. 

Let AB be the given straight Une, which may be produced 
any length both ways, and let C be a point without it» It is 
required to draw a straight line from C 
perpendicular to AB. 

Take any point D upon the other side of 
AB, and from the centre C, at the distance ^ 
CD, describe (I. post. 3) the circle EDF "^^-^ 
meeting AB in E and F : bisect (L 10) EF '^ 

in G, and join CG ; the straight line CG is the perpendicular 
i^Quired i * 

Join CE, CF. Then, because EG is equal to GF, and CG com* 



* This proposition and the following contain the only two distinct cases of draw- 
ing a perpendicular to a given straight line through a given potot ; the first, ^hen 
the point is in the line, the second, when it is without it. 

t In the practical construction of this problem, it is sufflcient to describe arcs 
ftrom D and E as centres, with any radius greater than DC, and to join their ndnt 
of intersection with C. The proof follows from the construction and the eightli 
proposition. It will be a check on the manual operation, if intersections be made 
on both ddee of AB, as these intersections and C should all be in the same straight 
lineb M will appear from the corollary to the Uth propodtton of this book. 

X In pracUce the constmction will be made rather more simple, by dMcriUng frbm 
F and E, when found, arcs on the remote side of AB from C with uay radius 
greater than the half of FE, and Joining their point of intersection with C. 

The 12th proposition would be better placed after the 16th; as we cannot prove, 
without the assistanoe of the 16th, that there can be but one perpendicular drawn to 
a straight Une from a point without it. We might then infisr also, that a circle 
can cut a strdght line in only two points, since if it could out it in more tbaa twoi 
there might be more than one perpendicular. 
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tnott to tii« triangles EGO, F€K7, the ttro side8» fiO, GC an equal 
to the two, FG, GC, each to each; and the base GE is eanal 
(L de£ 30) to the base CF; therefore the angle CGE is equal (L 
8) to the angle CGF ; and they are adiacent angles : therefore CG 
is perpendicular (L def. 8) to AB. Menoe, fix>m the nren p<^t 
C a peipendicular OG has been drawn to the given line AB : which 
was to be done. 

Pbop. XIII. Theob.— The angles which one straight 
line makes with another upon the one side of it are to- 
gether equal to two right angles. 

Let the straight line AB make with CD, upon one side of it, the 
angles CBA, ABD ; these are together equal to two right angles. 

For, if the angle CBA be equal to ABD, each of them (L def. 
3) is a right an^e. But if nolC from the point B draw (L H ) BE 
at right angles to CD ;* therefore the angles CBE, EBD, are two 
rijdit angles. Then (L az. 10) DBE is equal to the two angles 
DBA, ABE together ; add 
EBC to each of these 
equals: thereibre the an- 
&b8 CBE, EBD, are equal 

{L ax. 2) to the three ^; 

angles DBA, ABE, EBC. ^ ^ ^ o b d 

Again (L ax. 10), the angle CBA is equal to the two angles CBE, 
£BA; add ABD to these equals: therefore the ao^s CBA, 
ABD are equal to the three angles CBE, EBA, ABD. But 
CBE, EBD have been demons&ted to be equal to the s'lUne 
three angles: therefore (I. ax. 1) the angles CBE, EBD are equal 
to the angles CBA, ABD ; but CBE, EBD are two right angles r 
^pefore CBA, ABD are together equal to two right angles* 
Wheref(»e the ancles which one straight line, &c. 

Cor, 1. From this it is manifest, tSat if two rtraight lines cut 
one another^ the four angles which they make at their p<Mnt of 
intersection, are together equal to four riffht angles. 

Cor, 2. And consequentiy, that all me angles made br any 
number of lines meeting in one point, are together equal to four 
right angles. 

Prop. XIV. Theor. — If, at a point in a straight line, two 
other straight lines on the opposite sides of it, make the 
adjacent angles together equal to two right angles, these 
two straight lines are in one and the same straight line. 

At the point B in the straii^ht line AB, let the two straight lines 
BC, BD, upon the opposite sides of AB, make the adjacent angles 




* Th« fubiteTice of the remainder of this demomUtrtion if, that the angles ABC, 
ABD ttre together equal to EBOi EBD, each pair being e<iaal to the three angles 
OBE, BBA, ABD. 
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ABC, ABD e^oal taMllitf to tro i%s^ ai«^ : BD i» is IbB Baftie 

stoaight line with CS. 

ForifEDbenotinthesaniestniehtfiiiewiibCB^leC BE be 
in ^e same strai^t fine with it TtodoR, becwBe AB makes 
angles with the stnight line CBE, upon ooe 
Mfe of it, those angles ABC, ABE, are togetlnr 
equal (L 13) totwoTi^tai4^:biittheang)ea 
ABC, ABD are likewise togeUier eqoal (hm) 

to two right angles : therefore (L aac. 11 ana 1) 

the angles CB A, ABE are eqoal to the angles c « v 

CBA, ABD : take away the oommoii an^ ABC, and the remain- 
ing angle ABE is eaoal (L ax. 3) to the remaining^an^ ABD, » 
part to the whole, wnich is ahaord. Therefore BE is not in iko 
same straight line with BC : and in like manner it may be demon- 
strated, that no other fine can be in the same stnudht'line with it 
bat BD, which th^efore is in the same straight line with CB. 
Wherefore, if at a pointy itc 

Cor. I^ at a pcnnt in a straight line, two other strai|^ linea 
meet on the cfppomte odes of it, and make equal angles with the 
parts of it on opposite sides of the pointy the two straight lines are 
m one and the same straight line. 

Let AEB (fig. tothe next prepo6ition)be a streaght line, and le^ 
the andes AEC, BED be equal: C£, ED are m the same straight 
line, r'or, by adding the angle CEB, to the eqaad an^es AEG, 
BED, we have BED, BEC tcMgeOier equal to AEC, CEB, thai is 
(L 13) to two right an£^; andtherefore, by this ^toipoatixm, CE, 
ED are in the same straight line. 

Pbop. XV. Theob. — If two straight lines cot one another, 
the Tertical, or opposite angles are eqnaL 

« 

Let the two strai^t lines AB, CD cat one another in E ; thfi 
angle AEC is equal to the angle DEB, and CEB to AED. 

Because the sfraight line AE, makes with CD the angles CEA, 
AED, these ang^ are together eguid (L 13) to two ri^t an^s. 
Amn, because DE makes with AB the angles 
A£D, deb, these also are together equal to 
two right angles ; and CEA, AED haye been ^' yj > ii 
demonstratea to be equal to two right angles ; X. 

wherefore (L ax. 11 and 1) the anries C^A, ^* 

AED are equal to the angles AED, DEB. Take away the wwn- 
mon angle AED, and (L ax. 3) the remaining angles CEA, DEB 
are equal * In the same manner it can be demonstrated that the 
angles CEB, AED are equal Therefore, if two straight lines, &c. 



* In thaproof here given, the common angle is AED ; and CEB might witb 
Mnal propriety be made the common angle. In like manner, in proving im eqn^ 
litgr of CEB and AED, either AEC or BED may be made the common angle. It 
If alio evident, that when AEC and BED have been proved to be equal, the etfOM^ 
Utar of AED and BEC might be inferred from the 13th propoaitioo, and th(i^tl)|rd 
AJuom. 
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Pkov, XVI. Tbeor. — If one side of a triangle be pro- 
duced» the exterior angle is greater than either of the inte- 
rior remote angles. 

Let ABO be a triangle, and let its side BO be produced to D ; 
the exterior angle AOD is greater than either of the interior re- 
mote an^es OBA, BAO. 

Bisect (L 10) AO in EJoin (L post 1) BE, and prodooe it (L 
post 2) to F; make (I. 8) EF equal to BE ; and 
join FC. 

Beeanse (const) AE is eqoal to EO, and BE 
to £F ; the two sides, AE, EB are equal to the 
two, OE, EF, each to each ; and the angles AEB, 
OEF are eouid (I. Iff ),becau8e they are opposite^ 
vertical angles : therefore the angle B AE is equal 
(L 4, part 3) to EOF; but the ande EOD is 

S eater (I. ax. 9) than EOF : therefore the angle AOD is greater 
anBAE. 

In the same manner, if the side AO be produced (L post 2) to 
G*, and BO be Insected in H, and if a straight line be drawn from 
A, to U, and continued till the produced pi^ be equal to AH, and 
i^the extremity of that pait he joined with 0, it may be demon- 
strated that the angle BOQ-, that is (1. 15) AOD is greater than 
ABO. Therefore, u one side, &c. 

Cor, 1. Hence from a point without a straight line, only one 
perpeadieiilar dan be drawn to the line. For, if there oould be 
two, a triangle would be formed which would have an exterior 
angle equal to an interior and remote one, each being a right 
anMe;. which, by the proposition, is impossible. 

Vori 2. If from a pomt without a line, two straight lines be 
drawn cutting it, one of them at right angles to it, ami the other 
not, the perpencUcular one will fsJl on tlmt side of the other on 
wl^ch the acute angle is : for if it fell on the other, the exterior 
acute angle would be greater than the interior and remote right 
angle, which (L def. 10) is impossible^ 

Prop. XVII. Theor.* — Any two angles of a triangle are 
U^ath^p less than two right angles. 

Iset ABO be a triangle : any two of its angles are together less 
than two xkdit angles. 

Fxoduce %0 to D. Then, because AOD is the exterior angle 
^ the triangle ABO, it is neater (I. 16) than the Interior imd 
y«9Pote angle ABO. To each of these add AOB : ^ 
thereforethe angles AOD, AOB are greater (I. a. 
ax. ^t^ian ABO, AOB : but AOD, AOB are to- / X 

gether equal (1. 13) to two right angles : therefore J ^^ — ^ 

^ ah^es ABO, BOA are less than two right 



^-^VVk proposition migbfc be omitted, m it b Ineladed in the 89d of thisbook»end 
b not retored to in any thii^ preoeding that propoeltioa. 



A 
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•Bglefl. Li like manner it tnay be deiiioiiilimfced,tluitBAC,ACB 
are less than two rifht anglee; and if CB be nroduoed tliroiigh B» 
the same may he demonstr^ed reqwcting tbe angles A and B. 
Therefore any two angles, &c. 
Car, Hedoe every tnai^^ most have at least two acute angles. 

Prop. XY III. Theob.* — If two sides of a tmiigle be tinw 
equal, the greater side has the greater angle opposite to it. 

Let ABO he a triangle, of which the side AC Ib greater than 
the Bide AB ; the angle ABC is alM> greater than the angle BOA« 

Because AC is greater than AB, make (L 3) 
AD equal to AB, and join BD; andbecaose ADB 
is the exterior angle of the triangle BDC, it is 
greater (L 16) than the interior ai3 remote angle 
C ; but (I. 5) ADB is equal to ABD, beeanse the 
sides AJB, AD are equal: therefore the angle 
ABD is likewise greater than G ; wherefore much more is tbe 
angle ABC greater than C. Therefore, if two sides, &c. 

Prop. XIX. Tbeor. — If two angles of a triangle be un- 
equal, the greater angle has the greater side opposite to it. 

Let ABC be a triangle, of whieh the angle B is greater than 
; the side AC is likewise greater than AB. 

For if it be not greater, AC must either be equal to A!B, or less 
than it. It is not equal, because then (L 5) the angle ^ 
B would be equal to the angle C ; but it is not ^^i- 
ther is it less ; because then (1. 18^ the angle B would 
be less than the angle C, but it is not AC, there- 
fore, is not less than AB ; and it has been shown that 
it is not equal to AB : therefore AC is greater than 
AB. Wherefore, if two angles, &c. 

Prop. XX. Theor. — Any two sides of a triangle are to- 
gether greater than the third side.t 



* Let the learner oompare this proposition and the foIlowiDg with the 5th and 
Ikh of this book. 

This proposition might be proved with eqnal ihcility by produdag AJB thiongh 
B» till the whole line thus proiduced is equal to AC* and joining C with the extre- 
mity of the produced part. The following proof Is very neat aira easy. 

From AC cut off AD equal to AB; bisect (T. 9) 
the angle BAC l^ the straight line AE, and join A 

£D. Then, in the triangles BAE, DAE, BA is 
equal to DA, AE common, and the angle BAi£ equal 
to DAE: therefore (I. 4, part 8) the angle ADE is / \ ^V»p 
equal toB. But (I. 16) ADE is greater than C; 
iherefore also B is greater than C. 

t The truth of this proposition is so manifest, that a proof of it is given merely 
to avoid increasing the number of axioms. If, as is done by Archimedes, a straight 
line were doflned to be the 8h(»test distance between two pd^ita, this propoaluaii 
would follow immediately as a corollary. 
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' lot ABC'be a tri«pgle; my two sides of it are together gj^mier 
ihffa tbe tl^ side. 

Pyoduee (I. pst 2) BA to the point D, making (L 8) AD eqaaJ 
to Ac ; and join DC. 

Beeaufle DA is eqoal to AC, the angle ADC is likewise eqnal 
(1,5) to ACD ; bat the angle BCD is greater 
(I. ax. 0) than ACD : thererare the angle BCD d 

is groater than ADC : and because in the tri- ^Jt^ 

angle DBC, the angle BCD is greater than 4^^^\j 
BDC, and since (L 19) the greater side is opuo- b c 

site to the greater angle : therefore the side DB 
is gi-eater £an the side BC ; bat DB is equal to BA and AC ; 
therefore BA, AC are gi-eater than BC. In the same manner, it 
might be demonstrated! tiiat the sides AB, BC are greater than 
CA, and BO, C A greater than AB. Therefore, any two sides, &c. 

€<3T, Hence the difl'erence of any two sides of a triangle, is less 
than the third side. For, since BA and AC are together greater 
tiian BC, from each of these take AC ; then (L ax. 5)BA is greater 
than the excess of BC abo^e AC. 

Prop. XXI. Theob.* — If from a point within a triangle, 
two straight lines be drawn to the extremities of one of the 
sidi^fl, these lines are together less than the other sides, but 
contain a greater angle. 

From the point D, within the triangle BAC, let the straight 
lines DB, DC be drawn to the extreimties of BC ; DB, DC are 
less than AB, AC, but the angle BDO is greater than BAC. 

Produce (I. post. 2) BD to E. Then, because two sides of a 
triangle are greater (I. 20) than the tlurd, the two 
sides BA, AK are greater than BE. To each of 
these add EC : therefore (I. ax. 4) BA, AC are greater 
than BE, EC." Again, because (I. 20) the two sides 
CE, ED are greater than CD, add DB to each : there- 
fore CB, EB are greater than CD, DB. But it has 
becfli shown that BA, AC ar^ greater than BE, EC : much more 
then are BA, AC greater tiian BD, DC. 

Again, the extenor angle BDC of the triangle CDE is greater 
(1. 16) than CED ; for the same reason, the exterior angle CEB 
of the triangle ABE is greater than BAC ; and it has been demon- 
strated that the angle BDC is greater than CEB : much more 
then is the angle BBC greater than BAC. Therefore, if from a 
point, &c. 



A proof an easy as the one given above would be obtained by bisectilng the angle 
BAC; aa it follows fWtm the 16th proposition, that each of the angles made by the 
biipectiag line with BC is greater than the half of BAC ; and therefore (I. 19) each 
segment of BC is less than the adjacent side. 

* This proposition la never referred to by Euclid, except in the 8tb propoaitioa 
of i^O ^\x(i book; and that proposition may be proved witiiout it. 

3y means of the 32d of this book, it may be proved that the angle BDC exoeeda 
BACby the sum of the angles ABD, ACI>. 
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Paot. XXII. Peob.— To describe, a triangle of wMch 
the sides shall be equal to three giyen straight fines; \mt 
anj two of these must be greater (I. 20) than the tfiird. 

Let A, B, G be throe given straight lines, of which any two an 
greater than the thiid : n is reqoiml ta make a triangle of whiah 
tibe sides shall be equal to A, B, G, each to each. 

Take an unlimited straight line DE, and let F be a point m it, 
and make (L 3) FG eaoal to A, FH to B, and UK to G. From 
the centre F, at the oistanoe FG, 
describe (L post. 3) the cirde GLM, 
and from the centre H, at the dis- 
tance HK, describe the circle RLM. 
Now, because (hyp.) FK is greater 
than FQ-, the circumference of the 
circle GLM, will cut FE between 

F and BL, and therefore the circle 

£LM cannot lie wholly within the ^ 

circle GLM. In like manner, be- c 

cause (hyp.) GH is greater than 

HK, the circle GLM cannot lie wholly within the cirde KLK. 
Neither can the circles be whollv without each other, since (hyp.) 
GF and HK are together greater than FH. The circles mast 
Iherefore intersect each other : let them intersect Id the point L, 
and join LF, LH ; the trianMe LFH has its sides equal reapeet- 
ivdy to the three lines A, B, Jj. 

Because F is the centre of the circle GLM, FL is equal (I. def» 
SO) to FG ; but (const) FG is e^ual to A : therefore (I. as. 1) FL 
is equal to A. In like manner it may be shown that HL Is e^al 
to G ; and (const.) FH is equal to B : therefore the three strai^^t 
lines LF, FH, HL are respectively equal to the three A, B, C> : 
and therefore the triangle liFH has been constructed, haying its 
tboree sides equal to the three given lines. A, B, G : which was to 
be done.* 

Prop. XXIIL Prob. — At a given point in a gmn 
straight line, to make a rectilineal angle equal to a given 
one. 

Let A6 be the given straight Une, A the given point in it, and 
G the given azigle : it is required to make an angle at A, in "Gae 
straight line aS, that shall be -equal to G« 



* It It evident that if MF, MH were Joined, another triangle would he formed, 
haying its sides equal to A, B, €. It Is also obvious that in the practical construc- 
tion of this problem, it is only necessary to take with the compasses FH equal to 
B, and then, the compasses being opened successively to tlie lengths of A and C, 
to describe circles or arcs from F and H as centres, intersecting in L ; and lastly 
toJolnLF, LH. 

The construction in the text is made somewhat difforent from that ^veni m 
Simson'i Euclid, with a view io obviate objections arising £rom the appUcaUon of 
this proposition iu the one that follows it. 
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' hi the Ifnes containing the anffle C, take any points D, E, 

tmd join them, and make (I. 22) the triar£^ AFG, the sides or 

whi<9h AF, AG, FG, shall be equal to 

the three straight lines CD, OE, BE, each 

to* each. Then, because FA, AO are 

^^[«al to DC, CE, each to each, and the 

base FG to the base DE, the angle A is 

equal (I. 8) to the angle C. Therefore, at 

the eiven point A in the given straight 

line AB, the angle A is made, equal to the 

given an^e C : which was to be done.* 

Prop. XXIV. Thbor. — K two triangles have two sides 
ef the one equal to two sides of the other, each to each, but 
the angles contained by those sides nnequal : the base of 
that which has the greater angle is greater than the base of 
the other. 

Let ABC, DEF be two triangles which have the two sides AB, 
AC equal to the two DE, DF, each to each ; but the angle B AC 
atev than EDF : the base BC is also greater than the base 






Of the two sides DE, DF, let DE be that which is not greater 
than the other, and at the point D, in the straight line I)£^ make 
(L 23) on the same side with EDF the angle EDG equal to 
BAG ; make also DG equal (I. d) to AC or DF, and join EG, GF. t 

Because AB is equal to DE, and AC to DG, the two sides BA, 
AC are equal to the two ED, DG, 
each to each ; and the ansie B AC is 
equal to the angle EDG: therefore 
ihe base BC is equal (1. 4) to the base 
£G. Again, because DG is equal to 
DF, the angles (L 5) DFG, DGF are 
equal ; but me angle DGF is greater 



* Tnieeomtractlon of this propositioQ is most easily eflfectod in practice, by making 
4Sbid triangles isoeodes. In doing tUs, circular arcs are described with equal radii 
from C and A as centres, and their chords are made equal. 

It te evideni that another angle might be made at A, on the other side <tf AB, 
equal to C. 

t Hence the angle DGE is not greater (I. S, and 18) than DEO; but DHG is 
greater (L 16) than DEG: therefore DUG is greater than DGH, and (I. 19) DG 
or DF ia greater than DH; and consequently the point H lies between D and F. 
sndthfl line EG above EF. If, on the contrary, a line equal to DE the less side, 
were drawn through D, making with DF, on the same side of it with DE, an angle 
equal to A, the extremity of that line might have fUlen on FE produced, or above 
ft or below it ; and thus the proof would require three cases, while the method here 
given, which is that of Simson, is universally applicable. 

We should also have an easy proof by bisecting the angle FDG by a straight line 
cutting EG in a point, which call K, and Joining DK and KF. For KG would 
be equal (I. 4} to KF; and by adding EK, we should have EG equal to EK, KF, 
ao^ tnerefore (I. 20) EG greater than EF. 
• Let the student compare this proposition and the fbllowing with the fourth and 
eighth of this book. 
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(L 4z. 9) than EGF: therefore the ande BFG is gieater tfano 
TStQ¥ ; and much more is the angle EF13- greater than the angla 
EGF. Then, because the angle EFG of the triangle EFG- ia 
greater than its angle £GF ; the side £G is greater (L 19) than 
the side EF : but EG is equal to BG ; and therefore also BO i9 
greater than EF. Therefore, if two triangles, &c. 

Prop. XXY. Theob. — If two trian^es have two sides 
of the OQe equal to two sides of the other, each to each, but 
their bases unequal ; the angle contained by the sides of 
that which has ibe greater base, is greater than the angle 
contained by the sides equal to them, of the other. 

Let ABC, DEF be two triangles which haye the two aides 
AB, AC equal to the two DE, SF, each to each ; but the bate 
BO greater than the base EF : the angle A is likewise greater 
than the angle B. 

For, if it Be not greater, it must either be equal to it or lees; 
but 1^ angle A is not equal to D, be- 
cause then (L 4) the base BC would 
be equal to EF ; but it is not. Neither 
is it less; because then (I. 24) the base 
BG would be less than EF ; but it is not : 
therefore the angle A is not less than the 
angle D ; and it has been shown, that it 
is not equal to it : therefore, the angle A is greater than D. Where^ 
fore, if two triangles, &o. 

Prop. XXVI. Theor. — If two angles of one triangle be 
equal to two angles of another, each to each, and if a side 
of the one be equal to a side of the other sinularly situated 
with respect to those angles; (1) the remaLning sides, are 
equal, each to each ; (2) the remaining angles are equal ; 
and (3) the triangles are equal to one another. 

Let ABO, DEF be two triandes which have the angles ABC, 
BOA equal to the andes DEF, EFD, each to each, yiz. ABO U^ 
DEF, and BOA to EFD ; also one side equal to one side : and. 

First, let those sides be equal to which the angles are adjacent; 
that are equal in the two triangles ; viz. 
BO to EF : the other sides are equal, 
each to each, viz. AB to DE, and AC to 
DF; and the remaining angles BAG, 
EDF are equal ; also the areas of the 
triangles are equaJL 

For, if AB be not equal to DE, one of 
them must be the greater. Let AB be the greater, and make 
(1. 8) BG equal to DE, and join GO ; then because GB is equal to 
DE, and (hyp.) BO to EF, the two sides GB, BO are equal to 
the two DE, EF, each to each ; and (hyp.) the angle GBO is equal 
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t»tiie angle D£F : therefore the angle GCB is equal (L 4, part. 3) 
to DFE. Bat DFE is (hyp.) eqaal to ACB : wherefore, also the 
an^le GCB is equal to ACB, a part to the whole, which (L ax. 0) 
is impossible : therefore AB is not uneqaal to DE, that it, it is 
equal to it Then, since BC is equal to £F, the two AB, BC are 
equal to the two DE, EF, each to each; and the angle ABC to 
HEF : therefore (I. 4) the base AC is equal to the base BF, the 
triangle ABC to the triangle DEF, and the third angle BAC to 
the third angle EDF. 

Next, let the sides which are opposite to equal angles in each 
triangle be equal to one another, yiz. AB to DE ; likewise in this 
case the other sides are ^ual, viz. BC to EF, and AC to DF ; 
also the triangle ABC to DEF, and the 
third angle BAC to the third angle EDF. 

For, if BC be not equal to EF, let BC 
be the greater, and make (L 3) BH equal 
to EF, and join AH. Then, because BH 
is equal to EF, and (hyp.) AB to DE ; 
the two AB, BH are equal to the two 
DE, EF, each to each ; and they contain equal angles : therefore 
(I. 4, part 3) the angle BHA is equal to EFD ; but EFD is equal 
(hyp.) to BCA : therefore also the angle BHA is equal to BCA, 
that 18, the exterior angle BHA of the triangle AHC is equal to 
its interior and remote an^le BCA, which (!• 16) is impossible : 
wherefore BC is not unequzd to EF, that is, it is equal to it. Then, 
since AB is equal (hvp. ) to DE, aiid the angle B to the angle E : 
thevefore (L 4) the base AC is equal to the base DF, the third 
angle BAC to the third angle EDF, and the triangle ABC to the 
triangle DEF.* Therefore, if two triangles, &c. 





* By the flflii corollary to the 32d proposition of this book, if two angles of one 
toiangle be emial to two angles of another, their remaining angles are also equal. 
This proposition, thnefure, if it be postponed till the student has learned the 3Sd, 
may be demonstrated in a single case, the same as either the first or second in 
Ettdlid's method, given aboTo; and it may be so postponed wlthoat impropriel^, as 
the 32d does not depend on it, either directly or indirectly. If the proposition be 
taken thus, the entmciation may be as follows : — 

J(ftwo irioMgles be equiangular to one tmoiher, and if a tide of the one and a side 
qf the othery which are oppoeite to equal angles^ be equal; then (1) the retnaiftmg 
rides areeoual, eocA to each, trist. these which are tfposH^ to equM amglssi and (2) 
t/^ triangles are equal. 

This is the third of the propositions in whioh triangles are demonstrated to be 
in every respect equal. Th^ are proved to be sudi in the imvth proposition, when 
two sides and ttie contained angle of the one are lespeotlvehr equal to two sides and 
the contained angle of the other: in the eighdi, iriun the three fides of the one are 
equal to the three sides of tlie other, eaeh to each: and In the twenty-sixth, when 
two angles and a side of the one are respedhndy equal to two angles and a side» 
aimilaily situated, of the other. There is oidy one other case in which two 
triaiigles are in all respects equal ; that is, when a side and the opposite angle of 
ooe of .them are respectively equal to a side and the opposite angle at ttie other, and 
a sec<»kl side in the one equal to a seoond side in the other, the angles opposite to 
these latter sides being of the same kind; that is, both right angles, both acute, or 
boiOi obtuse. This proposition, which is a case of the 7th of the sixth book, is of 
Ut^ use, except that it completes tBe theory ; but it may be a proper exercise for 
file studoKt to prove it. 

It wttLbe seen ftem these remarks, that two triangles are in every respect equal, 
When of the sides and angles any thxee, except the three angles in one of them, are 

B 
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Prop. XXVII. Thsor. — If a atraiffht line M&og upon 
two other straight lines, in the same plane, make the alter- 
nate angles equal to one another, these two straight lines 
are parcel 

Let the etraiffht line EF, which falls npon the two straight lines 
AB, CD, in the same plane, make the alternate angles, A£F, 
EFD, eaual to one another ; AB is parallel to CD. 

For, if it he not parallel, AB and CD, heing produced, wfll me6t 
either towards B, D, or towards A, C : let them he produjced and 
meet towards B, D, in the point G. 
Therefore GEF is a triangle, and its ex- 
terior angle AEF is greater (L 16) than 
the interior and remote angle EFU; hut 
(hyp.) it is also equal to iC which is im- 
possible: therefore, AB and CD, heinff K 
produced, do not meet towards B, D. In like manner, it may h^ 
demonstrated, that they do not meet towards A, C. But those 
straight lines which are in the same plane, and which meet neither 
way, though produced ever so far, are parallel (I. def. 11) to 6a^ 
another : AB therefore is parallel to CD.* Wherefore, if a stniight 
line, &c. 

Prop. XXVIII. Thbor.— Two straight lines are paraHi4 
to one another, (1) if a straight line falling upon them 
make the exterior angle equal to the interior and remot«, 
upon the same side of that line ; and (2) if it make ih^ 
interior angles upon the same side together equal to two 
right angles. 

Let the straight line EF, which foils unon the two straiclit 
lines, AB, CD, make the exterior angle EGb equal to the interior 
and remote angle GHD upon the same side of EF, or make the 
interior angles on the same side, BGH, G£ED, together equal to 
two right angles ; AB is in each case parallel to CD. 



respectiTely equal to the c<»Te8pondixig sides or angles, in the ol^er, wfth onljr the 
one limitation in the piiqKMltioniiut enondated, that in it the aaglee Mipaaite ijotwv 
equal sides most be of the same kind: and ftom this it appears, that of the sides and 
angles of a triangle, three must be giivn to determine the triangle, and these three 
cannot be the three angles. Were only the three angles given, the sides, as will 
appear from the 39d proposition of this book, might be of any magnitades w^mtnm- 
The student may ezeretse himself in proving this proposition by supapesiCten ; 
and also by invducing B A and BC, instead of eufcUng off parts of them. . ■ tr 

* In this proof AB6 and CDO must be regarded as straight lines, ft fs iAa 
necessary, indeed, to make the actual construction here given ; for the stuifent wUl 
see that AB and CD cannot meet on either side, since, if tiiey did, a triang^ wwAi 
thus be formed, and the exterior angle would be (1. 16) greater than the Interior aUd 
remote angle, which is contrary to the hypothecs. The aUemate angtt^ as th^ 
are understood by Euclid, or the interior cUtemate angles^ as they might be called 
with perhaps more propriety, are the interior remote angles on opposite sides' of fNe 
line which fklls on the other two. AEH and KFD, and also BEH and CVK, nOy 
be called exterior aUemate angles ; and it is easy to prove that if these be eqjiiiVtho 
tines are parallei. « i i c«ur 
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Becanw the angle EGB is equal (hyp.) to QBD, and EGB 
(L 16) to AGIL the angle AGH is equal 
(L ax. 1) to GHID ; and they are alternate 
andes : therefore AB is parallel ( 1. 27) to CD. 

Again, because the angles BGU, GHD 
m equal (hyp.) to two right an^es; and 
that AGH, BGH ai-e also equal {I. 13) to 
two right angles ; the angles AGH, BGH are 
equal (I. az. 1 and 11) to BGH, GHD ; take 
away the common an^le BGH ; therefore the remaining angles 
AGH, GHD are equal; and they are alternate angles; Sierefore 
AB is parallel (I. 27) to CD.* Wherefore two straight lines, &c. 

Prop. XXIX. Theor.— If a straight line fell upon two 
parcel straight Imes, (1) it makes the alternate angles 
equal to one another; (2) the exterior angle equal to the 
interior and remote upon the same side ; and (3) the two 
interior angles upon the same side together equal to two 
right angles.! 

Let the straight Imes AB, CD be parallel, and let EF fell upon 
them ; then (1) the alternate an^s AGH, GHD are equal to one 
another ; (2) the exterior angle £1GB is equal to the interior and 
remote, upon the same side, GHD; and (3) 
tke two interior angles BGH, GHD upon the 
same side are together equal to two right 

^or, if AGH be not equal to GHD, one of 
them must be greater than the other ; let AGH 
be the greater, and to each of them add the 
at^le BGH: therefore the angles AGH, BGH are greater (I. 
nc* 4) than the angles BGH, GHD; but the angles AGH, BGH 
afe equal (L 18) to tMro right angles : wherefore the angles BGH, 
GHD are less than two right angles. But (L ax. 1 2 ) those stndght 
lines, which with another straight line falling upon them, make 
the interior angles on the same side less than two right angles, 
meet together, if continually produced : therefore the straight Ones 
AQp'CD, if produced far enough, will meet : but (L def. 11) they 
never tneet, smee (hyp.) they are parallel : therefore the angle AGH 

' * itl««MytoproTe,thiiAif the^JtlmoranglesimtheBameaideoftheliiievfaic^ 
■aniM^thertwa, be together equal to two right anglea, the straight lines are pualld. 
- Thtopnpmitioii will readily lead us to admit ^e troth of what is caUed the lath 
axiom. It ishera profed, tha* If the two angles BOH, GHD be together equal to 
Mm) jqigkt angles. AB and CD are parallel, and consequently do not meet. Now, if 
twoMsk G a straight line be drawn in the angle BGH, and consequently making 
withirGM an angle less than BGH, so that the two angles which GH makes with it 
aiJ!! with HD are together less than two right angles, we will readily admit, that 
i(, that line and HD be'coatinually produced, th^ will at length meet: which is the 
link ajdom. , The truth of this axiom, therefore, will be admitted by any one who 
ll^jcmd the Eloaaents thus fkr, hut not, as is the case, with regard to the other 
.^jVjjwnfis fay a person who is unaoquainted with the princ^les of geometry. 

' .'.f-'Khe first paort ttt thi« proposition is the conTerae of the 27th, and the seooad 
and third parts are the converses of the first and second parts of the asth. . 
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is not uneqaal to the angde GUD, that is, it is equal to it. But 

the angle AGH is equal (1. 15) to the angle 

EGB : therefore, like^se £GB is equal (L 

az. 1) to GHD. Add to each of these the 

angle BGH: therefore the angles £GB, 

BG^ are equal /L ax. 2) to the angles BGH, 

GHD ; but EGB, BGH are equal (L 13) to 

two right angles : therefore also BGH, GHD 

are equal to two right angles. Wherefore, 

if a straight line, &c. 

CcT. 1. Hence, if there be two parallels, a straight line which 
intersects one of them, will intersect the other, if continually pro- 
duced. Thus, if anj straight line be drawn through G, intersecting 
AB, the angles which it and CD make on one side with a straight 
line drawn finom G to any point H in CD, will be together fess 
Ihan two right angles, ana therefore (I. ax. 12) the lines will meet. 

C<yr, 2. i^nce, ^so, two straight lines which intersect each other 
are not both parallel to the same straight line. 

Prop. XXX. Theor. — Two straight Imes which are not. 
vn the same straight line, and which are parallel to a third 
straight line, are parallel to one another. 

Let the straight lines AB, CD be each of them parallel to the 
sti'aight line EF ; AB is also parallel to CD. 

Let the straight Ime LH cut AB, CD, EF ; and because LH 
cuts the parallefstraight lines AB, EF, the 
augle LGB is equal (I. 29. part. 2) to the 
angle LHF. Again, because the straight 
line LH cuts the parallel sti'aight lines CD, 
EF, the angle LKD is equal (1. 29, part. 2) 
to the angle LHF ; and it has been shown 
that the angle LGB is equal to LHF : wherefore also LGB is equal 
(I. ax. 1) to LKD, the interior and remote angle on the same side 
of LH : therefore AB is parallel (L 28, part. 1) to CD. Wherefore 
two straight lines, &c. 

Prop. XXXI. Prob. — To draw a straight line parallel 
to a given straight line through a given pomt without it. 

Let AB be the given straight line, and C the giren point ; it is 
required to draw a straight Ime through C, p^u-aUel to AB. 

in AB take any point D, and join CD ; at the point C, in the 
straight line CD, make (I. 23) the angle DCE ^ c f 

equal to CDB ; and produce the straight line EC 7 — '' — * 

to any point F. / 

Because (const) the straight line CD, which a x> ' B 
meets the two straight lines AB, EF, makes the 
alternate angles ECB, CDB equal to one anotiier, EFvis parallel 
(L 27) to AB. Therefore the straight line ECF is drawn Uiroii^h 
the given point C parallel to the given straight liue AB : which 
was to be done. 
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Prop. XXXII. Theob* — If s side of any triangle be 
produced, (I) the exterior angle is equal to the two inte- 
rior and remote angles ; and (2) the three interior angles of 
every triangle are together equal to two right angles. 

Let ABC be a triangle, and let one of its sides BG be prodaced 
to D : (1 ) the exterior angle AOD is equal to the two interior and 
remote angles CAB, ABU ; and (2) the three interior angles, ABO, 
BOA, CAJB, are together eqnid to two right angles. 

Through the point G draw (L 31) CSparaUel to the straight 
hne AB. Then, because AB is parallel to £C, and AC falls upon 
them, the alternate angles BAG, ACE are (I. 29, part 1) equal. 
.A£ai&« because AB is parallel to EC, and ^ 

BB falls upon them, the exterior angle ECD ^\ .jg 

is equal. (I. 29, part 2) to the interior and y^ \^y^ 

remote angle ABC ; but the angle ACE has ^ j=— - — 

been shown to be equal to the angle BAG : ^ 

therefore the whole exterior angle ACD is equal (I. ax. 2) to the 
tvo interior and i^mote angles CAB, ABC. To these equals add 
the angle ACB, and the angles ACD, AGB are equal (I. ax. 2) 
to the three angles CBA, BAG, ACB; but the angles ACD, 
AGB are equal (L.18) to two right angles: therefore also the 
angles CBA, BAG, AuB are equal to two right angles. Where^ 
fore, if a side, &c. 

Cw, 1. All the interior angles of any rectilineal fign^, together 
with four right angles, aie equal to twice as many nght angles as 
the figure has sides. 

For any rectilineal fieuife ABGDE can be divided into as many 
triangles as the figure has sides, by drawing straight lines fi*om a 
point F within the figure to each of its angles : 
and by the preceding proposition, all the angles of 
these trian^es are equal to twice as many right 
angles as there are triangles, that is, as there 
are sides of the figure ; and the same angles are 
equal to the angles of the figure, together with 
the angles at the point F, which is the common 
vertex of the triangles ; that is (L 13, cor. 2), together with four 
right angles. Therefore all the angles of the figure, together with 
fotb* right angles, ate equal (I. ax. 1) to twice as many nght angles 
a9 the ngure has sides.* 



" Another proof of this corollary may be obtained by dividing the figure into 
frianglee by linea drawn from any angle to all the remote angles. Then each of 
Hhetwo extreme triangles has two sides of the polygon for two of its sides, while each 
of the other triangles has only one side of the figure for one of its sides ; and hence 
itte'mimtier of triangles is less by two than the number of the sides of the figure. 
But the interior angles of the figure are evidently equal to all the interior angles of 
aP the lariangles, that is, to twice as many right angles as there are triangles, or, 
t«tM to ttiaoy right angles as theflgute has sides, wanting the angles of two tri- 
•Qglefl, that is, four right angles. 

Hencsk io any equltog^ohur figure,' the number of the rides being Icnown, the mag- 
nitude c^each aikgle oompsred with a right angle can be determined. Thus, in a' 
regular pentagon, the amount of all the angles being t#1ce five right angles want-' 
Iqg four, that is six right angles, each angle will be one fifth part of six right angles, 
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Ccr, 2. All the exterior andeB of any rectOineal figure are 'to- 
gether equal to four n^t angks. 

Becacue each interior angle ABC, and the adjacent exterior 
ABD, are together equal (1713) to two right 
angles ; thererote all the interior, together with 
all the exterior angles of the figure, are equal 
to twice as many right angles as liiere are sides 
of the figure ; that is, by the foregoing corollary, 
they are equid to all tne interior angles of the figure, together vr\£k 
four right angles ; therefore all the exterior angfes are equal (X ax. 
8) to four right angles * 

Cor. 8. IT a triuigle hare a right ansle, the remaining angles 
are together equal to a right angle : and if one angle of a iriangle 
be eqiud to the other two, it is a right angle. 

Cor. 4. The angles at the base of a nght-angled isosceles tri- 
angle are each haSfa right angle. 

Vor, 5. If two angles of one triangle be equal to two angles of 
another, their remaining angles are* equal 

Car, 6. Each angle of an equilateru triangle is one thii^ of two 
right angles, or two thirds of one right angle. 

Cor. 1. Hence, a right angle may be trisected by describing 
an equilateral triai^le on one of the lines containing the i^ht 
angle, t 

Prop. XXXIII. Theob. — The straight lines which ym 
the extremities of two equal and parallel straight lines* 
towards the same parts4 are also themselves equal and 
parallel. 

Let AB, CD be equal and paralld straight lines, which aii 
Joined towards the same parts by the straight lines AC, BD; 
AC, BD are also equal ana parallel 

Join (L post 1) BC. Then, because AB is parallel to CD, and 



I » 



or ooe right angle and one fifth. In a similar manner H would appear, that In fh9 
regular hexagon, each angle la a sixth part of eight right angles, or a right anglie 
andathird; that in the regular heptagon each is a right angle and three seventh*; 
Id the regular octagon, a right angle and a half, Ac. 

■ It Is to be observed, that if angles be taken in the ordinary meaning, as under- 
stood bj Euclid, this coroUary and the foregoing are not applicahle when the t&rm 
hare rt-^ntrani angles, that is, such as open outward. The 
second corollary wul hold, howerer, if the diflUBreooe between -^^ ' 

each re-entrant angle and two right angles be taken from the 
sum of the other exterior angles; and the former will be appli- 
cable, If^ instead of the angle whldi opens externally, the dif- 
foreooe between it and four right angles be used. Both corollaries, indeedi wfll 
bold without chanffe, if the re-entrant angle be regarded as internal and greater 
than two right angles ; and if; to find the exterior angles, the interior be tmiem fai 
the alff^bralo sense, from two right angles, as in this case^ the re-entoing anglea 
will glVe negatlre or subtraetiTe results. 

t By this principle also, In connexion with the 9th proposition, we msj trbeet 
any angb, which is obtained by the successive bisection of a right angle, sudi aa 
the half; the fourth, the eighth, of a right angle, and so on. * 

t That li, the extrenitlss which lie towards the ''same parts ^ or quarter. 
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BGxaeets them, the alternate angles ABC, BCD are (1. 29) equal ; 
and because AB is equal (hyp.) to CD, and BC common to the 
tvFO triangles ABC, JDCB, and the angle 
ABC is equal to the angle BCD : therefore 
the base AC is equal (L i, part 1} to the 
base BD, and <L 4, part 3) the an^le ACB 
to GBD. Also, because the straight line 
BC meets the two straight lines AC, BD, 
a,nd makes the alternate andes ACB, CBD equal, AC is parallel 
(1 27) to BD ; and it has been shown to be equal to it There- 
fore tne straight lines, &c. 

Cor, Hence a quadrilateral which has two sides equal and par- 
allel, is (L del 2i) a parallelogram. 

Pbop. XXXIV. Theob. — The opposite sides and angles 
of a parallelogram are equal to one another ; and (2) the 
diagonal bisects it 

'Let AD* be a paiallelogram, of which BC is a diagonal ; (1) 
the opposite sides and angles of the figure are equal to one anotiber : 
«ad (i) the diagonal bisects it. 

< Because AB is parallel (I. def. 24) to CD, and BC meets them, 
the alternate angles ABC, BCD ai-e equal (I. 29) to one another; 
and because AC is parallel to BD, and BC meets them, the alter- 
jwfe angles ACB, CBD are likewise equal : 

wherefore the two triangles, ABC, CBD a b • 

have two anj^es ABC, EC A in one, equal 
'to two angles BCD, CBD in the other : there- 
fore (L 32, cor. 5) tne remaining angles BAC, 
^CDB are equal : also the side BC, which is 
opposite to those angles is common : therefore (L 26, part 1 ) their 
other sides are equa^ each to each,yiz. AB to CD, and AC to BD. 
Again, because uie angle ABC is equal to BCD. and CBD to 
ACB, the whole angle ABD is equal (L az. 2) to the whole angle 
ACD; and BAC has been shown to be equal to BDC : there- 
fore the opposite sides and angles of a parallelogram are equal 
to one another. Also (L 26, part 3) the uiangle ABC is equal to 
the trlaiu^Ie DCB ; that is, the diagonal BC bisects the parallelo- 
gram. Therefore the opposite sides, &o. 

' €hr, 1. If a parallelogram have one right angle, all its angles 
are right angles. For since (I. 29, part 3) the two andes BAC, 
ACD .are together equal to two right angles, if one of them be 
a right angle, tke other must also be a right angle; and (by 
tkSft proposition) the opposite angles are equal A rectangle (L 
( def« 26), therefore, has all its an^s right angles. 
•: C<ir, 2. If two parallelograms nave an angle of the one equal to 
-an angle of the other, and the sides containing the equal angles 




' '» ifpt brevity^ a parallelogram may be named by the letters placed at two opposite 
angi^ if no ambiguity arise from so naming it. The same also may be done 
•eeasLoBally with r^ard to other rectilineal figures. 
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tmp9te6rfW eqpal, the paraUdofvnaiu are equal to one another. 
Thia will De diowii hj drawing diagonals subtending the equal 
uo^fCB; as (L 4) the tnan^ea thus fonned are eqaal; and, by this 
propoation, the paraUelogcams are respectiTely doable of those 




Cor. 3. If two straight lines make an am^ two others parallel 
to them contain an equal or a sopplementaTangle. Thus, A and 
the Tertical angle made by prodncinff BA, GA, through A, are 
each equal to D ; while the angle mack by BA and the contiiraa- 
tion of C A, or by CA and the continuation of BA is equal to the 
sapplement (L de£ 38) of D. 

Cor. 4. Hence we can divide a ff^y^^ straight line AB into any 
propofled number of eqoal parts. To do this, draw AC making any 
ande with AB, and draw (I. 31) BD parallel to AC. In AC 
take any point E, and make (L 3) 
EF, FG, BH, hK, KL, each 
oqoal to AE ; the nomber of seg- 
ments on each of the parallels 
being less by one than the num- 
ber of the parts into which AB 
is to be divided. Draw (L post. 
1) the straight lines EL, FE, 
GH, cutting AB in M, N, O : 
AM, MN, NO, OB are the parts 
required. Draw MP parallel to 
AC ; then (L 33) EL, ¥K^ GH are parallel ; and AE and MP are 
equal, each of them being equal (const and I. 34) to EF. But 
(1. 29) the angles EAM, AME are respectively equal to PMN, 
MNP; and therefore (I. 26) AM is equal to MN. In the same 
manner, BO may be proved to be equal to ON : and by drawing 
NQ parallel to AC, MN may be proved in a similar manner to 
be equal to NO.* 

Pbof. XXXY. Theor. — Parallelograms upon the eaxne 
base, and between the same parallels, are equal to one 
another. 

Let the parallelograms ABCD, EBCF, (figs. 2 and 3) be upon 
the same base BC, and between the same a » <=. 
paraUels AF, BC ; these parallelograms are equal 
to one another. 

If the sides AD, DF, of the parallelograms 
AC, BF (fig. 1) opposite to the base BC, be ter- » 
minated in the same point D, each of the parallelograms is 
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* The constnicdon might he effected u in the 9th of the sixth book without the 

Srallel BD. The me^od here given, however, is easier in pnustioe, from the 
^ity with which the parallels EL, FK, &c. are drawn. This problem might be 
considered unnecessary here, as it is the same in substance as the 9tb of the sixth 
bocA. Besidea the preferable construction, however, which is here given, tlie pro* 
blem is so useful, that the student should be early acquainted with It. 
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double (1. 34) of the triangle BDC ; and they are therefore equal 
(I. ax. 6) to one another. 

But if the sides AD, EF (figs. 2 and 3) opposite to the base 
BC, be not terminated in the same point; then, because AG is a 
parallelogram, DC a db f a e v p 

lB^"llioN!f^t \ J< ^ \/ \/ 
part 2) because AB U::___U^ V - V/ 

IS parallel to DC, b c b c 

ana AF falls upon them, the andes FDC, £ AB are equal ; and 
because BE is parallel to CF, and AF falls upon them, tne angles 
DFC, AEB are likewise equal : wherefore (I. 26, part 3) the tri- 
angles FDC, EAB are equal to one another. Take the triangle 
FDC from the trapezium ABCF, and from the juune trapezium 
take the triangle EAB, and (I. az. 3) the remainders are equal; 
that is, the parallelogram AC is equal to the parallelogram BF.* 
Therefore parallelograms, &c. 

Prop. XXXVT. Theor. — Parallelograms' upon equal 
bases, and between the same parallels, are equal to one 
another. 

Let AC, EG be parallelograms upon equal bases BC, FG, and 
between the same parallels AU, BG; the parallelogram AC is 
equal to EG. 

Join BE, CH; and because BC is equal (hyp.) to FG, and (I. 
34) FG to EH ; BC is ejual (I. ax. 1) to EH ; and (hyp.) they are 
parallel, and they are joined towards the ^ u i^ h 

same parts by the straight lines BE, CH : i i^k ' y\ 

therefore (1. 33)^BE, CIi are both equal and I ^X y^ \ 

paraUel, and (I. det; 24) EBCH is a par- V^ l^ X 

aUelogram; and it is eaual (I. 35) to AC, b o f g 
because they are upon llie same base BC, ahd between tHe same 
parallels BC, AH. For the like reason, the parallelogram EG is 
equal to the same parallelogram EBCH. ; because th^ are on the 
same base EH, and between the same parallels EH, BG. There- 
fore also the parallelogram AC is equal (L ax. 1) to EG. Where- 
fore parallelogramB, &e. 

Prop. XXXVII. Theor.! — Triangles upon the same base, 
and between the same parallels, are equal to one another. 



* It will appear, from this proposition, that the perlmeten of two equal parallelo- 
grams on the same base may differ in any degree whatever. It follows also, from 
the 19th proposition, that, of all equal parallelograms on the same base, the rect- 
angle has tha least perimeter. 

It may also be remarked, that Legendre and some other writers call only such 
flgifNi mfuA as oactly coincide when applied to one another; while those which, 
as f« tfiH proposition, ** without coinciding, contain the same spaoeb" th^ call 
SQMlsBisfit. This sertnis to be an nnnecessary feflnemtat. 

f lids prdposltionr and the following afford instances in which triangles, though 
not as In prt^KMitions 4, 8, and 26, hi ewry respect equal, are equal in magnihiae. ' 

B2 
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Let the trian^ ABC, DBC be xspaa tiie aune Uue BC, and 
between the same parallels AD, BC ; ABC is equal to BBC. 

Produoe AD both ways to £ and F, and through B draw (I an 
BE paraUel to CA , and throng C draw CF parallel to BD.» 
Therefore (L del 24) each of theligores EC, 

BF is a paralldoprram ; and (L 35) they^ are f ^^ 

equal to one ano&er, because they are upon 

the same base BC, and between the same 

parallels BC, EF. But the triancle ABC is 

the half of the parallelogram £C, becMise * ^ 

(L 84) the diagonal AB oisects it; and the 

triangle DBC is the half of the paralMogram BF, because the 

diagonal DC bisects it: but (L ax. 7) the halves of equals are 

equal ; tiierefove the trian^ ABC is equal to the trian^ DBC. 

Wherefore triangles, &c. 

Prop. XXXVIII. Theob. — Triangles npon equal 
bases, and between the same parallels, are eqnal to one 
another. 

Let the triangles ABC, D£F be upon equal bases, BC, 
EF, and between the same parallels BF, AD : ABC is equal tio 
DEF. 

Produce AD both ways to G and H, and (L 31) through B di^w 
Ba parallel to CA, and through F draw FU paral&l to ED. 
Then (L del 24) each of the figures GC, 

EH is a parallelogram; and (L 36) they are ^ ^ — ^ f 

equal to one another, because they are upon 
equal bases BC, EF, and between the same 

parallels BF, GH ; and (I. 34) the triangle 

ABC is half of the parallelogram GC ; and ^ c k 
the triangle DEF of the parallelogram 
EH. But (L ax. *l) the halTcs of equals are equal: therefore 
the triangle ABC is equal to the triangle DEF. Wherefore tri- 
angles^ Sq, 

Cor, 1. From this proposition and £rom the 36th, it is plain, that 
triangles and parallelograms between the same parallelfl, but u]^ 
unequal bases, are unequal ; that which has the greater base beu^^ 
greater than the other. 

Cor. 2. Hence a straight line drawn fn»n the yertez of a triangle 
to the point of bisection of the base, bisects the Mangle; ana if 
two triangles have two sides of the one respectiTely equal to t#o 
sides of me other, and the contained angles (L del 38) vap^^ 
mental, the triangles are equal 
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* It follows from the lint oorollaiy to the 29th proposition, that AD, when firo- 
dnoed, wUlmeet BE and CF: and in the next propoaHfon, AB prodneed-witt «aaat 
the corresponding lines on the same principle. Eadid often assumes without 
proof; that certain lines will meet. The onussion of the proof; hotrtver, it of no 
eonsequanofl^ as it can occasion no doubt or difBeulty. - . .. v . 
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• Pftop. XXXIX. Thbob.* — If equal triangles, not coin- 
ciding, stand on the same base, and on the same side of it, 
the straight line joining their yertices is parallel to the 
base. 

Let the equal triangleB ABC, DBC be on the same base BC 
and on the same side of it ; join AD : AD is pacallel to BC. 

For, if it be not, through A draw (1. 31 )AE parallel to BC, and 
join EC. Then (L 37) the triandes ABC, EBC are equal, be- 
cause they are on the same base BC, and between 
the same parallels BC, AE. But the triangle ABC 
is eqiul (nm) to the trian^ DBC : therefore also 
tiie triangle £BC is equal (I. ax. 1) to the triansle 
DBC, the less to the gzeator, which is impossifle. 
Therefore AE is not parallel to BC ; and in tne same 
manner it can be demonstrated, that no other line 
drawn through A, except AD, is parallel to BC : AD is therefore 
pwaQel to it. Wheierore, if equal triangles, &c. 

Pbop. XL. Theob. — If equal triangles, not haying a 
opmmon yertez, stand upon equal bases in the same straight 
luie, and on the same side of it, the straight line joinmg 
their yertices is parallel to the line on which they stand. 

Let the equal triangles ABC, DEF be upon equal bases BC, 
EF, in the same straight line BF, and on the same side of it ; join 
AD : AD is parallel to BF. 

For, if it be not, through A draw (L 31) AG parallel to BF, 
arid Jdn GF. Then (L 38) the triangles ABC, 

G£F are equal, because they are on equal a d 

bases BC, BF, and between the same par- /\ y(\ 

aUclsBF,AG. But the triangle ABC is equal / \ /g\\ 
(hm) to the triangle DEF : therefore also the . / \ / \ 
triangle G£F is equal to the triangle DEF, » ct ir 
the less to the greater, which is impossible. 
Therefore AG is not parallel to BF; and in the same manner it 
Can be demonstrated, that through A no other straight line can be 
drawn parallel to BF, but AD : AD is therefore parallel to BF. 
Wheretore, if equal tiiangles, &c. 

' OPttOF. XLI. Theob. — tf a parallelogram and a triangle 
j)e. upon the same base, and between the same parallels, the 
pawlelogram is double of the triangle. 

Let the parallelogram ABCD and the triande EBC be upon 
the sanm base BC, and between the same parallels BC, AE ; the 
parallelogram is double of the triangle. "• 
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* Ja tUa proposition uid th« following, we hare two other principles hj which 
ttnes are proved to be parallel, in addition to those contained In proposittona 27, 
28, SO, and 38. 
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Join AC. Then (1. 37) the triai^les ABC, EBC an e«|iuJ, 
because they are npon the same ha«e BC, and 
between the same parall^ BC, A£. Bat (L M) 
the parallelogram ABCD is doable of the tnangle 
ABC, because the diag(«al AC Insects it : whc^ 
fore ABCD is also doable of the triangle EBC. 
Therefore, if a parallelogram, &c. 

Prop. XLIL Psob. — To describe a paraUelogram equal 
to a given triangle, and having one of its angles equal to a 
given angle. 

Let ABC be the given triangle, and D the giren aiiffle : it is 
required to describe a parallelogram eqoal to ABC, ana haying 
one of its angles equaT to D. 

Bisect (L 10) BC in E, join AE, and 
(I. 23) at the point E, in tiie straight line 
BC, make the angle CEF equal to D; 
through A draw (1. 31) AG parallel to BO, 
and trough C draw CG parallel to EF; 
FECG is the parallelogram required. 

For, since (const) BE is equal to EC, the triangle ABE is equal 
(I. 38, cor. 2) to the triangle AEC : theretbre the triangle ABC 
is double of the triangle AEC. The parallelogram EU is like- 
wise double (1. 41) of Sie triangle AEC, beeaase thev are apon the 
same base, and between the same parallels. Thererore the paral- 
lelogram EG is equal (ax. 6) to the triangle ABC, and it has 
(const.) one of its angles CEF eqaal to D: wherefore there has 
been described a paruidogram E& equal to a given tnua^ ABC, 
and haying one of its aj^Ies CEF equal to the giyen aogfe D : 
which was to be done. 

Prop. XLIII. Thbor. — If through any point in either 
diagonal of a parallelogram, straight lines be drawn parallel 
to the sides ; of the four parallelogranis thus formed, those 
through which the diagonal does not pass, and which are 
called the complements of the other two, are equaL 

Let BD be a parallelogram, of which AC is one of the diago- 
nals : then, if tnrough E. a point in AC, the two straight lines 
EF and HG be drawn parallel to the sides, 
the parallelograms BK and KD are equal.* 

Because BD is a pandlelograin, and AC 
its diagonal, the triangle ABC is equal (L 34) 
to Ihe triangle ADC : and, because EH is a 
parallelogram, the diagonal of which is AK, 
the triangles AEK, AUK are equal. For 
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* EH and OF are generally called the paraUehgranu about the tUagonait while 
BK and KD are called the complementi of EH and OF, beeawe, with tbese^ U-^ey 
complett the entire paraUelogram BO. 
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the same reason, the triangles KGO, KFC are equal. Then, 
because the triangle AEK is equal to AHK, and KuO to KFC, 
the triangles AJ^, KGC are together equal (I. ax. 2) to the 
trian|;les AHK, KFC ti^j^n together. But the whole triangle 
ABCTis equal to ihe whole ADCT: therefore (L ax. 3) the remain- 
ing complements BK, KD are equal.* Wherefore, if through 
any point, &c. 

Prop. XLIV. Prob. — To a given straight Kne to appljt 
a parallelogram, which shall be equal to a given trisingle, 
and have one of its angles equal to a given angle* 

Let AB be a given straight line, a given triande, and D a 
given angle. It is requirea to apply to AB a parallelogram equal 
to C, and having an angle equal to D. 

Make (I. 42) the parallelogram BF equal to the triangle C, 
having the angle EBG equal to the angle I), and so that BE may 
be in the same straight line with AB,| and produce FG to H. 
Through A draw (I. 31) AHparallel to BG or EF, and join HB. 
Then, because (I. def. 24) QB 
and FE are parallel, and that 
HB intersects one of them GB, 
it will also (L 29, cor. 1) inter- 
sect the other FE, if sufficiently 
|AY>duced: let K be the point of 
intersection, and through K draw KLparallel to EA or FU, and 
produce HA, GB to the points L, M. Tben FL is a parallelogram, 
of which the diagonal is HK, and AG, ME are the parallelograms 
about HK ; and LB, BF are the complements : therefore LB is 
equal (L 43) to BF : but BF is equal to the triangle C ; where- 
fore LB is equal ( L ax. 1) to C ; and because the angle GBE is 
equal (L 16) to ABM, and Hkewise to D, the angle ABM is equal 
(i. ax. 1) to D. Therefore the paralleloCTam LB is applied to the 
straight line AB, is egual to the triangle C, and has the angle 
ABM equal to D : which was to be done. 

Prop. XLV. Prob. — To describe a parallelogram equal 



* By adding first EH, and then OF, to the complements, we hare the parallelo- 
grams £;D and BF respectively equal to BH and 6D : and hence it follows, that if 
lines, £F, HO, be drawn parallel to the ddes, through any point K in the diagonal, 
the parts into which one <^ them (ttvides ibd parallelogram, are reapeetlYely equal 
to those into which it is divided by the otlMr. 

^oapo/v a paraUelogram to a given straight line, ia to describe a paraUelognin 
havtug that line for one of its sides. 

t In strictness, a parallelogram should be constructed (I. 42) equal to the triangle 
C, and having an angle equal to D. Then, AB being produced, the parallelogram 
BF should be constructed, by propositions 23, 3, and 31, having the angle EB6 
equal to D, and the sides EB, BO respectively equal to two ac^aoent sides of the 
Mrallelpaam previously constmoted: and this parallelogram being equal (I. ax. 
'1; tod I. 84, cor. 8) to the tciangle C, the rest off the eoastvucCiom will proceed as 
tetheteirt. 
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to a gi^en rectilineal figure, and having an angle equal to a 
given angle. 

Let ABGD be a given rectilineal fignre, and £ a g^en angle. 
It is required to describe a parallelogram equal to ABCD, and 
having an angle equal to E. 

Join DB, and oescribe (I. 42) the parallelogram FH equal tp- 
the triangle ADB, and having uie angle K equal to £. Iroduce 
K.H to Ii£ and to the straight line GH apply (L 44) the parallelo- 
gram GM equal to the triangle DBG, and having GHM for one 
of its angles : and because the straight line HG meets the parallels 
KM, FG, the alternate angles MHG, 

HGF are equal : add to each of these ^ . F g t. 

the angle^HGL: therefore the angles At — 7\ / 
MHG,HGL are equal to HGF, HGL: \ /\ iL 
but MHG, HGL are equal ( 1. 29) to two 
right angles : wherefore also HGF, HGL 
are equiQ to two right angles, and FG is 
therefore (L 14) in the same straight line with GL. Became al«9 
KF is parallel to HG, and HG to ML; KF is parallel (L dO) to. 
ML : and KM, FL are parallels : wherefore (L def. 24) KL ia a 
parallelogram. And because the triangle ABD is equal to tbei 
parallelogram HF, and the triangle DBG to the parallek>granfr 
GM ; the whole figm'e ABGD is equal to the whole parallelogram . 
KL. Therefore the parallelogram KL has been described eqnal ; 
to the given rectilineal figure ABGD, and having Ihe angle K 
equal to the given angle £: which was to be done. 

Cor. From this it is manifest how to a given straight line a 
parallelogram ma^ be applied, which shall have an angle equal \k^ 
a given angle, and shall oe equal to a given rectilineal figure ; viz. 
by applying (1. 44) to the given straight line a parallelogram equal 
to the fTrst triangle ABD, and having an angle equal to the given 
angle. The rest of the construction will be the same as in.ttie 
proposition. 

Prop. XL VL Prob. — To describe a square upon a given . 
straight line. 

Let AB be a given straight line ; it is required to describe a' 
square upon it. 

From the point A draw (L 11) AG at right angles to AB,^ 
and make AD equal to AB :** through the point D 
draw (1.81) DE parallel to AB, and through B 
draw BE parallel to AD. Then (L def. 26, and 
const.) the ngure AE is a rectangle ; and since AD, 
AB are equal AE is (I. def. 27) a square; and 
being descnbed on the given line AJB, it is the square 
required. 
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* The put of the eoiutractlon that follows is efllected more simply in pmctic^, 
by describing ares from B and D as oentres, and wifh radii equal to AB. as tbes?' 
will intersect each other in £. In the construction given in the text, it ihotiia !n 
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Ot>r. 1. Henoe, (canst, and L 34) a square has all its sides equal : 
and (I. 34, cor. 1) all its angles are rignt angles. 

Cor, 2. Hence the squares described on equal straight lines (L 
34, cor. 2) are equal 

Cor, 3. If two squares be equal, their sides are equal For, if 
the sides be not equal, from one of them cut off a part equal to tb» 
d^er, and on that pskrt describe a sauare. This square (by the 
preceding corollary, and L ax. 1) will be equal to ihe square of 
which it IS a part, which is absurd. 

Cor, 4. If AB and AD, two adjacent sides of a rectangle 
BD, be divided into parts AJB, £F, AH, &c. which are all equal ; 
straight lines drawn through £, F, H, &c. the points of section, 
paraSel to the sides, divide the rectangle into sauares .HE, FL, 
feX, &c. which are all equal, and the number ot which is equal 
to the product of the number of parts in AB, 
one of the sides, multiplied by the number of a b y q » 
parts in AD, the other. For (const.) these 
fi^riiresare all |>arallelograms ; and (I. de£ 27, 
a£d const) HE is a square. FL is also a square, 
itai sides EF and EL being each equal to AE. 
auid the angle LEF being (L 29, part 2) equal 
t» A, and therefore a right ai^le: and m a 
similar manner all the others might be proved to be squares ; and 
(1. 34, cor. 2) they are all equal Of these squares also there are 
evidentiy as many columns as there are parts in AB ; while in 
each colunm there are as many squares as there are parts in AD, 
Xk^ xmmber of such squares contained in a figure is cidled, in the 
language of mensuration, the area of that figure.* 

€br. 6, Hence, since any parallelogram is equal (I. 35) to a 
reetiansle on the same base and between the same parallels, it fol- 
lows, &at the area of any paraXLelogram is equal to the product of 
it^hixse and its perpendietuar height: and the area of a square t$ 
computed hy multiplying a side &y itsdf 

Cot, 6. Hence, also, (I. 41) tA« area of a triangle is computed by 
mvMplying any of its sides hy the perpendicular drawn to that 
side prom the opposite angle, and taking half the product: and ihe 
area.of a trapezium is found hy multiplying either diagonal hf the 
sum\ of ihe perpendiculars drawn to it from the angles which it 
aufttfnis, ana taking half the product. 



strictness be proved that DE and BE will meet. This is easily done h/ means of 
tiie 12th axiom, if BD be joined. It is plain that there might be another square 
described on AB» on the other side. 

' llms, if the length of a rectangle be 4 feet, and its breadth three feet, it will 
contain 12 squares, the side of each of wliich is one foot; or, as it is briefly ex- 
pressed, its area is 13 tqttare feet: and a rectangle 15 inches long, and 10 inches 
bl«ad, emitains 150 tquare incketi that is, 150 squares, eaidh baring its side an inch. 

t.^Khen, in oonsequenoeof one of the angles being re-entrant, the perpendleidars 
li^ M the same side of the diagonal, the d^^hrsfioe of the perpendioulars must eri- 
depEl^ be used, instead of their siunk 
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Cw, 1. Every polycon may be divided into triangles or trape- 
ziums by drawing magonals; and, therefore, the ai-ea of any 
polygon whatever can to computed by finding the areas of those 
component figures, by the last corollary, and adding them together.* 

Pbop. XLVII. Thbor. — In any right-angled triangle, 
the square which is described upon the hypotenuse, that is, 
the side subtending the right angle, is equal to the squares 
described upon the sides which contain the right angle. 

Let ABC be a right-angled triangle, having the right angle 
BAG ; the square described upon the nypotenuse BC is equal to 
the squares described upon BA and AC. 

On BC describe (I. 46) the square BE, and on BA, AC, the 
squares GB, HC ; throu^ A draw (1. 31) AL parallel to BD, or 
(JE, and join AD and PC. Then, because each of the angles 
BAG, BAG is a right angle, the two straight lines AC, AG- 
upon the opposite sides of AB, make with it, at the point A, the 
adjacent angles equal to two right angles ; therefore C A is in the 
same strai^t line (1. 14) with AG. For the same reason, AB 
and AH are in the same straight line. Again, 
because the angle DBC is equal to FBA, 
each of them &ing a right angle, add to 
each the angle ABC/, and the whole angle 
DBA is equal (I. ax. 2) to the whole FBC : 
and because the two sides AB, BD are equal 
(const.) to the two FB, BC, each to each, 
and the angle DBA equal to FBC ; there- 
fore the triangle ABD is equal (L 4, part 2) 
to the triangle FBC. Now (I. 41) the pa- 
rallelogram BL is double of the triangle 
ABD, Decause they are upon tlie same base BD, and between the 
same parallels BD, AL ; and the square GB is double of the 
triangle FBC, because these also are upon the same base FB, and 
between the same parallels FB, GC. But the doubles of equals 
are equal (I. ax. 6) to one another: therefore the parallelogram 
BL is equal to the square GB. In the same manner, by jomin^ 
AE, BK, it would be demonstrated that the parallelogram CL is 
equal to the square HC. Therefore the whole square BE is equal 
(L ax. 2) to the two squares GB, HC ; and the square BE is de- 
scribed upon the hypotenuse BC, and the squares GB, HC upon 



* This corollary and the two foregoing contain the eliinentafy piindtdoi of IDft 
mensoration of reetilineal figures, and they form a connexion between ariflimetlc 
or algebi«, and geomeiiy. They also explidn the origin of the expressions, **the 
square of a number,'* ''the rectangle of two numbers," and **the product of two 
fines.** Hie la0t of these Is a convenient abbreviation for the i»oduct of the num<* 
ber of equal parts in one line by those in another. The second is not only an im- 
proper, but an wnne nwisaty rabstttute fm ** the proAoct of tiro mukibera." lasMad 
of the first it would be batter to employ *«Che sfOoiMl pow«r of a number;** but 
the expre^on is in so general use that it is not Uk^ to bo laid aiAda. 
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BA, AC : wherefore the square upon BC is equal to the squares 
upon BA and AC* Therefore, in any right-angled triangle, &c. 

C<yr, 1. Hence, if the lengths of any two sides of a right-azigled 
triangle be given in numbers, the remaining side can be founcLf 

Cor* 2. Hence, also, we may find a square equal to the sum of 
two or more given squares. Thus, let ABm the side of one square, 
and AC pen)endicular to it, the side of another, 
and join bCf : the square of BC is equal to the 
sum of the squares oi AB and AC. In like man- 
ner, if CD be drawn perpendicular to BC, and 
equal to the side of a tnird square, and if BD be 
jomed, the square of BD is equal to the squares of 
BC, CD, or to those of BA, AC, CD : and thus 
a square may be found equal to llie sum of any number of given 
squares. 

Cor, 3. A square may also be found equal to the difierenoe of 
two given squares. Thus, to AB the side of the less 
square draw the perpendicular BC ; and from A as 
centre, with the side of the ^ater as radius, describe 
an arc cutting the perpendicular in C : the square of 






BCwiU be equal to the difference ofthe given squares. ^ ^ 

Cor, 4. If a perpendicular AD be drawn from one of the angles 
of the triangle ABC, cutting the opposite side in D, the difference 
of the squares of the sides AB, AC is equal to the difference of 
the squares of the segments BD, CD 
intercepted between the extremities 
of the Dase and the point in which 
the perpendicular cuts it. For the 
square of AB is equal to the squares 
or BD and DA, and the square of ^ 
AC to the squares of CD and DA ; and by taking the latter 
equals frotn the former, there remains the difference of the squares 
or AB and AC equal to the difference of the squares of the seg- 
m^its BD and CD.J 



* In the pfTOof here given, which is as simple and ea^ as any other that has been 
proposed instead of it, the squares are all described externally with respect to the 
triangle. This, however, is not essential, as the squares may be described either 
all on the other rides of the lines AB, AC, BC, or some on one side and some on 
the otter. The proof is nearly alike in all these modes, the chief difference con- 
sjatlag in usii^r, in some inatancei, instead of the 4th proposition, the 2d corollary 
to the 38th. This proposition and the fourth of the sixth book are the most valu- 
able propositions in the whole of elementary geometry. 

t Thus, if AB be 15 inches, and AC 8 Inches, the areas of the squares BG and 
CH are (I. 46, cor. 5) 225 and 64 square inches. The sum of these, 289, is by this 
proposition, the area of BE ; the square root of which is 17 inches, Uie length of 
B^. . In like manner, if BO be 13 perches, and AG 5 perches, the areas of BE and 
CH are 168 and 25 eouare perches; the differenoe of which, 144, is, by this ^vpo« 
sfc^n» the area of BG ; whence, by extracting the square root, AB is found to be 
12 perches. 

' % In this proof the obvious principle is employed, that the difference of two 
rtwaifnteides Is the same as the difference obtained after adding to each the same 
IMm ma^pi^ude. Thus, the difference of the squares of BD and DC is the ftame 
as the differenoe between the aomof thesqulkres of ^H and DA, and of DC and DA. 
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Cor, 5. If two ridit-anffled trisng^ei ABC» BEF have their 
hypotenuses AB, DE equal, and likewise the sides BC, £F equal } . 
the remaining sides AC, DF are also equal ; 
and the angle A is equad to D, and B to E. 
For, since the hypotenuses are equal, the 
squares of BC and GA are equal to the 
squares of EF and FD ; of which also the 
squares of BG and EF are equal; and 
therefore (L ax. 3) the squares of AG and DF, and consequently 
(L 46, cor. 8) AG and U^ themselves are equal Also, since ^e 
sides of the triangles are respectively equal, their angles (I. 8) are 
likewise equal, each to each. 

The converse of this, that if the legs* of two right-angled tri- 
angles be equal, each to each, their hypotenuses are also equal, 
may be proved in a similar manner, or oy means of the 4th propor 
sition of this book. 

Cor, 6. If the hypotenuses AB, DE be equal, but BG, atej^iof 
one of them, be greater than EF, a leg of the other, the remainme 
leg KG of the first triangle is less than DF, the remaining kg Si 
the omer. For, as was seen in the preceding corollary, the squaves 
of BG, GA are equal to the squares of EF, FD ; from wJaScii^ if 
the unequal squares of BG, EF^be taken, the remaining square of 
AG is less than the remaining square of DF ; and, ther^ire, AO 
is manifestly less than DF. 

Prop. XLVIII. Thbor. — If the square described upon 
one of the sides of a triangle be equal to the squares de- 
scribed upon the other two sides, ^e angb contained 1>7 
those two sides is a right angle. 

If the square described upon BG, one of the sides of the triangle 
ABG, be equal to tiie squares upon the other sides, BA, AG, uie 
angle BAG is a right angle. 

From the point A draw (1. 11) AD perpendicular to AG, and 
equal to BA; and join GD. Then, because DA is equal to AB, 
the squares of DA and AB are (L 46, cor. 2) equal 
To each of these add the square of AG ; therefore 
the squares of DA, AG are equal to the squares of 
BA, AG. But (I. 4?) the square of UG is equal to 
the squares of DA, AG, because DAG is a right 
angle ; and the square of BG is equal (hyp.) to the 
squares of BA, AG ; therefore the square of DG 
is equal (L az. 1) to the square of BG ; and there- 
fore also the side DG is equal (L 46, cor. 3) to the side BG. And 
because the side DA is equal to AB, and AG common to the two 
triangles DAG, BAG, and the base DG equal to the base BG : 
therefore (L 8) the angles DAG, BAG are equal: but («0«ist.) 
DAG is a right angle ; wherefore also BAG is a right angh^; 
Therefore, if the square, &c. 




* Tbe sides oontainlng the right angle are often eelled the Ugt of the triaogla. 
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DEFINITIONS. 

' 1. A RECTANGLS is said to be ctrntained by the two straight lines 
which are about any of the right angles, f 

2. In every paralfelogram, the figure which is composed of either 
df the i>araUeiogram8 about a diagonal, and of the two comple- 
ments^ is called a Gwymion,X " IHius the 
*' parallelogram HE together with the com- 
*^plements JBK, KD, is a gnomon, which is 
^ move briefly en[>res8ed by the letters BHF, 
^or GED, whicn are at &e opposite angles 
^ of the parallelograms that make up the 
** gnon^on. 

^For the sake of brevity, the rectangle 
''<K>ntaiBed by AB and ClJ is often expressed simply Xrj AB.CD, 
** a point being placed between the letters denoting the sides of the 
** rectangle : and the square of a line AB is often written simply 
•*AJB>. 

^ In Algebra, the sign -J-, called Pltu (mere by) placed between 
" the names of two magmtudes, is used to denote tnat these mag- 
'^nitudes are added together; and the sign — , called Minus {less 
** hv) placed between them, to signify that the latter is taken from 
"toe former. The sign =, which is read equal to, signifies that 
*' the quantities between wluch it stands, are equal to one anotiber. 
" These signs will be occasionally used for brevity, in what foUows,'' 

PROPOSITIONS. 

Prop. L Theob. — If there be two straight Imes, one of 
which is divided into any number of parts; the rectangle 
contiuned by the two lines, is equal to the rectangles con- 
taino^'b^ the undivided line, and the several parts of the 
diiadfidlme. 

Let A and BG be two straight lines ; and let BC be divided 



^ This look traato of flght-angled pM«ndogmns, uid In p«rtictilar of iqiuurw. 

•. .f'Tluit ii^ Xff angr two a^ftoent sides, or by its length and its breadth. The ree^^ 
twtel* ooBtaiMd b7 two straight lines is somstinies caDed simplj tlie rectangle 
vnebr those lines, or the rectangle q/'them. 

% A gnomon might be more simply defined to be the part of a parallelogram 
whiflh rsmatas. wlioa ettfaar of the paraUelograms about one of the diagonals is 
taken away. The term, however, might be altogether disused, as it is seldom em- 
ploiiiitiMier hy Ewlid or any other writer, and soaroely any drcnunloctttion wouVI 
arise from laying it aside. 
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into any purts in the points D, E ; the rectangle contained by A 
and BU IS equal to the rectangles contained by A and BD, A and 
DE, and A and EC. 

From B draw (L 11) BF at right angles to BC, and (1. 3) make 
BG eqoal to A: through G draw (L 31) GH parallel to BC ; and 
throng D, E, 0, draw DK, EL, CH paraflel to BG. Then BH, 
BK, X)L, and EH are evidentiy rectangles; 
aXid BH is equal (L ax. 10) to BK, DL, EH. 
But BH is contained by A and BC, for (H. 
def. 1) it is contained by GB and BC, and GB 
is equal (const) to A ; and BK is contained by 
A and BD, for it is contained by GB and BD, 
of which GB is equal to A. Also DL is con- 
tained by A and DE, because DR, that is, 
(L 34) BG, is equal to A: and in like manner it is shown that 
EH is contained oy A and EC. Therefore the rectangle contained 
by A and BC is equal to the sereral rectangles contained by A 
and BD, b3r A and DE, and by A and EC.» Wherefore, if thert 
be two straight lines, ^. 

Prop. II. Theor. — If a straight line be divided into any 
two parts, the rectangles contained by the whole and each 
of the parts, are together equal to the square of the whole 
line. 

Let the straight line AB be divided into any two parts in the 
point C ; the rectangles AB.AC, and AB.BC are equal to the 
square of AB. 

Upon AB describe (I. 46) the square AE, and through C draw 
(I. 31) CF parallel to AD or BE. Then AE is equal 
(I. ax. 10) to the rectangles AF and CE. But AE is 
the square of AB, and AF is the rectangle contained 
by BA, AC : for (II. def. 1) it is contamed by DA, 
AC, of which DA is equal to AB : and CE is con- 
tained by AB, BC, for BE is equal to AB : therefore 
the rectangles under AK AC, and AB, BC are equal to the 
square of AB.f If, therefore, &c. 
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* This demonstration depend* on the prfaidple fSuX the whole Is eqoal to all its 
parts, or rather that it is identical with them: for BH is equal to BK, DL, and EH ; 
but (II. def. I) BH is equid to the rectangle under A and BC, and BK« DL. ai^ 
EH are equal to those contained by BD and A, DE and A, and £C and A. 

t This proposition may also be demonstrated in the following manner: — 

Take a straight line D equal to AB. Then (II. 1) the rectangles AC.D and 

BCD are together equal to AB.D. But since D is equal 

to AB, the rectangle AB.D is equal (I. dei. 27) to the square ^ ^ b 

of AB, and the rectangles AC.D and BCD are respectively ^| 

equal to ACAB and BCAB : wherefore the rectangles 

AC AB and BCAB are together equal to the square of AB. ^ 

In a manner similar to this, several of the following pro- D 

positions maybe danonstrated. Such prooA, though perhaps 

not so easilv understood at first by the learner, are shorter fhan tiheee giT«i» by 

Euclid ; and they have the advanti^e of being derived firam tiKMO preoedtag Ihein, 



Instead of being established l^ continual appeds to original principles. 
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Prop. III. Theor. — If a straight line be divided into 
any two parts, the rectangle contained bj the whole and 
one of the parts, is equal to the square of that part, to- 
g^her with the rectangle contained bj the two parts» 

Let the straight Ime AB be divided into two parts in the point 
C ; the rectan^e AB.BC is eqaal to the square of BC, together 
with the rectangle AC.CB. 

Upon BC describe (I. 46) the square CE ; produce ED to F; 
and through A draw (I. 31) AF parallel to CD or 
BE. Then the rectangle AE is equal (L ax. 10) 
to the rectangles 0£, AD. But AE is the rect- 
angle contained by AB, BC, for it is contained by 

AB, BE, of which BE is equal to BC ; and AD 
is contained by AC, CB, for CD is equal to CB ; 
also DB is the square of BC. Therefore the rectangle AB.BC is 
equal to the square of BC, together with the rectai^le AC.OB.* 
J4 therefore, &c. 

Prop. IV. Theor.— If a straight line be divided into 
anj two parts, the square of the whole line is equal to the 
squares of the two parts, together with twice their rect- 
angle.! 

Let the straight line AB be divided into any two parts in C ; 
the square of AB is equal to the squares of AC and CB, together 
with twice the rectangle under ACf and CB. 

On AB describe (L 46) the square AE, and join BD; through 
C draw (L 31) CGF parallel to AD or BE ; and through G draw 
HK parallel to AB or DE. Then, because CF is 
parallel to AD, and BD falls upon them, the ex- 
terior angle CGB is equal (I. 29) to the interior 
and remote angle ADB; but ADB is equal {1.5) 
to ABD, because BA and AD are equal, being 
sides of a square: wherefore (L ax. 1) the angle g — y-j 
COB is ^ual to GBC : and therefore the side BC 
is equal (L 6) to the side CG. But (const) the figure CK is a 
parallelogram ; and since CBK is a right angle, and BC equal to 
CG, CK{L def. 26 and 27) is a square, and it is upon the side 
OB. For the like reason HF also is a square, and it is upon the 
side UG, which is equal (L 84) to AC : therefore HF, OK are 
the squares of AC, CB. And because (L 43) the complements 
AG, GE are equal, and that AG is the rectangle contained by 

AC, CB, for C&t has been proved to be equal to CB : therefore 

* otherwise: — Take a line D equal to CB. Then (11. 1) the rectangle AB.D 
Is equal to the rectangles BC.D and AO.D; that Is . ^ » 

(const, and L def. 27), the rectangle AB.BC is equal to ^ ^ . 

the sqnan of BC together with the rectangle AGXB. , 

D 

t The •nnidatlon may also be that expressed: — Tfu mutre qf the mm t^f ttto 
^rtlight finer if equal to M« ium <tf their i^uare$i together wttk twhe their rectemgh. 




M THE ELE1IBKT8 [l^^i^ ^^^ 

G£ is also equal to the rectangle AC.CB ; wherefore AG, GrlEt ^r^ 
eoual to twice the rectangle AC.CB. The four figures, therefore, 
HF, CK, AG, GE axe equal to the squares of Aa CB, and twice 
the rectangle AC.CB. But HF, CK, AG, GE make up the 
whole fi^% AE, which is the square of AB : therefore the square 
of AB IS equal to the squares or AC and CB, and twice the rect- 
angle AC.CB.* Wherefore, &c. 

Cor, 1. It follows from this demonstration, that the parallelo-. 
grams ahout the diagonal of a square are likewise squares. 

Cor. 2. Hence the square of a straight line is equal to four times 
the square of its half : for the straight Ime being bisected, the rept-i 
angle of the parts is equal to the square of one of them. 

Prop. V. Theor. — If a straight line be diyided into turo 
equal parts, and also into two unequal parts ; the rectangle 
contained bj the unequal parts, together with the square 
of the line between the pomts of section, is equal to the 
square of half the line. 

Let the straight line AB be bisected in C, and divided uneqn'^j 
in D : the rectangle AD.DB, together with the square of CI>, is 
equal to the square of CB. 

On CB describe (L 46) the square CF, join BE, and throuj^ 
D draw (I. 31 ) DHG parallel to CE or BF ; also through H draw 
KLM parallel to CB or EF ; and through A 

draw AKparallel to CL or BM. Then (t 36) a c d_J 

AL and CM are equal, because AC is equal to 
CB ; and (I. 43) the complements CH and HF 
are equal. Therefore (I. ax. 2) AL and CH 
together are equal to CM and HF together; 
that is, AH is equal to the gnomon CMG. To E o h , 

each of these add LG, ana (I. ax. 2) the gnomon CMG, together 
with LG, is equal to AH together with LG. But the gnomon 
CMG, and LG make up the figure CEFB, which is the square of 
CB : also AH is the rectangle under AB and BB, because DB is 
equal (II. 4. cor. 1) to BH ; and LG is the square of CB. There- 
fore the rectangle AB.BB and the square of CB are equal to &e 
square of CB.f Wherefore, if a straight line, &c. 

Cor. 1. Hence the difierence of the squares of CB and CD is 
equal to the rectangle under AB and BB. But since AC is equal 



• otherwise : — AB«=s AB.AO + AB.CB (II. 9). Btit (H. 3> AB.AOs±:' AC* 
+ AC.CB, and AB.CB = CB* + AC.BC. Hence (I. ax. 2) AB.AC + AB3C^r 
AB2= AC* + CBa + 2 AC.CB. 

t otherwise: — Since, as is easily seen fipom the proof In the text, BF iel H^kl 
to AL, take these separately frofti the entire figure, and there remain AH an^J^ 
equal to the square CF, as before. The proof may also be as follows : — , " 

AD.DB=CD.DB + AC.DB (U, 1) or AD.DB=r CD.DB+CB.DB, becimsB 
CB = AC. Hence (II. 3) AD.DB = CD.DB + CD.DB -4- DB«= 2CD.I>B«f liB«4 
To each of these add CD«: thenAD.I>B+CD»=2CD.DB + DB<+CJ>^ or (II. 4) 
AD.DB -f CD* ssCB». ■ ^ y.J 



i— — i^— i^<»^^»y^—^ ■ N I IMP U 
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to CB, AJy is equal to the sum of CB and CD, and DB it the 
difference of these lines. Hence the diferenee of ike squares of turn 
straight lines is equal to the rectangle vmder their sum and difference, 

CorJ 2. Since the square of CB, or which is the same, the rect- 
angle AC.CB, is greater than the rectangle AD.DB by the square 
of CD, it follows, that to divide a straight line into two parts, the 
rectangle of which may be the greatest possible, or, as is termed, 
a Tnammum, the line is to be bisected. 

Cor. 3. Hence also the sum of the souai^s of the two parts into 
which a straight line is divided, is the least possible, or is, as it is 
termed, a nunimum, when the line is bisected. For (H. 4) the 
square of the line is equal to the squares of the parts and twice 
their rectangle ; and therefore the greater the rectangle is, the less 
are the squares of the parts : but, dj the foregoing corollary, the 
rectangle is a maximum when the line is bisected. 

Cor. i. Since (L 47, cor. 4) the difference of the squares of the 
sides of a triangle is equal to the difference of the squares of the 
segments of the base, it follows, from the first corollary above, that 
the rectangle under the sum and difference of the sides of a tri< 
angle, is equal to the rectangle under the sum and difference of the 
segments, intercepted between the extremities of the base and the 
point in which the perpendicular cuts the base, or the base pro- 
duced. 

Cor, 6, Hence also, if a straight line AB be drawn from the 
vertex A of an isosceles triangle ABC, to any point D in the base,, 
or its continuation, the difference of uie squares of that line and 
either of the equal sides is equal to the 
rectangle und^ BD and DC, the seg- ^ a 

ments intercepted between the extre- / VV /Vv 

mities of the base and the point D. / \\ / \V 

,v« thin hiflflct Rn in TC- and ^- LAA / I \A 



To prove this, bisect BC in E, and - v ■» /« u » •> 
join A:E: then (1.8) AE is perpendi- ^ "'"^ beci> 
Giuar to BC. But, by the last corollary, the difierence of the 
squares of AB and AD is equal to the red^ngle under the sum 
and difference of BE and ED : that is, to the rectangle under BD 
and. DC, since BE is equal to EC. 

Can fi. Since (I. 47) the square of one of the legs of a right- 
angled triangle is equal to the difference of the squares ofthe 
bypqtenuse and the other leg, it follows (II. 5, cor. 1) that the 
aquaie of one leg of a ri^ht-angled triangle is equal to the rect- 
angle under the sum and difference of the hypotenuse and the other. 

Pfiop. VI. Thbor. — If a straight line be bisected, and be 
produced to any point; the rectangle contained by the 
Tiifliole line thus produced, and the part of it produced, to- 
gether with the square of half the line bisected, is equal to 
tibe square of the straight line which is made up of the half 
and tne part produced. 

• Let the straight line AB be bisected in C, and produced to D; 
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the leetai^ AD.DB. <uid the square of CB, are equal to tUe 
Bqnare of CjD. 

Upon CD describe (L 46) the square CF, and join DE ; through 
Bdraw (L 31) BHO parallel to CE or DF; through H draw 
KLM parallel to AD or EF, and through A 
draw AK parallel to CL or DM. Then, be- _ 
cause AC is equal to CB, the rectangle AL is I 
equal (L 86) to CH; but (I. 43) the comple- ^' 
ments GH, HF are equal : therefore also AL 
is equal to HF. To each of these add CM 
andliGr; therefore AM and LG are equal to 
the whole square CEFD. But AM is the rectande under AD 
and DB, because (II. 4, oor. 1) DB is equal to DM : also LG- is 
the square of CB, and CEFD the square of CD. Therefore the 
rectangle AI).DB and the square of OB are equal to the square of 
CD.* Wherefore, if a straight line, &c. 

Otherwise : — Produce CA to N, and m&ke CN equal to CD. 
To these add the equals CB and CA; 
therefore NB is equal (L ax. 2) to AD. N a c b p 
But (II. 5) the rectangle NB.BD, or 

AD.BD, together with the square of CB, is equal to the square of 
CD : which was to be provedl 

Prop, VII. Theor. — If a straight line be divided iiito 
any two parts, the squares of the whole line and of one of 
the parts, are equal to twice the rectanglq contained bj the 
whole and that part, together with the squsure of the other 
part. 

Let the straight line AB be divided into any two parts in the 
point C ; the squares of AB, BC are equal to twice the rectanji^ 
AB.BC, together with the square of AC. 

Upon AS describe (L 46) the square AE, and constnict the 
i&gnre as in the preceding propositions. Then, because (L 43) the 
complements AO^, GE are equal, add to each of 
them CK; the whole AR is therefore eaual to the 
whole CE ; therefore AK, CE are togetner double 
of AK. But AK, CE are the gnomon AKF, to- 
gether with the square CK : thei'efore the gnomon ^ ^_^ 

AKF and the square CK are double of AK, or o F e 
double of the rectangle AB.BC, because BC is equal 
(II. 4, cor. 1) to BK. To each of these equals add HF, wfaiohis 
equal (IL 4, cor. 1) to the square of AC ; therefore the gnoomn 
AKF, and the squares CK, HF are equiil to twice the radwi^e 
AB.BC and the square of AC. But the gnomon AKF, and^Blie 
squares CK, HF make up the whole figure AE> together with CK ; 

and these are the squares of AB and BC : therefore the squares of 

« 

■ ■ ■ I . . I I I I. . - I I I I I ■ » ■ L l . 1 ^ 1 1 ^ l ^ % 

' * After it haa been proved, as above, that HF ia equal to AL, the ratt of thtt \ 

proof will be aimpllfied by taking tbeae separately fit>in the whole figure, aa ^here 1 

Jim nmbx tlie nctsagle AJLmdmI tfw vvum hQ» tagethsr saual t«..^ct.«(0Up9 9.F* 
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AB and BC an equal to twice the reotande AB J)C, t<«eUker 
«ith tbe iqqare of AC :■ wherefore, if a atraight line, &c 

Cor: 1, Binoe AC U the difierence of AB and BC, it toUowt 
that tiie ■qnare of the di&roiee of two rtrtught lines u equal to 
the mm of their iqaarex, wanting twice their rectuigle. 

Cor. 9. Since (II. i) the square of the aum of two Unea ezceedi 
the sum of their iqaares, by twice their rectaoele, and, sinoe, by 
the fbreg<nDK oarDtltuy, the sqaare of their di^rence is leu thaa 
tiie Bom of their sqaarea, by twice their rectaiwle, it followa that 
the square of the sum of two linee, is etjual to the square of ^eir 
difiereDce,. together with four times their rectangle. 

Prop. VIII. Tsgos If a ntraight line be divided into 

any two parts, four times the raotan^ contiuned bj tbe 
whole and one of the parts, together witii the square of tbe 
other part, is equal to the square of the straight line vhioh 
b made up of the whole ana the former part 

Let'the itnif^ht line AB be divided into any two part* in C ; 
four times the rectangle AB.BC, and the square of AC, are equal 
1» tbe square off- '- ■■ ' '" — ^t.^.^ — ,i._ 

Produce ABt< 
AD describe the square 
paraHel to AE or DF. and NfeOM, XPBO paraUel to AD or 
£F. Because CB is equal (eonst.) to BD, uid that CB is equal 
(L 3i) to &K, and BIT to EN: therefore GS. U equal to KN. 
For the same reason PR is equal to BO : and because CB ii 
equal to BD, and OK to EN,\he reetande C£ is equal (L 36] 
to BN and GR to RN. But CK is eqnaUL 
43}toBN;thereforealsoBNisequaltoGRi -■ c b i- 
nod thejbnr rectangles BN, CS, GR, BN are 
therefore equal to one anothsr, and lo are 
qnadmple of one of them CK. Agwn, be- 
cause CB is equal to BD, sod th^ BD ia 



^ , iPL 

toEP. But UP is equal (L 43) to PL, because they are the com- 
riMTHwits of tbe pacalleloamm ML ; wherefore AQ is equal also to 
BF. Therefore the four rectangles AG, MP PL, BF are equal 
torateBiHither, andgoaregnadnipleof oueof them AG. It was 
alM demtMistratad, that tbe foar CK, BN, GR, and RN are 
(■Mdnpleof CK: th^^efore the dght reotaogles which make up 
Ae gnomon AOH, are quadruple of AK ; f and bBcanse AK la 



> A8«+BC=AC'+ 

li* Enelld Is nScUnllrqbrtDai. !«. In nalUr. 
h of (bs Ont pnp«lllsB« tte Ofih tnak b 



59 THKELEHBNTS [BOQIiI|» 

cantained by AB, BEL, or AB, BO, four times the reeiongte 
AB.BC, is quadruple of AK. But the gnomon AOH was demon* 
strated to be quadruple of AK; therefore four times the rectangle 
AB.BC is equal to AOH. To each of these add XH, which ifl 
equal (II. 4, cor. 1) to the square of AC ; then four times the rect- 
angle AB.BC, and the square of AC are equal to the gnomon 
AOH and the square XH, that is, the square of AD ; and AD is 
equal to AB and BO added together in one straight Ihie. There- 
fore, if a straight line, &c. 

Prop. IX. Theob. — If a straight line be divided into 
two equal, and also into two unequal parts ; the squares of 
the unequal parts are together double of the square of haU 
the line, and of the square of the line between the pdiit». of 
section. 

Let the straight line AB be divided equally in 0, and uneqvaUy 
in D : the squares of AD, DB are together double of the squaras of 
AC, CD. 

From draw (I. 11) CE at riffht angles to AB, and make it 
equal to AC or CB, and join EX EB : through D draw (1. 91) 
DF parallel to CE, and through F draw FG parallel to AB ; ao^ 
jom AF. Then because (const) the triangles ACE, BOE^ are 
right angled and isosceles, the angles CAE, AEC, CEB| EBC 
are (I. 32, cor. 4) each half a right angle. 
So also (I. 29, part 2) are EFG, BFD, « 

because FG is parallel to AB, and FD to 
EC : and for the same reason, EGF, ADF 
are right angles. The an^le AEB is also 
a right angle, its parts bemg each half a 
right angle. Hence (L 6> EGis equal to 
GF or CD, and FD to DB. Agam (L 41) the square of AE is 
e^ual to the squares of AC, CE, or to twice the square of >AQ 
since AC and CE are equal In like manner, the square of EF 
is equal to twice the square of GF or CD. Now, ( L 47) the squares 
of Ap and DF, or of AD and DB,^ are equal to the square ol AF \ 
and the squares of AE, EF, that is, twice the sqciare of AC .4nd 
twice the square of CD, are also equal to the square of AF : tiieiv- 
fore (I. ax. 1) the squares of AD, DB are equal to twice tii&sqaate 



assumed, without proof. In strictness, therefore, sfaocdd any tme follow out t}ie 
tedious demonstration, here given, of a proposition whioh ia in itself of soarce); pm 
-value, he ought first to demonstxvte the proposition referred to. See also the note 
to the twentieth proposition of the third book. It may be &rther remarked, that 
thisproposition is virtually the same as the second corollary to the seventh luro- 
position, AD being the sum, and AC the difference of AB and BC. Sbqpld 
any person wish to demonstrate it independently of that coroOaiy, the fblloi^ng 
proof may probably be preferred to the tedious one given in ^e text, 

AD=«=A0«+CI>«4-2AC.CD (11. 4). But (II, 4, cor. ?) CD*=4CB«: also 
3 AC. CD =4 AC. CB: wherefore ADt=ACo+4CB'+4 ACwCB. But (IT. fe 
AB.BCsCB+ACCB, Mid therefore 4AB.BC^4CBH4AC,CB: B^nti 
AI>>3=AC<+4AB.BC. 
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of AC and twice the square of CD. If^ thev&fore, a itraigfat 
line, &c. 

OxHBRWisE>-DB»+2BC.CD=BC«4-CD« (IL 7), orDB«4- 
2 AC.OD=AC«+CD«: also (IL 4) AD«=AC«4-CD«+2 AC.CD. 
Add these equals together, and from the sums take 2 AC.CD ; then 
AI>»+DB«=2 Aa>-l-2 CD«. 

Prop. X Theor. — If a straight line be bisected, and 
produced to any point, the squares of the whole line thus 
produced, and of the part of it produced, are together double 
pf the square of half the line bisected, and of the square of 
die line made up of the half and the part produced. 

Let the straight line AB he bisected in C, and produced to D; 
the squares of AD, DB are double of the squares of AC, CD. 

From C draw (1. 11) CE perpendicular to AB ; and intjce it 
equal to AC or CB ; join AE, !uB, and throng^ E and D draw 
< 1. 31) £F parallel to AB, and DF parallel to CE. Then because 
the straight line EF meets the parallels EC, FD, the angles CEF, 
£FD are equal (1. 29) to two right angles ; and therefore the angles 
BEF, EFD are less than two right angles: therefore (L ax. 12) 
SB, FD will meet, if produced towards B, D : let them meet in 
0-, and join AG. Then it would be proved, 
OS in tlie last proposition, that the angles 
CAE, AEC, CEB, EBC are each half a 
right angle, and AEB a right angle. BDG 
is also a right angle, being equfd (1. 29) to 
ECB, since (const) EC, FG are parallel ; 
DGB, DBG are each half a right angde, 
beihff equal (L29) and (L 16) to CEB, CBE, each to each ; and FEG 
is h^ a right angle, being (1. 29) equal to CBE. It would also 
he proved, as in toe last proposition, that Uie sjjuare of AE is 
twice the square of AC, imd the square of EG twice the squai*e of 
EF or CD. Now, <I. 47) the squares of AD, DG, or of AjD, DB, 
ore equal to the square of AG; and the squares of AE, EG, or 
twice the square otAC and twice the square of CD, are also equal 
to the square of AG. Therefore (L ax. 1 ) the squares of AD, DB 
«pe equal to twice the square of AC and twice the square of CD. 
I^< Iberafore^ a straight une, &c. 

Otherwise :— Produce CA, malcmg CH equal to CD. To 
these add CB, C A ; therefore HB, AD are 

equal. Then (II. 9) HB»-4-BD«, pr AD'-f 5L4 S ^ " 

SP>=:2CD«+2AC«.» 

> , »' ■■■■!■ ■ I — '■" 

J^^Tlie ten foregoing propositions may an be proved vei7 easily by means o( 
wgetira, in connexion with the prtndples of memuration, already establfshed in 
Ihfi oovol^es to the 46tb proposition of the first book. Thns, to prore the fimrth 
UNteoetttoBt let AC^a. CB=s& and. consequently. ABss^ft. Now; the area of 
JAeMbal^ describes on AB wiU be foond (I. 46, cor. 4) by muttiplylag a-f* tor it- 
lor.* This product is ftmnd, by performix^ the actual oprntlon. to be a*<^1k>6«H9* 
an expnsslon, the first and tUrd parts of wfaioh are, by the same ooreHusfv tto 
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Prop. XI. Prob. — To divide a given fstnigtt line into 
two parts, 80 that the rectangle contained by the whole and 
one of the parts, maj he equal to the square of the other 
part. 

Let AB be the given straight line ; it ib reqnired to divide it into 
two parts, so that the rectangle under the whole and one of the 
parts, may be equal to the square of the other. 

Upon AB describe (L 46) the square AD; bisect (L 10) AG in 
E, and join E with B, the remote extremity of AB ; produce C A 
to F, maldng (L 3) EF eqaal toEB, and cat off AH eqnal to AF: 
AB is dividra in H, so tjhiat the rectangle AB.BH is eqaal to tin 
sqnareof AH. 

Complete the parallelogram AGk and prodnoe GH to K. Thm, 
since BAG is a right angle, FAH is also (L 13) a right angle; 
and (I. def. 27) AG is a sqaare, AF, AH beinff eqnal br eo usituc - 
tion. Because the straight line AG is bisectedin E, ana prodneed 
to F, the rectangle GF.FA and the square of AE 
are together equal (II. 6) to the square of EF or of 
EB, smce (const) EB, EF are equal But the 
squares of BA, AE are equal (I. 47) to the square 
of EB, because the angle EAB is a right angle : 
therefore the rectiuigle GF.FA and the square of 
AE are equal (I. as. 1) to the squares of BA, AE. 
Take away the square of AE, wideh is common to 
both ; therefore the remaining rectangle GF.FA is 
equal (I. ax. 3) to the square of AB. But the figure FK is the 
rectangle contained by CF, FA, for AF is eqnal to FG ; and AD 
is the square of AB : therefore FK is equal to AD. Take awav 
the common part AK, and (L ax. 3) the remainders FH and HD 
are equal. But HD is the rectangle AB.BH, for AB is equal to 
BD ; and FH is tiie square of^AH. Therefinne the rectaacie 
AB.BH is equal to the square of AH : wherefbre tiie strairiit Inie 
AB is divided in H, so that the rectangle AB.BH is equal to the 
square of AH :* which was to be done. 



areas of the aqiwrea of AC and CB* and the second is twice the lectangle of those 
lines. 

In like manner, to prove the eighth, adopttaig the ttaaa nolalloiv we iwm tin 
line which is made up of the whole and CB = 04.26 ; and, mnltiplying this by itself 
we get for the area of the square Of that line, n >-t-4<i64'4^, or a 1 44(^4^)6, tae-first 
part of which is the area of the sqnaie of AC, and the second four times thesM* 
of the reetanf^e und^ AB and CB. 

It will be a useftd exercise fbr the student to prow the other proposltions.in a 
similar manner. He will also find it easy to investigate vsrious other Ydations of 
lines and their parts fagr means of algebra. 

All the properties deUvered in these proportions hold also respecting tnasiM% 
if products be substitnted for rectangles. Thus, 7 being equal to the sum of 5 and 
2, the square, or second power, of 7, is equal to the squaies ot 6 and a and tvToe 
their product; that is, 49= aH-4-f)0. 

* In the pnotical«onstnMtion in thiapropoiitlcMi, and in the 30th ef.tbe sixtin 
book, wUeh Is vlttiiaUy the same, it is svfieient to dsaw AE pttpendicular to. AB, 
maUagit«qualtoftheJMf«f AB.andprodMsingittfatoatthAi then, to make JSF 
equal to the distanee from B to B, and AH equal to AF. It ie plain thal^ Bl> 




8eM^ The liod OP is equal to BA and AH; and einee itluui 
been shown that the rectiuiffle JQF.FA is equal to the flqnare of 
BA or GA, it follows, that 3 any straij^t Ime AB (see the next 
diagram) be divided according to this proposition in 0, AG being 
the ffrei^ parl^ and if AD liS made equal to ABJDG is similarly 
divided in A. So also if DE be made equal to JDG, and EF to 

F B D A c R 



EA, EA is divided shnilarly in D, and FD m S : a&d the like 
additions may be continued as fur as we please. 

Gonversely, if any straight line FD be divided according to this 
moposition m E, and if E A be made equal to EF, DG to DE, &c: 
EA is similariy divided in D, DG in A, &c. It follows also, that 
the greater segment of a line so divided, will be itself similarly 
divided, if a part be cut off Grom it equal to the less ; and tiiat by 
adding to the whole line its greater segment, another line will be 
obtaii^d, which is similariy mvided. 

Prop. XII. Thbor. — In an obtuse-angled triangle, the 
square of the greatest side exceeds the squares of the other 
two, bj twice the rectangle contained by either of the last- 
mentioned sides, and its continuation to meet a perpendi- 
cular drawn to it from the opposite angle. 

Let ABG be a triangle, having the angle AGB obtuse; and let 
AD be perpendicular to BG produced ; the square of AB is equal 
td the squares <^ AG and GB, and twice the rectangle BG.GD. 

Because the straight line BD is divided into two parts in the 
wsBok G> the square of BD is equal (11. 4) to l&e squares of BG and 
GD, and twice the rectangle BG.GD. To each of 
Ihese equals add the square of DA; and the squares J^ 

of DB, DA are equal to the squares of BG, GD, >^Vl 
DA, and twice the rectangle BG.GD. But, because ^^^ / \ 
the aojB^ D is a right angle^ the square of BA is b c d 
eqnal (I. 47) to the squares of BD, DA, and the 



flpiigfat be bisected ixistead of AC, and fliat in tfait irsgr anoCher point of sectfon 
vouIdbeobCabied. ^ 

"WbOe the ennndanon In the text serves fbr ordinary ptaapoMm, it is too Bmited 
in a gjBomeCrical sense, as it comprtfiends oidy one case, exdndlng another. Tbe 
i^fbQoidng indndes both: 

Tfi a gtven straight line^ or its eonHnua^on, tofini a pointy nuh thai the rectan^ 
.ettfiiained 6^ the given Uney cmd the tegment benoeen one nf ite attremUiet and M« 
reqmiriedpomt, mxy be equal to the tquare tifthe eegment between it» other extremity 
jtnA the same point. 

The point in the continuation of BA, will be Ibond by cutting off a line on EC 
jnd its continuation, eqnal to EB, and desciiUnff on llie line composed of that 
'^Mi^d'AEfasqiiarelyingonliieoppositesideof AOftnm AD? as the angvlar 

Int cif that squaJb in the contlnuaoon of B A is the point xvqnired. Tlie proof 
^,drfrSiinie asthat grivenia)ovei except that a rectangle corresi wn dlng to AK la to 

atbisd iitttesia of being subtracted. 




tqnMBof CA ii tqiul to the iqiurM of CD, DA[ Uwt«Aii«:the 
square of BA h eqoAl t« the i>iiiu«fl of BC, C A, and twioe the 
rectangle BC.CD. Tberefora, in an obtoee-ajigled tnaugle, lie. 

Peop. XIII. Theor. — In any triangle, the nqnare of a 
side subtending an acut^ angle, is lees than the squarea of 
the other sides, by twice the rectangle contained by either 
of those sides, and the straight line intercepted between the 
acute angle and the perpendicular drawn to that side from 
the opposite angle. 

Let ABC (see tluB fignre and that of the foreeoinEpropodtioTil 
be imj trioDine^ hftFing the angle B acute ; and let AD be perpen- 
dicular to BC, one of the gidea containing that angle : the sqaart 
of AC ia kaa than the Bquares of AB, BC, bj twice the rectangle 

The HuareB of CB, BD are equal (11. f) to twice the rectanf^ 
contuned bv CB, BB, and the square of DC. To each of tHeae 
equals add uie square of AD : therefore the squaies 
of CB, BD, DA are equal to twice the reelaOKle t 
CB.BD, andthesqaai«sof AD,BC. But, because /\ 
AD is peq)enilicular to BC, the square of AB is / \ 
eqnal (t *7) to the squares of BD, DA, and the i—1 A ■ 

Suare of AC to the squares of AD, DC : therefore ■ " *= 
B squares of CB, BA are equal to ttie square of 
AC, and twice the reetangle OB.BD ; that is, the square of AC 
alone is leu than the squares of CB, BA, by twice the rectajigle 

If the side AC be perpendicular to BC, then BC is the y\ 
straight tine between the perpendicular and tbe acute y^ { ', 

ADKle at B ; and it is manifest that Che squares of AB, ^ 1 

BC are eqnal [L ^t\ to the square of AC and twice the " '^ 
square of BC. Therelbre, in auj triangle, &c.* 



■ B; mHiu dT lUi or Hm ItmgobiE pnp«Uton. the ana or ■ trtuila majr be 
oaapfiled,Utlieil<labeglTniiaDDini>ai. Thu, iM AB=ITt BC=lS,ud AO= 
IS. FmrnABM-BC'tilie AC>: thu !g,biini IliH-W Uka«>>; ibenniiiider 
MSIatHinCB.BD. Dlyldliig this b> K, twin BC llw qmtiBrt « I* BD. Hence. 
bam dtha of (be trianglea ABU, ACD. wa find tha parpendlonlu AI> tb bC IS; 
md tbence the am li finind.b]' taking half Ihctrsdiict of BC and AD, to ba 3111. 

Tbe BSginsilts or the hue an mon «adlr foud tr DWiaa dt Iha 4th QHVOSI? to 
theMkpropoutionar this hook, In soimailon with tba piffidple, that iT Mf f** 
Jiffi^ru-,' ij lu,, „i„^',.il,iAi ir adcfed to haff tlltir HUB, lit rauU U Oe grvflf! 
and if hnirt'i' il'Jt.rr'.r.' ^" latm fivm ^If lie turn. t*f nma in ii r itlhfkm. 
Tfaiia, If 13. Ebe nun of A H and AO. be Dwltl^ed ^ aibelr ilU fc i a uM . *dait 
Uh pnduFt aSi he divided ^i; as, tbe mmi of tbe geKtnantt at tb* bMb Iha viottnt 
lllaUHdrdUrcrHiw. Til.' bell otlUibeini added t«tbabalf of 3S, Uh iam JOl* 

To pro™ tlie principle in^'nilntd abna, In AB be Om greater, and BC tbe Itaa 
oftwDoiagiiiluilpi. BiKct AClnD. andmabaAB , „ n n <• 

n)iulloBC. Tliea AiJor DClabalf Ihoium. and * ° ^ . i I 

u tumof AD and DB. aod BC Ibe Icn li equal 10 tbe 



auSv. 



of DC ami DB. 
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Pftop. XIV. Prob *— To describe a sqnaie that fthaU be 
equal to a given rectilineal figure. 

Let A be the given rectilineal figure ; it is required to describe a 
MHaretbatshaUbeequal toit . •« ,^ .. 

Describe (L 46) the rectangle BD equal to A. Then, if tlie 
sides of it, BE. ED, be equal to one another, it is a square, and 
what was required is done. But if they be not equal, produce one 
of them BE to F, and make EF equal to ED : bisect BF in G, 
and from the centre G, at the distance GB, or GF, describe (I. 

S^st. 3) the semicircle BHF: produce 
E to H, and jom GH. Therefore, 
because the straight line BF is divided 
equally in G, ana unequally in E, the 
lectangle BE.EF, and the square of 
EG, are eaual (IL 5) to the square of 
GF, or of dH, because GU is equal to 
GF. But the squares of HE, EG are equal (L 47) to the square 
of GH : therefore the rectan^e BE.EF and the square of EG are 
equal to the squares of HE, EG. Take away the square of EG, 
which is common, and the remaining rectangle BE.EF is equal 
to tlM square of EH. But the rectangle contained by BE, EF 
is l^e parallelogram BD, because EF is equal to ED : therefore 
BD is equal to the square of EH : but BD is equal to the figure 
A : therefore the square of EH is equal to A. The j^quare de- 
scribed on EH, therefore, is the required square. 

Paop. A. Thbob. — The squares of two sides of a triangle 
are together equal to twice the square of half the remaining 
side, and twice the square of the straight line drawn from 
its point of bisection to the opposite angle. 

Let ABO be a triangle, of which the side AB is bisected in D, 
and let DC be drawn to the opposite angle; the 
squares of AG and CB are together double of the 
squares of AD and DO. 

If DO be perpendicular to AB, the squares of 
AO and OB are equal (L 47) to the squares of AD 
and DB and twice the square of DO, or to twice the 
square of AD and twice the square of DO, because AD, DB are 
(L 47, cor. 5) equal 

But if OD be not perpendicular to AB, draw OE perpendicular 
to it. Then (IL'12) the square of AO is equal to the squares of 
AD and DO, together with twice the recumgle ^ 

AD.DE ; and (ir 13) the square of OB and twice i 

the rectangle BD.DB, or AD.DE, are together /IK 

equal to the squares of BD and OD, or of AI) and /VIA 
DO. Add these equals together, and the squares ai>k b 
of AO and OB, together with twice the rectangle 
AD.DE, are equal to twice the squares of AD and DO, together 

v*rT: 

* ThU is a particular cise of the 25th proposition of the ilxth book. 
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with twioe the i«6tai%]eAI)J>£. Take away twiee the rectanjde 
AD.DE, and the sanaies of AC and GB are equal to twice tne 
squares of AD and DC. Ther^fiTre ihe squares, &c * 

Pbop. B. Theor. — The squares of ihe diagonals of a 
parallelogram are together equal to the squares of its sides. 

Let ABGD be a paraUelograin, of which the dia^;(»iaU are AC 
and BD : the sum of the amiares of AC and BD is eqoal to the 
sum of the squares of the sides AB, BC, CD, DA. 

Let AC and BD mtersect each other in £. Then, in the tri- 
angles AED, C£B, the andes AED, AD£ are respectivdy equal 
(L 15, and 29) to CEB, CBE, and (L 34) the side AD is equal 
to CB : therefore the sides AE, ED are renpec- 

tively ecpaX (L 26) to CE, EB. Since, therefore, a h 

BD 18 bisected in E, the sqiiares of AB, AD are /N^-^^ 
together equal (IL A) to twice the squares of AE, / ^^^^ / 
EB. But BC and CD are respectavely equal Jf^ — ^ 
(I. 34) to AD and AB ; and therefore the squares 
of AB, BC, CD, and DA are t^ether equal to four times the 
squares of AE and EB, that is (IL 4, cor. 2), to the squares of AC 
and BD, since AC is doable of AE, and BDof BE. Therefore, 
the squares, &c.t 

Cor, The diagonals of a parallelogram bisect one another. 

Prop. C. Theob. — The sum of the squares of the sides 
of a trapezium is equal to the sum of ^e squares of the 
diagonals, together with four times the square of the straight 
line joining the points of bisection of the diagonals. 

Let ABCD be a trapezium, having its diagonals AC, BD 
bisected in E and F, and let EF be joined : the 
squares of AB, BC, CD, DA are together equal 
to the squares of AC, BD, together with tour 
times the square of EF. 

Join AF, FC. The squares of AB, AD are 
together ecnial (IL A) to twice the sum of the 
squares of DF and AF ; and the squares of BC, 
CD are equal to twice the sum of the squares 
of DF and CF. Add these equals together, 
and the sum of the squares of AB, BCC CD, DA is equal to four 
times the square of DF, together with twice the sum of the squares 
of AF and CF. But twice the squares of AF and CF are equal 



* Hence, if the sides of a triangle be giren in number^ the line AD can be c<Mn* 
puted. Thus, if AC=11, AB=14, and BC=7, we have AC*+BC« =121+49= 
170, and 2AD<=98. Then 170—98=72, the half of which is 86 ; and 6, the eqnare 
rootof this, isCD. 

t Hence, if we have the sides and one of the diagonals of a paraUelogTam in 
numbers, we can compute tjie remaining diagonal. Thus, if AB, DC be each =9, 
AD, BC each=7, and AC = 8, we have AB«-fBC>+CDS-f-DA«=8I+ 49+81 +49 
=260, and AC3=64. Taking the latter from the former, and extracting the aqoave 
root, we find BD=14. 
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(n. A)tofourtimesthe8qaare8of AEandEF; andJIL 4, cor. 2) 
four tunes the square of DF is equal to the square of dD, and four 
times the square of AE to the square of AG. Hence the squares 
of AB, BCf. OD, DA are equal to the souares of AC and BD, 
together with four times the square of EF. Therefore the sum, &c.* 

■ Propodtkm B may be regaidfid as a pMtionlar caw of this propoaltionr the 
line EF yanlshing in tbe petallelognm, sioee tb» diagonals bisect each other; and 
thus the proof of the former may be regarded as being contained In this. In all 
laoh oases, however, EncUd gives separate prooft ; and It seems better to do so in 
•n niwnwntagy work. 
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DEPINITIONS.f 

1. A STRAIGHT line is said to touch a circle, or to be a tangeiii 
to it, when it meets the circle, and being 
produced does not cut it. 

2. Circles are said to touch one another, 
which meet, but do not cut one another. 

3. In a* circle, chords are said to be tcpMXLy distant from the eenti^t 
when the perpendiculars drawn to them from the 
centre are equal : 

4. And the chord on which the greater perpendi- 
cular £alls, is said to he farther frwn the centre, 

5. An angle in a segment of a circle is an angle contained by 
two straight Unes drawn from any point in the arc 
of the segment to the extremities oi its chord: 

6. And an angle is said to stand upon the arc 
intercepted between the straight lines that contain 
the angle. 

7. A sector of a circle is a figure contained by 
any arc of the circle, and two rsSii drawn through 
its extremities4 





* The third book of the Elements treats of the properties of the circle^ and of 
lines and angles dependent on it. 

t The first definition in Simson's edition is as follows :— *' Equal drcles «re thdfse' 
of which the diameters are equal, or from the centres of which the straight ttiMS t« 
the circumferences are equal." This is here omitted, because, as Slmaon JnkDs^ 
remarics, it ** is not a definition but a theorem, the truth of which is evident ; for, if 
the drdes be implied to one another, so that their centres ooincidet the circles must 
likewise coincide, since the straight lines from the centres are equal." The defini- 
tion of a segment is also omitted, as it is given in the first book. 

X As, by the second proposition of this book, any chord divides a drcle into two 
segments, so any two radii divide it into two sectors. 

A. qttadrarU is a sector whose radii are perpendicular to each other. It is ea<^jf 
to show by superposition, that a quadrant is half of a semicircle, and thetefore a 
fourth part of the oitire circle. 




BOOKin.] OF EUCLID. 59 

8. Similar sequents of circlea are those .^ 

which contain equal angles. /S^^Vv /^^ 

' 9. Concentric circles are those which have the same centre. 

PROPOSITIONS. 
Pbop. I. Prob. — To find the centre of a giyen circle. 

Let ABC be a given circle ; it is required to find its centre. 

Draw any chord AB, and (1. 10) bisect it in D ; through D draw 
(1. 11) the chord EDO at right angles to AB, and bisect it in F : 
F is the centre.* 

For, if it be not, let, if possible, G, a point not in CE, be the 
centre, and join GA, GD, GB. Then, in the triangles ADG, 
BDG» because DA is equal (const.) to DB, DG common, and GA 
equal (I. def. 30) to GB, because tney are drawn 
fimn ^e centre G to the circumference : therefore 
<I. 8) the angle ADG is equal to GDB. But (I. 
def. 8) when one straight line standing on another, 
makes the adjacent angles equal, each of tiie 
angles is a right angle : Sierefore GDB is a right 
angle ; but (const) FDB is likewise a right an^e : 
wherefore FDB is equal to GDB, the greater to 
the less, which is impossible : therefore G is not the centre of the 
circle. In the same manner it can be shown, that no other point, 
whidi is not in GE, is the centre : the centre is therefore in C£ : 
and since FC is equal to F£, F is the centre : which was to be 
found.f 

Cor, From this it is manifest, that a straight line which bisects 
a chord of a circle at right angles, passes through the centre. 

Schcl, The practical construction is yery simply effected in the 
following manner : Take any three points A, B, 
0, in the circumference, and from A and B as 
centres, with any radius greater than half their 
distance, descril>e arcs intersecting each other in 
D and E ; also from B and C as centres, with 1 ,.7\j ^c 
an^ radius ^ater than half their distance, de- 
scribe arcs intersecting in F and G : through E 
and D, and through G and F, draw straight 'QT'^B 
lines intersecting each other in H: H is the 
oentre. The proof is eyident from the preceding corollary ; for 
3SH and GH are evidently perpendicular to chords joining AB and 



* la Simflon's edition, the construction commences thug, **Draw wUhin the 
circle any itnight line AB." This mode of expression Is improper, as it is not 
to be assumed till the second proposition is proved, that AB foils within the 
circle. In like manner, we are directed to produce DC to E, which also implies 
wh4t is proved in the second proposition. 

t The demonstration of this proposition which is given in the editions of Simson, 
Playfair, and others Is imperfect ; as, according to it, any point whatever in CE, or 
Its continnations, would appear to be the oentre. 
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BC, and biiect them, and therefore the centre mnrt be in both £H 
and G-U ; it must therefore be their point of intenwctiDny which i» 
the only point commcHi to both. 

Prop. II. Theob.— The straight line which joins anj 
two points in the circumference of a circle, falls within the 
circle. 

Let ABO be a circle, and A, B any two points m the cirennio 
ference ; the chord drawn from A to B falls within the circle. 

Take any point in AB as £ : find (III. 1) D the centre of the 
circle ABC ; join AD, DB, DE, and let DE meet the circumference 
in F. Then, because DA is equal to DB, the angles DAB, DBA 
are (L 6) equal ; and because AE, a side of the tn- 
angle DAE, is produced to B, the angle DEB is 

S eater (L 16) than DAE ; but DAE is equal to 
BE: therefore the an^le DEB is greater than 
DBE. Now (L 10) to the greater angle the 
greater side is opposite; DB is therefore greater 
Sian DE : but DB is equal to DF ; wherefore DF 
is greater then DE, ana the point E is therefore within the eirde. 
The same may be demonstrated of any other point between A and 
B; therefore AB is within the circle. Wherefore the strai^^ 
line, &c 

Prop. 111. Theor. — If a straight line drawn firom the 
centre of a circle bisect a chord, which does not pass through 
the centre, it cuts it at right angles ; and (2) if it cut it at 
right angles it bisects it. 

Let ABC be a circle ; and let ED, a straight line drawn from 
the centre E, bisect any chord AB, which does not pass through 
the centre, in the point D ; ED cuts AB at right ai^^s. 

Join EA, EB. Then in the triangles ADE, B^DE, AD is 
equal to DB, DE common, and (I. def 30) the 
base EA is e<pial to the base EB ; therefore 
(I. 8) the angles ADE, BDE are equal; 
and consequently (I. def. 8) each of them is 
a right angle ; wherefore ED cuts AB at right 
angles. 

Next, let ED cut AB at right angles ; ED also bisects it. 

The same construction being made, because the radii E A, £B 
are (I. def. 30) equal, the angle EAD is equal (I. 5] to EBD; and 
the right angles ADE, BDE are equal ; therefore, in the two UU 
angles EAD, EBD, there are two angles in one e^ual to two angles 
in the other, each to each, and the side ED, which is opposite t6 
one of the equal angles in each, is common ; therefore (I. 26) A!D 
is equcd to DB. Ira straight line, therefore, &c 

Cor. 1. Hence, in an isosceles triangle, a straight line drawn 
from the vertex bisecting the base, is pei^)endicidar to it ; and a 
straight line drawn from the vertex perpendlcolar to the base, 
bisects it. 




BOOKnt] 



OFSUCUD* 



61 




Cdr. 2. Let the «tra%fat line AB eut thei eonoezitric cades 
ABO.DEFmthe points A, D, E, B ; AD 
is equal to EB, and AE to DB. From the 
common centre G-, draw GH perpendieolar 
to AB. Then (III. 3) AH is equal to HB, 
and DU to HE. From AH take DH, and 
from HB take HE, and the remainders AD, 
EB are, equal. To these equals add DE, 
and the sums AE, DB are equal 

Cor. S. Any number of parallel chords in a circle are all Inseeted 
by a diameter perpendicular to thenu 

Prop. IV. Theor. — Two chords of a cirde, which are 
not both diameters, cannot bisect each other. 

Let ABOD be a cirde, and let AC, BD, two chords in it, which 
are not both diameters, cut one anotiier in the point E : they do 
not biseet one another, 

Far,ifitbepossiMa,let AE be equal to EC, and BE to ED. 
If one of the lines pass through the centre, it is plain that it can- 
not be bisected by the other which does not pass through the 
centre. But if nei&er of them pass through the 
centre, take (IIL 1) F the centre, and join EF; 
md because FE, a straight line drawn through 
the cenlare, bisects the chord AC, which does not 
pass through the centre, it cuts it (IIL 3) at rig^ht 
angles ; wherefore FE A is a right angle. Agam, 
because FE bisects BD, which does not pass 
throufi;h the centre, FEB is also (IIL 3) a right angle : and FEA 
was shown to be a right angle : therefore (I. ax. 11 ) FEA is equal 
to FEB, which (L ax, 9) is impossible. Therefore AC, BD do 
not bisect one another. Wherefore two chords, &e. 

Prop. Y. Theor. — If two circles cut one another, they 
have not the same centre* 

Let the two circles ABC, DBE cut one another in the point B ; 
tii&v' have not the same centre. 

For, if it be possible, let F be their centre : join FB, and draw 
any straight line FCE meeting the circum- 
ferences m C and E : then (L def. 30) be- 
eaose F is the centre of the circle ABC, 
1*B is equal to FC ; and, because F is the / / \ -^« 

centre or the circle DBE, FB is equal to 

fE. But FB was shown to be equal to 
C : therefore FE is equal (L ax. 1) to FC, 
wtuch (L az. e) is impossible. Therefore F 
Is not the centre of the circles ABC, DBE : wherefore, if two 
cirdei^&c. 

' . Prop. VL Theor. — If one circle touch another inter- 
nailj, they have not the same centre. 
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Let the circle ABO be toached internally by the eircle DEO in 
tbepoint : they have not the same centre. 

For, if they can, let it be F ; join FO, and draw any straight 
line FEB meeting the circomferences in E and 
B. Then (L det 90) becaase F is the centre of 
the circle ABO, FO is eqaal to FB ; and. be- 
caase F is the centre of the circle ODE, FO is 
equal to FE. But FO has beoi shown to be equal 
to FB : therefore FE is equal to FB, which ( L ax. i^jD3/* 
9) is impossible ; wherefore F is not the centre of 
the circles ABO, ODE ; and in the same manner it can be shown, 
that no other point can be the centre of both the circles. Theix;- 
fore, if one circle, &c. 

Prop. VIL Theob. — If from any point within a circle, 
which is not the centre, straight lines be drawn to the cir< 
cumference : (1) the greatest is that which passes through 
the centre, and (2) the continuation of that line to the 
circumference, in the opposite direction, is the least : (3) 
of others, one nearer to the line passing through the centre 
is greater than one more remote : and (4) from the same 
point there can be drawn only two equal straight lines, one 
upon each side of either the longest or shortest line, and 
making equal angles with that line. 

Let ABOD be a circle. E its centre, and AD a diameter, in 
which let any point F be taken, which is not the centre : of all the 
straight lines FA, FB, FO, &c., that can be drawn from F to the 
circumference, FA is the greatest, and FD the least : and of the 
others, FB is greater than FO. 

1. Jom BE, OE. Then (L 20) BE, EF are neater than BF ;bnt 
AE is equal toEB;thereforeAF, that is, AE,EF,is&rreaterthanBF. 

2. Because OF, FE are greater (I. 20) than EC, and EC is 
equal to ED ; OF, FE are greater than ED. Take away the com- 
mon part FE, and (I. ax. 6) the remainder 
OF is greater than the remainder FD. 

3. Again, because BE is equal to OE, and 
FE common to the triangles BEF, OEF; 
but the anffle BEF is greater than OEF : 
therefore (JL 24) the base BF is greater than 
the base OF. 

4. Make (L 23) the angle FEH equal to 
FEO, and join FH. Then, because OE is 
equal to HE, EF common to the two tri- 
angles OEF, HEF, and the angle OEF equal to the angle HEF ;' 
therefore (1. 4) the base FO is equal to the base FH, andthe angle 
EFO to the angle EFH. But, besides FH, no other straight Ime 
can be drawn from F to the circumference equal to FO. For, if: 
there can, let it be FR; and because FK is equal to FC, and FO < 
to FH, FK is equal (L ax. 1) to FH; that is, a Ime neai^rdtt 
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tbat irhich passes through the centre, is equal to one ^ieh 
is more remote; which is impossible. Thmforo, if from any 
pointy &c. 

Pbop. VIII. Theor. —If from any point without a circle 
straight lines be drawn to the circumference ; (1) of those 
whi(£ Ml upon the concave part of the circunuerence, the 
greatest is that which passes through the centre; and (2) 
of the rest, one nearer to the greatest is greater than one 
more remote. (3) But of those which faU upon the con- 
vex part, the least is that which when produced, passes 
through the centre ; and (4) of the rest, one nearer to the 
leafit IS less than one more remote. And (5) only two equal 
straight lines can be drawn from the point to either part of 
the circumference, one upon each side of the line passing 
through the centre, and making equal angles with it 

Let ABF be a circle, M its centre, and D any point without it, 
from which let the straight lines DA, DE, DF be drawn to the 
cireumfi^rence. Of those which £el11 upon the concave part of the 
circumference AEF^ the ^eatest is DMA, which passes through 
the centre; and a hne DE nearer to it is greater than DF, one 
mote remote. But of those which £bI1 upon the convex cireum- 
f^nce LRG, the least is DG, tibe external part of DMA ; and a 
line DR nearer to it is less than DL, one more remote. 

1. Join ME, MF, ML, MK ; and because MA is equal to ME, 
add MD to each; therefore AD is equal to EM, MD : but (L 20) 
EM, MD are together greater than ED; therefore also AD is 
greater than ED. 

2. Because ME is equal to MF, and MD common to the triangles 
EMD, FMD, but the angle EMD is greater 
than FMD ; therefore (I. 24) the base ED is 
greater than the base FD. 

3. Because (I. 20) ME^ KD are greater 
than MD, and MK is equal to MG, the re- 
mainder RD is greater (I. ax. 5) than the 
remainder GD ; that is, GD is less than 
KD. 

4. Because MK is equal to ML, and MD 
common to the triangles RMD, LMD, 
but the angle DMR less than DML ; there- 
fore the base DR is less (L 24) than the 
base DL 

5. Make (L 23) the angle DMB equal to DMR, and join DB. 
Then, because MR is equal to MB, MD common to the triangles 
KMD, BMD, and the ande RMD equal to BMD ; therefore (L 4) 
the base DR is equal to tiie base Da, and the angle MDR to the 
angle MDB. But, besides DB, there can be no straight line 
drawn feom D to the cireumference equal to DR : for, if there can, 
lelit ke DN ; and because DR is equal to DN, and also to DB ; 
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fherefine DB is eqoal to DN ; that 18, a line neanr to the least eqa^ 
to one mote remotely which is inqNisnble. If fipcmi any pointy there* 
fbre, &^ 

Pbop. IX. Theob. — ^A point in a circle from which more 
than tiro equal strsught lines faH to the cizcamfereDOQ^ is 
the centre. 

For. from ainrpoiiit which is not the eentre, only two equal 
straigiit lines (UL 7) can be drawn to the circamieience» and 
therefofe a point from which more than two equal straight linea 
can be drawn to the circumference, cannot be any other uian the 
centre. Therefore a point, &c* 

Pbop. X. Theob. — One circle cannot cut another in more 
than two points. 

If it be possible, let the circle FAB cot the circle DEF in more 
than two points, viz. in B, G-, F : take (m. 1) 
the centre H, of the drele ABC, and join HB, 
HG, HF. Then, becaose within the circle 
D£F there is taJcen the point H, from which 
there fiill to the circumference DEF more than 
two equal straight lines HB, HQ-, HF, H is 
(IIL 0) the centre of the circle DEF ; but H is 
also the centre of the circle ABC : therefore 
the same point is the centre of two circles that cut one another, 
which (III. 5) is impossible. Therefore one circle, &c. 

Pbop. XL Theob. — If one circle touch anofiier inter- 
nallj in any point, the straight line which joins their centres^ 
being produced, passes through that point.t 
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* The fdlowlng is an outline of a ^reet demonstration of this proposition: Lei 
M in the diagram for the last proposition he a pdnt firam ^nliiofa the equal staraight 
lines, MA, BiE, MF, are drawn to the circmnfBtenee. Then, if a straigMUae be 
drawn from M to the point of bisection of the chord Joining A£, it will be peipQ^ 
dicular (hyp. and I. 8) to the chord ; and, therefore (IIL 1, cor.) the centreiral 
be in that peroendicular. In a similar manner, it would be shown, that the coytare 
would be in uie straight line drawn firom M to the point ot bisection of the cbtad 
jolnhig EF. Hence, therefore^ M, the point ooromon to the two peKveofiautaiib 
must oe the eentre. 

t Dr. Sims on's enunciation is as follows;-*'* If two circles toiu^ eac^ other intfl»> 
nally, the straight line which joins thdr centres, being produced, shall pass through 
the point of contact." This is liable to two objections. The cirdes do not **toncli 
each other internally," the interior one being toudied extemaUy. The exp fe se iem, 
*' tAtf point of contact," seems to assume that theore is but one ^poSasi of contact* wUch 
is proreA In a following proposition, the 13th. Mr. Walker proposes to say, a poizvl 
of oontaoC; but this would seem to imply that there may be more points of eon^ut 
than one. In the enunciation hers given, these objections are obviated. A similar 
change is made in one part of the enunciation of the 12th propositioo, aol^lsQ <d 
the 6th. 

With regard to this proposition, since, till the 13tb proposition is proved, we ai^ 
not to assume that the circles touch one another in only one point, we ought to 
eoaidder the caaeb in which, if possible, the continuation of F6 would pass thcough 
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Let the circle ADE tooeh the eirde ABO IntemaUy in the 
point A, and let F be the centre of ABC, and G- the oentro of 
ADE : the straight line which joins F and Or, being produced, 
passes throagh A. 

For, if noClct it fall otherwise, if possible, as F0DH, and join 
AF, AG. Then, because (1. 20)Aa, GF are 
greater than FA, that is, than FH, ftr FA is 

Sual to FH, each being a radius of ABC ; 
ke away the common part FG : therefore (I. 
ax. 6) the remainder AG is greater than the 
remainder GH ; but AG is equiJ (I. de£ 30) 
to GD: therefore GD is greater than GH, 
which (I. ax. 9) is ImpossiDle. The straight 
line, therefore, which joins the points F, G cannot fall otherwise 
than uDon A, that is, it must pass through it* Therefore, if one 
circle, &c. 

* 

Prop. XII. Theob, — If two cirdea touch each other 
extenudlj in any point, the straight line which joins their 
centres passes through that point. 

Let the two circles ABC, ADE touch each other extemaUr in 
a point A ; and let F and G be l^eir centres: the straight line 
whieh joins F and G passes through A. 

For, if not, let it pass otherwise, if possible, as FCDG, and join 
FA, AG. Then (I. def. 80) because F 
aod G are the centres of the circles, a!F 
is equal to FC, and AG to GD : there- 
fore FA, AG are equal to FC, DG; 
wherefOTe the whole FG is grater than 
FA, AG, which (I. 20) is impossible: 
Hierefore the straight line which joins 
the points F, G cannot pass otherwise than through the jpoint 
A : it therefore passes tnrough that point : wherefore, it two 
circles, &c. 

Prop. XTII. Theob. — One circle can touch another in 
only one point, whether it touch it internally or externally. 

For, by the two preceding propositions, if two circles touch one 
another m any point, the s&aight line joining their centres passes 
through that pomt. If therefore the circles could touch one another 
in more points than one, their centres would fie in ihe straight 
lixiO joining two such points. Now, that straight line would 1^ a 
chord of each of the circles ; and, therefore (IIL 1, cor.) the centres 
¥rottid also lie in a straight line bisecting it, and perpendicular to 




atiottier point of contact, so that D and H would coincide. In thU case, we should 
still have, as in the first part of the demonstrationt AG greater than GH or GD ; 
while, fh>m the coincidence of D and H, G A and GD or GH must be equal. Slmi- 
Ist ranarks are applioaUe with regard to the next proportion. 
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it Henoe, thimu^h the oentres there iroiild pass two atraighi lines 
not oomtUbag, which (L de£ 8) is impoesibie. One eirole, ther&* 
fore, &c. 

Prop. XIV. Theob. — Eqnal chords in a circle are 
equally distant from the centre ; and (2) chords which are 
equally distant from the centre are equal to one another. 

Lflt the chorda AB, CD, m the circle ABDC, be equal to one 
another; they are equally distant from the centre. 

Take (IIL 1) E the centre of the ciixde, and draw (L 12) EF,. 
EG perpendicmars to AB, CD : join also EA, EC. Then, because 
the straight line EF, passing tbroush the centre, cuts the chord 
AB, which does not pass tlm>ugh the centre, at right angles, it 
also (IIL 3) bisects it : wherefore AF is eqnal to 
FB, and AB is double of AF. For the same 
reason, CD is double of CG-; but AB is equal 
to CD; therefore AF is equal (L az. 7) to CQ. 
Then, in the right-angled triangles EFA, EGC, 
the sides EA, AF are equal to the sides EC, 
CG, each to each; therefore (I. 47, cor. d) the 
sides EF, EG are equal But chords in a circle 
are said (IIL def. 3) to be equally distant from the centre, when 
the perpendiculars drawn to them nrom the centre are equal : there- 
fore AB, CD are equaUy distant from the centre. 

Next, if the chords AB, CD be equally distant from the centre,* 
that, is, if FE be equal to EG, AB is equal to CD. For, the same 
construction being made, it may* as beiore, be demonstrated, that 
AB is double of AF, and CD of CG ; and because the right-angled 
triangles EFA, EGC have the sides AE, EF equal to CE, EG, 
each to each, the sides AF, CG are also (I. 47, cor. 5) equal to 
one another. But AB is double of AF, and CD of CG ; where^ 
fore AB is equal (L az. 6) to CD. Therefore equal chords, ^c. 

Prop. XY. Theob. — The diameter of a circle is tiie 
greatest chord : (2) of others, one nearer to the centre is 
greater than one more remote ; and (3) the greater is nearer 
to the centre than the less. 

Let ABCD be a circle, of which the diameter is AD, and tiie 
centre E : and let BC be nearer to the centre than FG ; AD' u 
greater than BC, and BC than FG. 

1. From the centre draw (L 12) EH, EK 
perpendiculars to BC, FG, and join EB, EC, 
EF. Then, because AE is equal to EB, and 
ED to EC, AD is equal to EB, EC : but EB, 
EC are greater (I. 20) tlian BC; wherefore 
also AD is greater than BC. 

2. Again, oecause BC is nearer to the centre 
than FG, EH (IIL def. 4) is less than EK; 

and the hypotenuses EB, EF are equal Therefore, (L 47, cor« S) 




B& is grMter thm FK. But, m ▼&» damonstrated in the pre- 
ceding ptfopoftitioB, BC IS doaUeof BH^and FGof FK: therefore 
BG isgreaJter than FQt, 

3. Next, let BO be greater than FG ; BC is nearer to the centre 
than FG ; that is, the same constmction beine made^ EH is less 
than EK. Because BC is greater than FG, BU likewise is greater 
than PR: and therefore (I. 47, oor. 6) £H is less than £K. 
Therefore the diameter, &c. 

Prop. XVI. Thbob. — The straight line drawn at right 
angles to a diameter of a circle, through its extremity, ^s 
wiSiout the circle ; but anj other straight line drawn through 
that point cuts the cirde. 

Let ABC be a circle, of which D is the centre, and AB a dia- 
meter : if AE be drawn through A perpendicular to AB, it falls 
without the circle. 

In AE take any point F ; and draw DF, 
meeting the circumference in C. Because 
DAF is a right angle, it is greater (L 17) 
than DFA; and therefore (I. 10} DF is 
greater than DA. But (I. def. 80) DA is 
equal to DC ; therefore DF is greater than 
DC, and the point F is therefore without the 
cirde ; and in the same manner it may be 
shown, that any other point in AE, except the point A, is without 
the circle. 

Again, any other straight Hne drawn through A, cuts the circle. 
Let AG be drawn in the angle DAE, and 
draw (1. 12) DH perpendicular to AG, and 
meeting the ciroumierenoe in K. Then, 
because DHA is a ri^ht angle, and DAH 
less than a right angle, neing a part of DAE, 
the side Dm is less (L 10} tnan the side 
BA. But a de£ 30) DK IS equal to DA; 
therefore DH is less than DK ; the point H 
is therefore within the circle; and AG cuts 
the circle, since its continuation through A, must fall on the oppo- 
site side of EAL, and must ther^re be without the cucle. 
Thenefofe the straight line, &c. 

C^, From this it is manifest, that the straight line which is 
drawn at right angles to a diameter of a circle fram its extremity, 
touches (Il£ de£ 1} the circle; and that it touches it only in one 
poiiit, because at eveiy point except A, it fiUls without the circle. 
It is also evident, that tnere can be but one tangent at the same 
point of a circle. 

Pnop. XVII. Fkob. — From a given point, either with- 
out a given circle, or in its circumferenco, to draw a straight 
line tonohing the circle. 





is nfnndto oittv nmoi A sitesighffclHMtoSBliairtivcirelfiL 

Fmi (IIL1)£ tiieeenlreof ti» dRle.«iid disvAS cBttiMP 
^Mb€amm§Bnatm ml} I from tibe ceotes £, at tibe duUnee £iC 
dewibe (L port, a) the code AF&; firam D 
dRMT (L 11) DF at ri|^ anries tD £A; and 
diMT EBF, and join AB. AB toofilieBthe 
code BCD. 

BeeaofloE istiieeentieoftiiedrclefl^EA 
is equal to EF, and ED to £B; thev^ore 
tiia two ados AE, £B are eqoal to the two 
FB, ED, eadi to eadi, and tbej eontain Uie 
angde AEF eanmuHi to the two tiianglea 
A£B, FED : therefore the angle £B A is 
equal (L 4, part 3) to £DF, and is, therefore, a ri^t sng^ be- 
eaofle (const) EDF is a riglub ani^ Now, sinoe £B is d rawn 
from the centre, it is part m a diameter of which B is one eztrp- 
nutr : bat a straight fine dravn from the extremity of a diameter, 
at lu^t angles to it touches (IlL Itt, cor.) the circle ; therefore A6 
tooches the circle; and it is drawn from the given point A : which 
wastobedone. 

Secondly, if the gireniMnnt be in the circamferenoe of the circle, 
as the point D, draw D£ to the centre £, and DF at right angles 
to DE;DF touches (IIL 16, ocnr.) the drde. 

Cbr. If AB be prodnced to H, AU is bisected (UL 8) in B. 
Hence a chord in a ehde tooching a concentric one, is bisected at 
tbe point of contact 

SeM. It is CTident that from any point A withoat the circle, 
two tangents^ ar and AB', may be dnirwn to the circle, and that 
these are eqoal to one another, bemg equal respectiTely to the 
equal Imes DF and DF .• 




Paop. XVIII. Theor.— If a straight line tonch a cirde, 
the straight line drawn from the centre to the jxHut of con- 
tact, is perpendicnlar to the line tonebdng the circle. 

Let the stnu^t line DE touch the cirele ABC in C ; take the 
eentre F, and j(Hn FC : FG is perpendicular to 
DE. 

For, if it be not, from F draw FG- perpen- 
dicidar to DE, meeting the drele in B. Ttien 
(IIL 10, cor.)FG is greater than FB : and (L 
17) because FGC is a right an^GCFisan 
acute angle: therefore (I. 19)70 is greater 
thanFG;but(Lde£30) FC is equal to FB ; 
therefore FB is greater than FG ; which (L ax. 9) is in^)0snhle : 




* The eoMtnujIiOD of tbe ftnt one ef this pzoUem is m eeeflj dAMrted in ytec 
llee. hf dBscrifaing « cifde on A£ m diemeier, tm iti dramBftranoe will eutifi»l of 
tbe given cirele in the poliitt B and B'. Tbe xemaon of Uii3 will be evident Orun 
die Slit prapoeltion of tbift book. , a. . 
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wherefore FG- is sot perpendioular to D£. In the tame nuoiner 
it may be «hown that no other straight line drawn from F, except 
FC| is perpendicular to DE. Therefore, if a straight Une, &c. 

Prof. XIX. Theor. — If a straight Una toach a circle, 
a straight line drawn from the point of contact, at right 
angles to the tangent, passes through the centre. 

Let the straight line DE touch the circle ABC in C, and let 
CA be perpendicular to DE ; the centre of the circle is in CA. 

For, if not, let F be the centre, if possible, and join GF. Be- 
cause DE touches the circle ABC, and FG is 
drawn from the centre to the point of contact, 
FG is perpendicular (III. 18) to DE: there- 
fore FuE IB a right anffle ; but AGE is also 
(hyp.) a light angle ; therefore FGE is equal 
to AGE, which (L az. 9) is impossible : where- 
fore F is not the centre of the circle ABG. In 
the same manner it may be shown, that no 
other point which is not m G A, is the centre ; 
that is, the centi'e is in G A. Th^iefore, if a straight line, &c. 

Prop. XX. Theob. — The angle at the centre of a circle 
is double of the angle at the circumference, upon the same 
base, l^at is, upon the same part of the circumference. 

In the circle ABG, let BEG be an angle at the centre, and BAG 
an angle at the circumference, which have the same arc BG foor 
their base ; BEG is double of BAG. 

Draw AJE, and produce it to F ; and first, let 
E, the centre of the circle, be within the ansle 
BAG. Because EA is equal to EB, tae 
angle EAB is equal (I. 5) to EBA : therefore 
the angles EAB, EBA are together double of 
EAB : but (L 32) the angle BEF is equal to 
EAB, EBA ; therefore also BEF is double of 
EAB. For the same reason, the angle FEG 
is double of the an^ EAG ; thereftire the whole aarie BEG i» 
douWe of the whole BAG.* 



* tbat, if two magnUudet be double tf iwe others eiuih qf each, the mm imd dif- 
ferenee ^ the fint two ttte re n ee He e lj ^ donUe i^the mm and d/gkrenoe nf the other 
tto», followB from the flnit ana fifth propositions of the fifth book. It Is also tiuw 
proved bf Plagrflilr t **IM A and B, O and l> be fow magnitades, saoh that 
jis;JC, and BssSD; then A+B=:S(C-|-D). For since ArsG+G, and 8 = 
I>4.D,adding equals toequals,A+B=(G+D)+(G+D)=a(G+b). 8<»alao,if 
A be greater than B, and therefore G greater than D, since A=C 4>G, and B = 
DH-£>. taking equals firom equals, A— Bs=(C~D)4-(G— D), that is A^Bs 

a(C— D)." 

Yhe following Is an ontltne of another proof of the seoond case : Amn the triangle 
BOB we have (I. 8S) BGC := BEG +B =s BEG +B AO ( L S). We have also, from 
tlMT tifaagle AGO, in a skaHar manner, BOO=BA0-fG«:BA04-BA0s:9 BAC4- 
EAG. Uenoe (I. as. n BEC+BAG=2BAGH-BAG. IWce awi^BAO, tii 
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Afain, let £ the centre of the cude be withoat the* ai^fple 
BAG: it may be demonstrated^ as in the 
first case, that the angle F£0 is doable <^ /^ x 

FAG, and that FEB, a part of the firsts is ^ ^^ 

double of FAB a part of the other ; therefore 
the remaining angle BEG is doable of the 
remaining angle SAG. The angle at the 
centre, therefore, &c.* 

Prop. XXI. Theor. — Angles iu tae same segment of a 
circle are eqaal to one another. 

Let ABGD be a circle, and BAD, BED angles in the same 
segment BAED : these angles are equal. 

Take (III. 1) F the centre of the circle ABGD ; and join BF, 
FD : draw also FG perpendicular to BD. uid produce it to meet 
the circumference in G ; and join AG, EG. 
Then, because the angle BfG is at the 
centre, and the angle BAG at the circum- 
ference, and that they have the same aic 
BG for their base : therefore (IIL 20) the 
angle BFG is double of the angle BAG. 
For the same reason, the azu^le BFG is 
double of the angle dEC : tberefore the 
ancle BAG is eqnal (I. ax. 7) to the angle 
BEG. In the same manner, it mid^t M 
bhown that the angles GAD, GED are 

equal Tberefore (L ax. 2) the whole angle BAD is equal to the 
whole angle BED. Wherefore angles, &c.f 

Prop. XXII. Thuor. — The opposite angles of any 
qaadriktteral figure described in a cinue4 are together equal 
to two right angles. 

Let ABGD be a quadrilateral figure in the circle ABGD; 




» i ' * 



If in tfaeflrtt diagnun, CE were prodncod to meet AB, the tint caae might be 
proved in a similar manner. The aocond case might also be proved by drawing 
from C to AB a straight line meeting it in a point 11, and making with AQ an 
bngle equal to BAC. Then, by taking the dufcrence between the equal angles 
KAC, EGA, and the equal ones HAG, HOA, we have EAB and EGH equals and 
therefore £BA=EGH. But £GB=HOC; and therefore (I. 32, cor. 5) BEC= 
UHC=2BA 0. The same Tprttot, wi th some obvious variations, would be ^i^ic^tle 
in the first case. 

* There Is evidently a third case, vix., when AB or AC peases through the centre: 
Imt though this case is not given in a aepante form, its proof is contained in that 
ofeltiber of tbe others. •> 

t The demonstration here adopted has the advantage of behig applicable in tU 
caites. In Slmson's edition there are two cases, one in which the segment is groMca 
.than a semicircle, and the other in which.U is not greater; tbe latter of whtoh is 
vatitlng in the Gredc. 

; That is, having all tti angnlar points oa tbe chrcumfersnos^ MOordi»g<tQ the 
aeoond definition of th« fourth book. .....;' ji.;. 
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akif- xtwo of its (^posite angte afe together equal to two right 
angles. 

Join AC, BD. Tbw (m. 21) the andes CAB, CDB are equal, 
be<;aasetheyarein die same segment B ADO ; 
and the angles AOB, ADB are equal, be- 
cause they fOQ in the same segment ABOB : 
therefiartf (L ax. 2) the whole angle ADC is 
eaodr to the angles CAB, ACB. To each 
of these equals add the angle ABC ; there- 
fore the angles ABC, CAB, BCA, are equal 
to the angles ABC, ADC : but (1. 32) ABC, 
CAB, BCA are equal to two right angles; 
therefore also the angles ABC, ADC are equal to two right angles. 
In the same manner, the angles BAD, BCD may be shown to 
be equal to two right angles. Therefore the opposite angles, &c.* 

Cor, If any side AB 1^ produced to E, the exterior angle CBE 
is equal to the interior and opposite angle ADC. For CBA, 
CBE are together equal to CBA, CD A, each pair bein^ equal to 
two zight angles. Take away CBA, and there remains CBE 
equal U) CD A. 

Piiop. XXIII. Theob. — Upon the same straight line, 
and on the same side of it, there cannot be two similar 
segments of circles, not coinciding with one another. 

If it be possible, let the two similar segments of circles, rh. 
ACB, APB, be upon the same side of the same straight line AB, 
not eoinckiing with one another: then (III. 10) 
because the cux;les ACB, ADB cut one another 
in the two points A, B, they cannot cut another 
in any other point. One of the segments must 
therefore fall within the other ; let ACB fall 
within ADB, and draw the straight line BCD, -^ 
cutting the arcs of the segments in C and D; join also CA, DA. 
Theiv^^^^^i^ the segmein ACB is similar to ihe segment ADB, 
the angle ACB is equal (III. def. 8) to ADB, the exterior to the 
intmor and remote, which (1. 16) is impossible. Therefore, upon 
the. 9ame straight line, &c. 

Prop. XXIV. Theob. — Similar segments of circles upon 
equal ba8e»are eqaal to one another, and have equal arcs.t 

liot AEB, CFD be similar segments of circles upon the equal 




• In moving that the angles ABC, ADC are together equal to two right angles, 
tto mgf fAHtw pmte that the two parts of ADC are respectively equal to two 
anglMof thetviangle ABC, or that the two parts of ABC are respectlTely equal to 
«»0lJHi|^of the triangle ADC ; and the proof is completed in each instance by 
adding the remaining angle of the triangle. 

<^ ThaiUktuOamair «(0ei^lng> that the segments have equal aros* Is improperly 
omitted in the Greek, and by Dr. Simson, and oHiers. 
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atniglit fines or hman, AB, CD: tiie a^gmoBte we eqndl; 
likeviae the arcs A£B, CFD are eqaaL 

Far» if tbe mgamat A£B be Bf^lied to tiie aeement CFD, ao 
that the pomt A may be on C» 
and tbe stn^ht fine AB on CD, 
the point B wSi eoindde vith D, 
becaoae AB is equal to CD : theie- 
fore, the straiipit 5ne AB eoin- 

ckfingirith CDTthe segnent ABB mnst craneide (ID. S3) witii 
theamnentCFD.andistliensfiiieeqaal (Lax. 8) to it: and lift 
arcs A£B, CFD are equal, beeanae tiny rwnrMp, TUiiisii 
sinular segments^ &C. 

Pbop XXV. Pbob. — ^A segmfsnt of a ciide being gircn, 
to complete the circle of Thlch it is a segmeaL 

Aasame three points in Ae are of the s^mcnt; and find (IDL 1. 
schoL) the centre of tibe cirele. F^«iin tiiat oentre» at the di sta nce 
between it and any point in the are describe a ciRie»and it vill 
eTidmcklj be the one required.* 



Pbop. XXYL Thbobl — ^In equal dides^ or in tlie Eune 
cunBle»t equal an^es stand upon equal aics» iriiethor Ae^ 
are at tibe oentras, or the eiiciiiiiferaiee& 

Let ABC»D£F be equal drdes, having the eginal aiq^ BOC» 
EHF at their eenfares, and BAC, KDF at theor CDrramfarcneesc 
the are BRC is equal to tiie are £LF. 

Join BC, £F: and bccanse thecirdes ABC, DBF areeqoal, 
their radii are equal: ti i ete fa re the tvo sides B6, CK7 are eqnal 
to the two, ^.HF; and (bTP^) the angles G and H«e equal: 
therafore(L 4) the base BC 
is equal to the base £F. 
Th^ because the angles A 
and D are eqoal, the segment 
BAC is sfamlar (IIL de£ 8} 
to the sefjrment EDF; and 
they are vipga equal straigfat 
Imes BC^JSF; bat (IIL 24) 
similar ""g"—"** of cirelcs 
upon eonal straigfat lines haTe eqnal ares: therefiae the are BAC 
is equal to the are £DF. But the wtiole c ii c umfere nce ABC is 
to the whole DBF, because tbecireles are eqnal: t heiefcse 
tlie remaining are BKC is equal (L ax. S) to the remaining are 
£LF. WhereloR, in equal cireles, && 
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' Cor, Henoe^ in a cinsle the ares interoqited between parallel 
chords are equal For, if a straight line be drawn transreraely, 
joining two extremities of the chords^ it viU (L 29) make equal 
angles with the chords ; and therefore the arcs on which these stand 
are equal.* 

Pbop. XXVII. Theob. — In equal cirdes, or in the same 
circle, the angles which stand upon equal arcs are equal to 
one another, whether thej are at the centres, or the cir- 
GOmferences. 

In the equal circles ABC, DEF, let the angles BGO, EHF at 
the centres, and BAG, EDF at the circumf^noes, stand upcm 
the equal arcs BO, EF : the angle BGC is equal to EHF, and 
BACTto EDF. 

If the angle BGG be equal to EHF, it is manifest (IIL 20) that 
BAG is also equal to EI)F. But, if BGG, EHF be not equal, 
one of them is the greater; 
let BGG, if possible, be the 
neater, and (L 23) make 
BGK equal to EHF. Then 
(TiL ^6) equal angles stand 
ttpon equal arc8,when thejare 
at the centres ; therefore the 
arc BK is equal to the arc 
^'MP : but BO is eaual (hyp.) 

t6 EF: therefore also BK is equal to BG, which (L ax. 9) is im- 
possible. Therefore the angle BGG is not unequal to EHF ; that 
is; it is equal to it: and the angle A is half (III. 20) of BGG, and 
the angle B half of EHF : therefore (1. az. 7) the angles A and 
D are equal Wherefore, m. equal circles, &c. 

Prop. XXYIII. Thbob. — In equal circles, equal chords 
divide the circumferences into parts which are equal, each 
to eaph.t 

Let ABG, DEF be equal circles, and BG, EF eqaalehords in 
them: the arc BAG is equal to EDF, and BGG to eHF. 

If BG and EF be diameters, they bisect the circumferences ; 
• acid those beUag equal, the parts of the one are equal to the parts 
' of ,tiie other. 

Butif BG and DF be not diameters, take (IIL 1) K, L, the 
,cei#es of the drcles, and join BS^ KG, EL, LF. Then, because 



* It b |iljdn fktim the aBXt pnipotitioii, that the eo p T ew e of this corollarj ie 




*«>1»0ri ttmaoiienl mettollMV edttoM emu* allv the Qimtk, the cue iairhtch 
•1l»«boi4a«M diameten. Some editota eaofaide «hU oaee la their emmeletloiM, 
^-iW'tiwe it ia their praoA. The ooneBpeading caee ia the next propotltton U alio 
'^'"^tted W nwrt fi11tii>niyi 

B 
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the eireleft are eqoal, BK, KG aie equal to £L» LF ; and the iMie 

BC is equal (hjp.) to the Iwae 

£F; therefore (LS) theande 

BKC is eqnal to £LF. But 

(in. 26) eqnal aa^es stand 

upon eq^ial ara^ when thej are 

at the oentres: therefore the 

less arc BGO, in the one drde, 

is eqnal to the less arc £HF, G 

in tne other. But the wfade dr e omfe renee ABGC is equal to 
the irhole DEHF ; the remainine part» therefore, of the cnvnm- 
ferenee^ tiz. the greater arc BAG, m the one circle, is eqnal to the 
remaining part, viz., the greater arcEDF in the other. Therefore 
in eqnal orelesy &c. 

Prop. XXIX. Theob. — In equal circles, or in the same 
circle, equal arcs have eqnal chords. 

Let ABC, DEF he eqnal ebdes^ and let tiie arcs BGTO, EUF, 
and ooasMnenOj BAG, EDF he eqnal; and join BC, EF: the 
chords BC, EF are eqnaL 

If BC and EF foss through the centres, they are equal, being 
diameters of equal ciroles. But 
if thej do not pass throng the 
centres, take (UL 1) K, L, the 
centres of the circles, and join 
BK, KG, £IL, LF. llien, be- 
cause the arc BGC is equal 
(hyp.) totiie areEHP, the angle 
BKC is equal (HI 27) to ELF. 
Also, because the cireies ABC, 
DEF are equal, their radii are eqnal: therefore BK, KG are 
equal to EL, LF, and they contain equal angles: wherefore 
(I. 4) the base BC is equal to the base EF. Therefore, in equal 
circles, &c 

Prop. XXX. Pbob. — To bisect a given arc of a circle. 

Let ADB be a giren arc; it is required to bisect it 
Draw AB, and (L 10 and 11) bisect it in G, by the perpendicular 
CD ; the are ABD is bisected in the point D. 

Join ADf DB, Then, because AG is equal to GB, CD com- 
mon to the triangles AGD, BCD, and me ^ 
angle AGD eqnal to BCD, each of them be- "^ 
ing a right angle; therefore (L 4) AD is 
equal to SD. But, (ID. 28) in the same cirdeL 
eqnal lines cut off equal arcs, the greater equal 
to the greater, and the less to i& lew; and AD. DB are each of 
them less than a semicirele, because (HX 1, cor.) DC, or DC pro- 
duced, passes through the centre : wherefore the are AD isequal to the 
are DB : therefore the given are is bisected in D : which was to be 
done. 
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Prop. XXXI. Theor.— In a circle, (1) the angle in a 
semicircle is a right angle ; (2) the angle in a segment 
greater than a semicircle is acute ; and (3) the angle in a 
segment less than a semicircle is obtuse. 

Let ABC be a circle, of which F is the centre, BO a diameter, 
and consequently BAG a semicircle ; and let the segment BAD 
be greater, and BAE less than a semicircle : the angle BAG in 
the semicircle is a right angle; but the angle BAD in the seg- 
ment greater than a semicircle is acute ; 
and the angle BAE in the segment less 
than a semicircle is obtuse. 

Draw AF and produce it to Q-. Then 
(III. 20) the angle BAG- at the drcum- 
ference, is half of BFG at the centre, 
boUi standing on the same arc BG ; and 
for the same reason, GAG is half of 
GFG. Therefore the whole angle BAG 
is half of the angles BFG, GFG : and 
(I. 13) these are together e^jual to two right angles: therefore 
BAG is a right an£%, and it is an angle m a semicircle. But 
(I. ax. 9) the angle BAD is less, and BAE greater than the right 
angle BAG : therefore an angle in a segment greater than a semi- 
circle is acute, and an angle m a segment less than a semicircle is 
obtuse. 

Prop. XXXII. Theob. — If a straight line touob a circle, 
and from the point of contact a straight line be drawn di- 
'vidBig the circle into two segments ; the angles made by this 
line with the taog^it are equal to the angles which are in 
the alternate segmeHla. 

Let the straight Ime DE touoh the circle BOG in the ^oint B, 
and let the straight line BA be drawn diyiding the circle into the 
segments AGB, AGB : the angle ABK is equal to any angle in 
the segment AGB, and the an^e ABD i» any angle in AGB. 

If AB (fig. 1) be perpendicular to DE, it passes (IIL 19) through 
the centre, and the segments being therefore semkircles, me angles 
in them are (IIL 31) right angles, and consequently equal to those 
which AB BBakes with 

But if B A (fig. 2 ) be not /HXc 
peipendicular to DE, draw 
BF perpendicular to it; 
join FA and produce it to 
E ; join also GA, GB, G 
beui any point m the arc 





* This case is wanting in most editions of Euclid. In the second ^ttagram, FA 
and DB will meet (I. ax. 12) if produced, the angles FBE, BFA together being evi- 
dently less than two right angles. 
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AGB. Then (III. 19) BF is a diameter, and (III. 81, and 1. 13) 
the angles BAF, BAE are ri^t anglea. Thereibre, in the tri- 
angles BAE, FBE, the 
angle E is common, and 
the angles BAE, FBE 

XJ, b^ng right angles ; 
refore (L 32, cor. 6) the 
remaining angle ABE is 
equal to the remaining 
angle F, which is an angle in the remote or alternate segment 
AGB. 

Again, the two angles ABD, ABE are equal (L 13) to two right 
angfes; and becauB<) AGBF is a quadrilateral in the circle, tiie 
opposite an^es C and F are also equal (UI. 22) to two rifht 
angles : tibifirefbre (I. ax. 1) the angles ABD, ABE are togemer 
equal to and F. From these eqi^ls take awst^ the angles ABE 
and F, which have been proved to be equal; then (I. ax. 3) the 
remaining angle ABD is equal to the remaining angle C, which 
is an angle in the remote segment ACB. If, therefore, a strught 
line, &c.* 

Prop. XXXIII. Prob. — Upon a given straight line, to 
describe a segment of a circle, containing an angle equal 
to a given angle. 

Let AB be the given straight line, and C the given angle ; it is 
required ta descriM on AB a segment of a cinSe eontainiAg an 
angle equal to G. 

First, if C be a right angle, bisect (L 10) AB in F, and from 
the centre F, at the distance FB, describe the 13— r 
semicircle AHB; therefore (IIL 31) any ansle /^^\ 

AHB in the semicircle is equal to the riSit I ^^ ^ 
angle C. ^ ^ * 

fiut, if C be not a right angle, make (I. 23) the angle BAD 
e^ual to G, and (1. 11) rrom A draw AE perpendicular to AD ; 
bisect (1. 10 and 11) AB by theperpendicular FG, and join OB. 
Then, because AF is equal to Fd, FG common to 1^ triangles 



* This proposition, and the 3iflt and 33d, when propody goBBldeKd, lamj be 
regarded as the same. To illustrate this, let AB be a 
fixed chord, and through B draw any other line DK cut- 
ting the circle in C; and join AC. Now, (in. 31) 
wherever C is taken in the arc ACB, the angle ACB is 
constantly of the same magnitude; and to also (1. 18) is 
the eiEterior angle ACD. If C be now taken as ecdnoid- 
ing with B, the straight line DE will become the tan- 
gent D'BE', AC wUl coincide with AB, Mid the angles 
AGE, ACD will become ABE', ABIV. If again Otatae 
the position C", the angles ACE, ACD wiU become 
AO'^E^ AO"iy\ Vow, the eqnality of ABB', ACB, 
and of ABD', AC"D" is what is proired in the asd 
proposition : and from the eqaaH^ of ACD and AC^^' 
the 83d fbBows by the Mmaa ^ ACB. 
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APa» BFa, and the angle AFG equal to BPG; fhereftire (L 4) 
AG- IB equal to GB ; and the circle described 
from the centre G, at the distance G A will 
pass throuffh the point B : let this be the 
cii-cle AHB. Then, because from the point 
A, the extremity of the diameter AE, AD 
is drawn at right angles to AE, AD (IIL 1% 
cor.) touches the elude; and, (111^32) be- 
cause AB, drawn from the point of contact 
A cuts the circle, the angle DAB is equal to any angle in the alter- 
nate segment AHB : but DAB is equal to G ; therefore also C is 
equal to any angle in the segment AHB : wherefore upon the giyen 
slight linie AB the segment AHB is described, which contains 
an angle equal to O : which was to be done.* 

Prop. XXXIV. Prob. — From a given circle to cut off 
a segment which shall contain an angle equal to a giTon 
angle. 

Let ABC be a given circle^ and D a given angle; it is 
required to cut a segment from ABC containmg an angle equal 
toD. 

Draw (HL 11) the strai^t line EF tofuehing the cirde in B, 
and (L 28) make the angle FBG equal toD. 
neBy because £F toudws the circle, and BO 
is drawn from the point ci contact B^ the 
angle FBG is equal (UI. 32) to any an^Ie in 
the alternate segment BAG : but FBG is 
equal to D : therefore any angle in the seg- 
ment BAG is equal to D : wherefore the 
segment BAG is cut off from the giyen circle, oontainingan angle 
equal to the given aia^ D : which was to be done. 

Prop. XXXV. Theor. — If two chords of a cirde eat 
one another, the rectangle contained by the segments of one 
of thrai is equal to the rectangle contained by the segments 
of the other. 

In the circle ABGD, let the two chcnxis AG, BD cut one another 
in the point E : the rectangle AE.EG is equal to 
the rectangle BE.ED. 

If AG, SD both pass through the centre, so that 
E is the centre; it is eyident, that AE, EG, BE, 
ED, being (L de£ 80) all equal, the rectangle 
AE.EG is equal to the rectangle BE.ED. 



* It Ur erident, there nuqr be two aegmentB answerfng tte oendltloiis of the 
prdMem, one on each side of the given line. It is also {AbIb. that when C Is an 
•cute angle, and the segment is to be abore AB, O is above AB ; but when obtuse, 
h is bslow it It is likewise idain, that the angle B AE is the coniplemmt of the 
given an^ C ; that isi the dlfliBreDee between it and a right angle. 
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Bat let one of them BD pass through the centre, and eat the 
oHier AG, which does not pass through the centre, at ri^t angles, 
in the point E. Then, if BD be bisected in F, F is Sie centre. 
Join AF ; and because BD. which passes through the centre, is 
perpendicular to AG, AE, EC aje (UI. 3) e^ual 
to one another. Now, because BD is divided 
equally in F, and unequiJlj in E, the rectangle 
BEJBD, and the square of EF are equal (IL 6) 
to the square of FB; that is, (L 46, cor. 2) to the 
square of FA. But (L 47) tiie squares of AE, 
EF ate eoual to the square of FA ; therefore the 
rectangle BE JSIX ana the square of EF are equal 
to the squares or AE, EF. Take away the common square of 
EF, and the remaining rectangle BE JBD is equal to the remain- 
ing square of AE ; that is, to the rectangle AE.EC. 

Next, let BD pass through the centre, and cut AC, which does 
not pass throufiii the centre, in E, but not at right aisles. Then, 
as before, if BD be bisected in F, F is the centre of the circle. 
Join AF, and (L 12) draw FO perpendicular to 
AC; therefore (III. 8) AG is equal to GC; 
wherefore (IL 5) the rectangle AE.EC and the 
square of EG are equal to the square of AG. 
To each of these equals add the square of GF : 
therefore the rectangle AE.EC and the squares 
of EG, GF are equJ to the squares of AG, GF : 
but (L 47) the squares of ECF, GF are equal to the square of EF ; 
and the squares of AG, GF are equal to the square m AF : there- 
fore the rectangle AE JSC and the square of EF are equal to the 
square of AF; that is, (I. 46, cor. 2) to the square of FB. But 
(II. 5) the square of FB is equal to the rectangle BE.ED, together 
with the square of EF; therefore the rectangle AE.EC and the 
square of EF are equal to the rectangle BE.ED and the 
square of EF ; take away the common square of EF, and the 
remaining rectangle AE.EC is equal to the remaining rectangle 

beId? 

Lastly, let neither of the lines AC, BD pass through the centre. 
Take the centre F, and through E draw the 
diameter GEFH. Then, the rectangle AE.EC 
is equal, as has been shown, to the rectangle 
GE^EBL ; and, for the same reason, the rect- 
angle BE JiD is equal to the same rectangle 
GE.EH: therefore (I. ax. 1) the rectangle 
AE.EC is equal to the rectangle BE.ED. If, 
therefore, two chords of a circk, &c. 





* The Moond and third cases nuqr bethns denunutrated in one : 

Join FC. Then the reotaagle AE.EC is equal (II. ft, oor. ft) to the diitoenoe 
of the squares of AF and FE, or of DF and F£, or (II. ft. cor. 1; to the rectangle 
DE.EB. 

Proportion, however, affords much the easiest method of demonstratiog both 
this proposition and the following. Bee the Notes at the end of thf> TAirx*^** 
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Prop. XXXVI. Theor. — If from any point without a 
circle two straight lines be drawn, one of which cuts the 
circle, and the other touches it ; the rectangle contained bj 
the whole line which cuts the circle, and the part of it with- 
out the circle, is equal to the square of die line which 
touches it. 

Let I> be any point withoat the circle ABC, and DC A, DB 
two straight lines drawn from it, of which DC A cuts the circle in 
C and A, and DB touches it in B : the rectangle AD.DC is eqaal 
to the square of DB. 

Either DC A passes through the centre, or it does not : first, let 
it pass through the centre E, and join EB. 
Therefore (Ul. 18) the angle EBD is a right 
angle : and (II. 6) because the straight line AC is 
bisected in E, and produced to D, the rectangle 
AD.DC and the souare of EC are together equal 
to the square of ED ; and CE is equal to EB : 
therefore the rectangle AD.DC and the square of 
EB are equal to the square of ED. But (L 47) 
the square of ED is equal to the squares of EB, 
BD, because EBD is a right angle : therefore the 
rectangle AD.DC and the square of EB are equal to the squares 
of EB, BD ; take away the common square of EB ; and the re- 
maining rectangle AD.DC is equal to the square of the tangent DB. 

But u DCA do not pass through the centre, take (III. 1) the 
centre E, and draw (1. 12) EF perpendicular to AC, and join EB, 
EC, ED. Then, because the straight line EF, whicn passes 
through the centre, is perpendicular to the chord AC, AF is equal 
(III. 3) to FC. And (IL 6) because AC is bisected in F, and pro- 
duced to D, the rectande AD.DC and the 
square of FC are equal to the square of FI). 
To each of these equals add the square of FE : 
therefore the rectangle AD.DC, and tl^e 
squares of CF, FE are equal to the squares of 
DF, FE : but (1. 47)the square of ED is equal 
to the squares of DF, FE, because EFD is a 
right angle; and the square of EC, or (I. 46, 
cor. 2) m EB, is equal to the squares of CF, 
FE : therefore the rectangle AD.DC and the 
square of EB are equal to the SQ^re of ED. 
But (L 47) the squares of EB, BD are equal 
to the square of ED, because EBD is a rignt angle : therefore the 
rectangle AD.DC and the square of EB are equal to the squares 
of EB, BD. Take away the common square of EB : therefore the 
remaining rectangle AD.DC is equal to the square of DB : where- 
fore, if from any point, &c.* 



* The second case may be demonstrated more briefly thtui : Join AE. Then the 
rectangle AD.DC is equal (U. 6, cor. 6) to the difference of the squares of ED and 
EC, or of ED and EB» or (L 47) to the square of DB. 
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Cor, If from any point withoat a circle, 
there be drawn two straight lineB cutting it, as 
AB, AG, the rectangles contained by the whole 
lines and the parts of them withoat the circle, 
are equal to one another, yiz. the rectangle 
BA.AE to the rectiuu[le CA.AF: ft>r each 
rectau^ is equal to Oie square of the tan- 
gent AD. 

Pbop. XXXVII. Theob. — If from a point withoat a cirde 
there be drawn two straight lines, one of which cuts the 
circle, and the other meets it ; and if the rectangle contained 
\(j the whole line which cuts the circle, and the part of it 
without the circle, be equal to the square of the hue which 
meets it, the line which meets the circle touches it. 

If from a point without the circle ABO, two straight lines DO A 
and DB be drawn, of which DO A cuts the circle, and DB meets 
it ; and if the rectangle AD.DO be equal to the square of DB ; DB 
touches the circle. 

Draw (UL 17) the straight line D£ touching the circle ABC ; 
find (IIL 1) the centre F ; and join FE, FB, FD. Then (III. 18) 
FED is a right an^e: and (lIL 86) because DE touches the 
circle ABO, and DO A cuts it. the rectangle 
AD.DO is equal to the square of DE. But (hyp. ) 
the rectangle AD.DO, is equal to t^e square of 
DB : therefore the square of DE is equal to the 
square of DB ; and the straight line DE equal 
(1. 46, cor. 3) to the straight Ene DB. ButTE 
is equal to FB, and the base FD is common to 
the two triangles DEF, DBF; therefore (I. 8) 
the angle DEF is equal to DBF ; but DEF is 
a right angle; therefore also DBF is a right 
angk : and FB is a part of a diameter, and the straight line 
which is drawn at right angles to a diameter, from its extremity, 
touches (IIL 16, cor.] the circle : therefore DB touches the circle 
ABO. Wherefore, if from a point, &c. 
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DEFINITIONS. 

1. When the sides of one rectUineal figure pass 
through the angolar points of another, the figures 
not comciding with one another, the interior ngnre 
is said to he tnscribed in the exterior, and the ez> 
terior to he dreumBcribed, or described, ahout the 
interior one. 

2. When all the angular points of a rectilineal 
figure are upon the circumference of a circle, tiie 
rectilineal figure is said to be inscnhed in the circle, 
and the cirde to be citcumscnbed, or described, 
aboi^t Hie rectilizieal figure. 

3. When each side of a rectilineal figure touches 
a circle, the rectilineal figure is said to be circvm- 
scribed, QT described, about the circle, and the circle 
to be inscribed in the rectilineal figure. 



PROPOSITIONS. 

Prop. I. Pros. — In a given circle to place a chord equal 
to a given straight line, not greater than the diameter. 

Let ABC be a given circle, and D a ^ven straight line not 
ei eater than the dimeter of the circle : it is required to place in 
ABC a chord equal to D. 

Draw BC a mameter of the circle ABC ; then, if BC be equal 
to D, the thing required is done ; for in the circle 
ABC a choraBCTis placed equal to D. But if 
it be notJBC is greater than D ; make CE equal 
(L 3) to D, and from the centre C, at the distance 
CE, describe (L post 3) the circle AEF, and 
join CA. Thcxi, because C is the centre of the 
circle AEF, A is equal to CE ; but D is equal 
to CE : therefore CA is equal to D : wherefore 
in the circle ABC, a chord is placed equal to the 
given straight line D : which was to be done. 




• Thte book ootiiigto of ppopoaitloiii, chkOy rmpeding the recCOioMl flgozct 
deseribed iu drctos or about them. 

DS 
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Pbop. II. PROB. — In a given circle to inscribe a triangle 
equiangular to a ffiven triangle. 

Xiet ABC be a given circle, and DEF a given triande ; it is 
reqoired to inscribe in ABC a triangle eooiangalar to D£F. 

Draw the straight line GAH (111. 17) tonohing the circle in 
any_point A, and make (L 23) the angle MAC equal to E, and 
GAB equal to F, and join BG : ABC 
is the tnangle reqmrecL 

For, since GAH touches the circle 
ABC, and AC is drawn from the point 
of contact, the anele HAC is equal 
(IIL 32) to the ang& B in the alternate 
segment ; but ELA.C is equal (const )to 
E : therefore also B is equal to E. For the same reason, the 
angle C is equal to F : therefore the remaining angle BAC is 
equal (I. 32, cor. 6) to the remaining angle D : wher^ore the tri- 
angle ABC is equiangnilar to the triangle D£F, and it is inscribed 
(Iv. de£ 2) in the circle ABC : which was to be done. 

Prop. III. Prob. — About a given circle to describe a 
triangle equiangular to a given triangle. 

Let ABC be a given curcle, and DEF a given triangle ; it is 
required to describe a triangle about ABC, equiangular to DEF. 

rroduce EF both ways to G, H, and find (III. 1) E the centre 
of the circle; firom it draw any radius KB ; and make (L 23) the 
angle BRA equal to DEG, and BEC equal to DFH ; through 
the pomts A, B, C, draw (IIL H) the tangents LAM, MBN, 
iN CL : LMN is the required triangle.* 

For, since LM, MIV, KL touch the 
circle ABC in the points A, B, C, to which 
KA, KB, KC are drawn from the centre, 
the angles at the points A, B, C, are 
(IIL 18) right angles: and because the 
four angles of the quadrilateral figure 
AMBK are equal (I. 32, cor. 1] to four right angles ; and that two 
of them, KAM, KBM, are nght angles, the other two ARB, 
AMB are equal to two right angles. But (L 13) the angles DEG, 
DEF are likewise equal to two right angles : therefore the angles 
ARB, AMB are equal to the anem DEG, DEF, of which (const) 
ARB is equal to DEG : whererore the remaining angles AMB, 
DEF are equal. In like manner, the angle LNMinay be demon- 
strated to be equal to DFE ; and therefore the remaining angle 
MLN is equal (1. 32, cor. 5) to the remainingangle EDF : whm- 
fore the tnangle LMN is equian^ar to DEF : and (IV. del 3) it 
is described about the circle ABC : which was to be done. 



* That ML and NL mutt meet, might be showQ by Joining AC ; for the angles 
CAL, ACL being leu than the right angles at A and C, AX and CL (I. ax. 12) 
most meet. In a similar manner it might be proved that LM and NM, and also 
LN and MN must meet. 
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Prop. IV. Prob. — To inscribe a circle in a given tnangle. 

Let ABC be a given triangle ; it is required to inscribe a eirele 
in it. 

Bisect (L 9) the angles ABC, BCA by the straight lines BD, 
CD, meeting one another in the point D; and from D draw 
(L 12) DE, DF, PG, perpendiculars to AB, BC, CA Thenar 
because the axigle EBD is equal (const) to FBD, and that the 
right angles BED, BFD are equal, the two triangles EBD, FBD 
have two angles of the one equal to two angles of the other, each 
to each, and the side BD, which is opposite 
to one of the equal angles in each, is common 
to both ; therefore (I. 26) DE is eanal to DF. 
In the same manner it would be shown, that, 
in the triangles DGC, DFC, DG is equal to 
DF: therefore the three straight lines DE, 
DF, DG are equal to one another, and the 
circle described &om the centre D, at the dis- 
tance of any of them, will pass through the extremities of the 
other two ; and (IIL Id, cor.) it will touch the straight lines AB, 
BC, C A, because the axjgles at the points E, F, G are right angles. 
Therefore the straight lines AB, BC, CA touch the circle, and the 
circle EFG is mscribed (IV. de£ 3) in the triangle ABC ; which 
was to be done. 

SehoL This proposition is a case of the general problem, to 
describe a circle touching three ^ven straight lines which do not pass 
through the same point, and which are not aU pcuraUel to one another. 

If two of the Imes be parallel, there may evidently be two equal 
circles, one on each side of the une fidling on the parallels, each of 
which will touch the three given lines : and their centres will be 
the intersections of the lines bisectii^ the angles made by the 
parallels with the third line. 

If the lines form a triangle by their intersections, there will be 
four circles touching them; one, 
literally, inscribed, and the others 
each touching one side externally, 
and the other two produced. The 
centres of the external circles will 
be the intersections of the lines 
bisecting two exterior angles ; and 
the linel>isecting the remote inte- 
rior anjjrie will pass throush the 
same pomt The method of proof 
respecting the external circles is 
inmost the same as that of the 
foregoing proposition. 

Cor. 1. Join AD. Then (I. 47, 
cor. 5) the angles EAD, GAD are equal Hence the three straight 
lines oisecting the three angles of a tnangle meet in the same pomt, 
and that point is the centre of the inscribed circle. 

Cor. 2. AE is equal (IIL 17, schol.) to AG. BE to BF, and CF 
to CG. Hence the sum of any side AB, and the remote segment. 
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GF or GG. of eithier of the other sides, is equal to half the peri- 
meter: ana consequently either of these segments, GF or GG, is 
equal to what remains, when the 
third side AB is taken from half 
the perimeter. 

€w, 8. If the circle KHL touch 
BG, a side of the triangle ABG, 
in H, and the other sides produced 
in El and L, AK or AL is equal 
to half the perimeter. For (ilL 
17, schoL) BE is equal to BU, GL 
to GH, and AK to AL : therefore 
AE and AL are equal to the peri- 
meter, and each of them to half 
thepOTimeter. 

Cot, 4. Since (cor. 2) AB and 
FG are equal to half the perimeter, and AK eqnal (cor. 3) to the 
same; if AB be taken away there remains BK or BH equal to 
GF or GG. 

Car, 6, If G be a ri^t angle, GG or GF is evidentlj equal to 
DG or DF, the radius of the inscribed circle. Hence, m a right- 
angled triangle the diameter of the inscribed circle is equal to the 
excess of the sum of the lees above the hypotenuse. It would 
appear, in like manner, that we diameter of fhe circle touching the 
hyjMtenuse externally, and the legs produced, is equal to the 
perimeter. 

Cor. 6. Since the triangles ADB, BBG, and GDA are respec- 
tively equal (L 41) to the rectan^es under the radius of the in- 
scrilied cirde, and the haJves of Ji^, BG, and GA, it follows (IL 1) 
that the area of ABG is equal to the rectangle under the radius 
and half the perimeter. Hence, if the ndes he given in numbers, 
the length of the radius may be computed by calculatti^ (U. 13, 
note) the area, and dividing it by half the sum of the si&s, or its 
double by their sum. 

Cor, 7. If straight lines be drawn from M, the centre of one of 
the external drcSs, to A, B, and G, the triangles AMB, AMG, 
and BMG, are respectively equed (I. 41) to the rectangles under 
the radius of that circle andf the halves of AB, AG, and BG. Henee, 
if the last of these be taken from the sum of the others, there re- 
mains the triangle ABG equal to the rectangle under the radins, 
and the excess of half the sum of AB and AG above the half of 
BG ; or, which is the same, to the rectande under the radius, and 
the excess* of half the perimeter above BG. The radius, there- 
fore, of any of the external circles may be computed hy (Uviding 
the area by the excess of half the perimeter above the ude which 
the circle touches externally. 



* Thh ezoess (eor. 9) is AB or AG t and heooe, if AM aadEM were joined, fho 
jungle ASM woald be eqnel to half the triugle ABC. 
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Prop. V. Pros. — To describe a circle about a given 
triangle. 

Let the giren triangle be ABC ; it Ib reqiured to describe a circle 
about it 

Find (in. 1, schoL) B the centre of the circle 
passing through A, B, G, the three angular points 
of the triangle, and the circle describea firom D as 
oeo^ at the ^stance of any of the angular points 
Ay B, G, is evidently the circle required. 

Cor. 1. It is evident (from this proposition, and 
from ni. 1, BchoL), that the three straight lines bisecting the three 
sides and perpenmcular to them, meet m the same point, and that 
the point in which they meet is the centre of the circumscribed 
circle. 

Cor. 2. Through the centre D draw DG perpendicular to BC : 
the angle BDG or CDGt is equal to BAG. For (L 4) the angles 
BDG, GDG are equal, as are also (III. 26) the arcs BG, CG. 
Therefore (III. 27) the straight line joining AG bisects the angle 
BAG : and (III. 20) each of the angles BDG, GDG is double of 
either half of BAG. 

Prop. A. Theor.* — Any equilateral and eauiangular 
rectilineal figure may have one circle describea about it, 
and another m it ; and the same point is the centre of both 
circles. 

Let ABGDE be a rectilineal figure, having all its sides equal, 
and all its angles equal : one circle may be described about it, ana 
another in it, and the same point is tiie centre of both. 

Bisect the angles BGD, GDE by the lines GF and DF : these 
(L ax. 12) will meet, if produced : let them be produced and meet 
in F, and lorn FB. Then, since the angles FGD, FDG are equal, 
being the nalves of equal angles, FG is equal 

g. ^ to FD. Also, in the triangles BGF, 
GF, the side BC is equal (hyp.) to DG, GF 
is common, and (const) the angle BGF is 
equal to DGF : therefore (I. 4) BF is equal to 
JjF, and consequently to GF. The angle 
GBF also is equal to GDF, and is therefore 
the half of ABG. In the same manner, the 
straight lines drawn fit>m F to the other angles 
A and £ may be proved to be equal to BF, GF, or DF : and 
therefore a circle described from F as centre, at a distance equal 
to any of these lines, will pass through all tiie angular points, and 
(IV. de£ 2) will be circumscribed about the rectilineal nenire 
ABGDE. 




* This proposition and the next ne introduoed as lemmas, for the puipose of 
generalizing and abbreviating much of what follows in this book. 
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FranFdiwrFGperpeiidieDlartoBCaiidFHtoCD. Then, 
nnee BG and CD are equal duMnds of the drciimaeribed drele^ 
ibej are (IIL 14) eqoally dutant from the centre : thai u, FG is 
equal to FH : and a eirae described from F as centre at the dis- 
taoee of either of these, wOl pass thioogh Gand H; and it will 
touch (in. 16) BC and CO, beeanse & angles at 6 and H are 
rigjhtani^: and in the same manner it mi^^t be shown, that tiie 
same cmie would touch the other sides m the ^;ure: it woold 
therefore (IV. det 3) be inscribed in the rectilineal figure ABCDE : 
wherefore any equilateral and equiangular rectilineal figure, &c. 

Cor. BC is bisected (IIL 3) in G, and CD in H; and (const) 
FG is perpendicular to BC, and FH to CD. Hence the centre of 
the inscribed or circumscribed circle may be found by assuming 
ai^ three of the angular points, and following the method pointed 
out in the scholium to the first proposition of the third book ; or 
hj bisecting two adjaoent sides by perpendicularB: and the radius 
cl the inscnbed circle is the peipenaicular drawn from F to any of 
the sides, wlule that of the circumscribed cirde, is the straight 
line drawn from the same point to any of the an^^es. 

Prop. B. Theob. — If any equilateral and equiangular 
rectilineal figore be inscribed in a circle, tangents to the 
circle, drawn through the angnlar points, wiU form an equi- 
lateral and equian^lar figure of the same number of siaes, 
described about the circle. 

Let ABCDE be an equilateral and equiangular rectilineal figure 
dMcribed in the circle ACE : if tangents be drawn to the circle 
through the points A, B, C, D, E, meeting in the points F, G, H, 
K, L, the figure FGHKL is also an equSateral and equiangular 
figure of the same number of sides as the figure ABCDE. 

t'cfr, since GH touches the cirele in C, aiKi CD cuts it» the 
angle DCH is equal (IIL 32) to any angle, 
at the circumference standing on the arc CD ; 
and because HK touches the cirele in D, and . 
CD cuts it, the an^e CDH is also equal to 
any angle at the cuxnunference standing on! 
the same are CD : therefore the angles DCH, ' 
CDH are equal to one another. For the 
same reason EDE^ DEK are each equal to 
any an^ at the circumference standing on I 
the areUE : but (HL 28) the ares AB, BC,' 
CD, &c. are all equal, because (hyp.) their chords ar^ equal; and 
(IIL 27) angles at the cireumference standing on these ares are 
equal ; and therefore the angles DCH, CDH, EDK, DEE, LEA, 
&c. are all equal Hence (I 6) C H is equal to HD, DK to KE, 
&c. Also, in the triangles CUD, DKE, there are two angles of 
the one equal to two angles of the o^er, each to each, and(hyp.) 
the sides CD, DE are equal : therefore (L 26) the sides CH, HD 
are equal to DE, EE, each to each, and the angle H to E. In 
the same manner, it would be shown that the angle E is equal to 
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L, L to F, &c. ; and therefore the figure FG-HKL fti equiangolar. 
It is also equilateral ; for its sides are the doubles of the equal lines 
FB, GO, &c. Therefore, if any equilateral, &c. 

Prop. VL Prob. — To inscribe a square in a given circle. 

Let ABGD be the giren circle ; it is required to inscribe a square 
in it 

Draw two diameters AC, BD at rjcht ansles to one another ; 
and join AB, BO, OD, DA; ABOD is 8ie square required. 

Because (L def. 30) BE is equal to ED, and 
E A is common, and at right ancles to BD ; B A 
is equal (I. 4) to AD. Now, the angles OB A, 
BAD being angles in semicircles, are (III. 31) 
right angles ; and therefore (I. 28, part 2) AD b{ 
is parfJlel to BO. For the same reason AB is 
parallel to DO ; and therefore (I. defl 24) ABOD 
IS a parallelogram. But it has been shown that 
BAD is a ri^ht angle, and that the sides BA, 
AD contaimng it are equal: ABOD is therefore (I. def. 27) a 
square, and (Iv. def. 2) it is inscribed in the circle ABOD : which 
was to be done. 

Prop. VII. Prob. — To describe a square about a given 
circle. 

Let ABOD be a given circle ; it is required to describe a square 

about it ^ 

Draw two diameters, AO, BD, at right angles to r-p^ 

one another, and (III. 17) through the points A, B, ]/ 

0, D draw FG, GH, HK, KF, touchmg the cu^le: ^ 

FGHK is the square required. 

For, by the preceding proposition. A, B, 0, D are 




^m^>— w 
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the angular points of the inscribed square; and h 
therefore (IV. B) the figure FGHK formed by the 
tangents drawn through these points, is a square described about 
the circle : which was to be done. 

Prop. VIII. Prob, — To incribe a circle in a given 
square. 

Let ABOD be the given square; it is required to inscribe a 
circle in it a f d 

Find (IV. A, cor.) the centre E of the inscribed 
drcle, and draw (1. 12) EF perpendicular to AD : 
^m E as centre, with EF as radius, describe g 
the circle FGHK : it is (IV A, cor.) the circle 
required.* 



m 



B H C 



* In practice, the construction is effected most easUy, both in this proposition 
and the following, by drawing the diagonals, as their point of intersection is evi- 
dently the centre. 
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Peop. IX. Phob.— To describe a circle about a given 
sqnare. 

Let ABOD be the giyen sqaare; it \b required 
to describe a circle about it. 

Find, as in the preceding proposition, the centre 
E; and from that centre, at l^e distance £A, 
describe the circle ABOD : it is (lY. A, cor.) the 
circle required. 

Prop. X. Prob. — To describe an isosceles triangle, hav- 
ing each of the angles at the base double of the third angle. 

Take any straight line AB, and diyide it (II. 11) in C, so that 
the rectangle AB.BC may be eaual to the square of AG ; 
describe (L 22) the triangle ABD, naring AD equal to AB, and 
BD to AG : ABD is a triangle, such as is required ; that is, each 
of the andes ABD, ADB is double of A. 

Join CD, and (IV. 6) about the triangie ADC describe the 
circle AGD. Then (L 5) the angles ABD, ADB are equal 
But (const) the rectangle AB.BG is equal to the square of AG, 
or (const) to the square of BD : therefore since the 
rectangle under AB, the whole line which cuts the 
cirde, and BC, the part of it without the cirde, is 
equal to the square of BD, which meets the circle, 
BD (IIL 37) touches the circle in D ; and there- 
fore (III. 32) the angle BDG contained by BD 
which touches the circle, and CD which cuts it, is 
equiJ to A, the angle in tiie alternate s^ment To 
each of these eqiuJs add the angle ADC ; then (L ax. 2) the 
whole anele AXTB, or its equal B, is equal to the two angles A 
and ADC : but the exterior angle BCD is also equal (L 32) to 
the two angles A and ADC : therefore (L ax. 1) the angles B and 
BCD are equal, and therefore (L 6) the sides BD, CD are equaL 
Hence also the sides AC, DC are equal, each being equal to BD ; 
and therefore (1. 6) the angles A ana ADC are equal But B has 
been proved to be equal to A and ADC ; and therefore, since these 
are equal to one another, B and its equal ADB are each double 
of A ; wherefore a triangle ABD has oeen described, wbich has 
each of the angles at its base BD double of the third angle A: 
which was to m done. 

Cor, Since (L 32) the three angles of a triangle are together 
equal to two right angles, it is plain, that the angle A is one fifth, 
and each of the angles at the base BD, two fifths of two right 
angles. Hence also the aogie A is one tenth of four right angles. 

Pbop. XI. Pbob. — To inscribe a regular pentagon, that 

is, an equilateral and equiangular pentagon, in a given 

circle. 

Let ABG- be a given circle; it is required to inscribe in it a 
regular pentagon. 
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Draw any radios DC, and (IL 11) divide it in £, flo that the 
rectangle DC.CE may be equal to the square of DE : inscribe 
(IV. 1) the chords CF, CG, each equal to DE, and join FG: 
FG is a side of the required pentagon. For (IV. 10, cor.) ea«h 
of the andes FDC, GDC is one tenth of four right angles ; and 
therefore FDG is two tenths, or one fifth of 
tour right angles, that is, of all the angles (I. 
13, cor. 2) m^e by any number of lines meet- 
ing in D. Make therefore (I. 23) the angles 
GDH, HDA, ADB, each equal to FDG, and 
BDF wiU also be equal to FDG. Join GH, 
HA, AB, BF. Now (III. 26) equal angles 
at the centre of a circle stand on equal arcs, 
and (IIL 29) equal arcs have equal chords ; 
therefore the chords FG, GH, HA, AB, BF 
are all equal, and the pentagon ABFGH is equilateral It is also 
equiangular ; for each of its angles stands on an arc which is treble 
of the arc FG; and (HL 27) the angles which stand on equal 
arcs are equal to one another, whether they be at the centre or the 
circumference. In the given drde, therefore, a regular pentagon 
has been described; which was to be done.* 

Cor, 1. It is evident firom this demonstration, that any equila- 
teral polygon described in a circle is also equiangular. 

€<»'. 2. It is evident, also, that FC or CG is a side of a regular 
decagon inscribed in the circle ; and thus we have the means of 
descnbing that figure in a given cirele. 




Prop. XII. Pbob. — To describe a regular pentagon 
about a given circle. 

Let ABCDE be a given circle ; it is required to describe an 
equilateral and equiangular pentagon about 
the cm5le ABCDE. 

Let the angular points of a pentagon, in- 
scribed in the circle, by the last proposition, 
be A, B, C, D, E ; and through tnesepoints 
draw(m. 17) the straight lines FG, GH, HK, 
KI, IF, touching the cirele : the figure FGHKl 
is (IV. B) a r^ular pentagon described about 
the circle : which was to to done. 




* In the construction given by Euclid, a triangle is described as in the hurt 
propoeition ; then a triangle equiangular to it Is described (lY. 2) in the circle : 
the angular points of this triangle are three of the angnlar points of the pentagon, 
and the remaining points are found by bisecting the angles at the base of the in* 
scribed triangle. The construction here given is connderably easier in practice. 
It may be remacked, that after flie chord FO is drawn, the constractlonof the pen- 
tagon is con^eled simp]y by inscribing the chords, OH, HA, fto. each equal 
toFG. 
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Prop. XIIL Pbob. — To inscribe a circle in a given 
regular pentagon. 

Let ABODE be a given regular pentagon; it is required to in- 
scribe a circle in it. 

Find (IIL 1. schoL) F the centre of the circle 
whose circamference would pass through the 
three points A, B, C ; this (IV. A, cor.) is the 
centre of the circle inscribed in the pentagon. 
Draw FG- perpendicular to AB, and m>m F as 
centre, with FG as radius, describe the circle 
GHKLM : this (by the same corollary) is the 
circle described in the given pentagon : which 
was to be done. 

Prop. XIV. Prob. — To describe a circle about a given 
regular pentagon. 

Let ABODE be the given regular pentagon ; 
it is required to descriM a circ£ about it. 

Find the centre F, as in the preceding pro- 
position; and from that centre, at the distance 
FA, describe the circle ABODE : this (IV. A, 
cor.) is a circle described about the given pen- 
tagon : which was to be done. 

Prop. XV. Prob. — To inscribe a regular hexagon in a 
given circle. 

Let ABODEF be a given circle ; it is required to inscribe a 
regiOar hexagon m it. 

Tind G the centre of a given circle, and draw any radius AG: 
inscribe (IV. 1) the chord AB ejqual to AG, and join GB. Then, 
(L 32, and 1. 6, cor.) since the triangle AGB is 
equilateral, the angle AGB is a third of two 
right angles, or a sixth of four. But {L 13) 
cor. 2) the angles that can be made about the 
point G, are equal to four right angles : there- 
fore, if the angles BGKJ, OGD, DGE, EGF 
be each made equal to AGB, AGF will also be 
eoualtoAGB. The angles at G, therefore, are ' 
all equal; and (III. 26) equal angles at tiie ' 
centre stand on equal arcs, and (III. 29) equal 
arcs have e^ual cnords ; therefore Uie figure ABODEF is equi- 
lateral It IS also inscribed in the circle; and, therefore (IV. 11, 
cor. 1) it is equiangular: wherefore in the given circle a regular 
hexagon has been described : which was to be done. 

Cor, From this it is manifest, that each side of the hexagon is 
equal to the radius of the circle. 

Schol, U, through the points A, B, 0, E, F, there be drawn 
straight lines touching the circle, a regular hexagon wiU (IV. B) 
be described about it, and likewise a curde may be inscribed in a 
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^ren regular hexagon, and also one circumscribed about it by a 
method similar to Uiat used for the pentagon. 

Prop. XVI. Pbob. — To inscribe a regular quindecagon 
in a given circle. 

Let ABCD be a given circle; it is required to inscribe in it 
an equilateral and equiangular quindecagon. 

Let AG be a side of an equilateral triangle inscribed (IV. 2) in 
the circle, and AB a side or a regular 
pentagon inscribed ( IV. 1 1 ) in the same ; 
thererore, of such equalparts as the 
whole circumference ABCdF contains 
fifteen, the arc ABO, being the third 
part of the whole, contains five; and 
the arc AB, which is the fifth part of e{ 
tiie whole, contains three; therefore BC, 
their difference, contains two of the 
same parts. Bisect, therefore (IIL 30), 
BC in E ; then BE, EC are, each of 
them, the fifteenth part of the whole 
circumference ABCD : and therefore, if the straight lines BE, EC 
be drawn, and chords each equal to one of them oe placed around 
in the whole circle, a regular quindecagon will be inscribed in it : 
which was to be done. 

In the same manner, also as was done in case of the pentagon, if, 
through the points of diyision made by inscribing the quindecagon, 
straujht lines be drawn touching the circle, a regular quindeca^n 
will be described about it : and likewise^ as in the pentagon, a cu^le 
may be inscribed in a given regular qumdecagon, and mao one cir- 
cumscribed about it. 

SehoL Any regular poly^n being inscribed in a circle, if the 
arcs cut off by its sides be bisected, and the points of bisection be 
joined with ue nearest angular points, a polygon of double the 
number of sides is obtained : and, oy repetitions of the process, as 
many regular polvgons as we please, maybe inscribed, each having 
twice as many sides as the one immediately preceding it* 




* The polygons discnssed in thia book and those which may be derived from 
than by the process pointed out in the preceding scholium, are the only ones which 
geometers were able, till lately, to describe by elementary geometry, that is, by 
means of the straight line and circle. In 1801, however, M. Gauss of Oottingen, 
in a woric entitled Duqttmiumes Arithmetical showed that in a circle, by elementaxy 
geometry, every r^^ilar polygon may be inscribed, the ntnnber of whose sides is a 
power of 2 increased by unity, and is a prime number, that is, a number* which is 
not produced by the multiplication of any two whole numbers; such as 17, which 
Is the fourth power of 2 increased by one. Such also are polygons of S67, and 65587 
sides. The investigation of the means of describing these, is too complex and diffl- 
oult to be given here. 



BOOK V .• 



DEFINITIONa 

1. A LB88 nuniber or magnitude is said to measure a greater, 
or to be a measure, a part, or a submuUiple of the great^, when 
the less is contained a certain number of tunes^ exactly, in the 
greater: and 

9. The greater is said to be a muUiple of the le8s.f 

3. Magnitudes ^iHbioh can be compared in respect of quantity, 
that is, which are either equal to one another, or unequa], are said 
to be of the same kmd,X 

4. If there be two magnitudes of the same kind, the reUition 
which one of them bears to the other in respect of quantity, is 
cabled its ratio to the other. 

The first term, or magnitude, is called the antecedent of the ratlO) 
and the second me consegumLi 

6, If there be four magnitudes, and if any like multiples what- 
eyer be taken of the first and third, and any whatever of the 



• This book oontaina fhe general theory of pr<^;K>rtioii, and the pvineiplee neoear* 
8U7 for establishing It. 

t Thus, a lineof 15 inches is a multiple of a line of 5 inches, containing it exactly 
three times; and a line of 6 inches is a measure, a part, or a submultipie of a line 
of 16 inches. On the contrary, a line of 14 indies is not a multiple of a line of 5 
Indies, nor a line of 6 inches a submultipie of one of 14 inches. It may be ranarked, 
^at the word vartj in this restricted use of it, is improperly applied, and should be 
laid aslde^ 5 bong, in the true sense of the word, a part ot 14 as well as of 15. To ob- 
viate this, the expression aHqud part is sometimes employed. The term w ft wwW nfe, 
however, seems to be preferable to any other, flrom its rdatioa to the earreqx>nding 
UrmmuUiple. 

A number or magnitude which is a multiple of two or more others, is said to be 
a common muUiple of them. Thus, 12 is a common multiple of 2, 3, 4, and 6. 
In like manner, a number, or magnitude, which is a measure of two or more 
others, is said to be a common measure of them. Thus, 4 is a common measure of 
16, 20, and 86. Numbers or magnitudes which have a common measure, are said 
to be commenturable to one another; while those which hare no common measure, 
»re incommensurable, 

t Thus, lines, whether straight or curved, are magnitudes <tf the same kind, orare 
homogeneous^ since th^ may be equal or unequaL In like manner, suHkoes, solids, 
and angles form three other classes of homogeneous magnitudes. On the ooiv 
tnxy, lines and surfitces, lines and angles, surlkoes and solids, &c. are hetero- 
geneous. Thus, it is obviously improper to say, that the side and area of a square 
are equal to one another, or areunequal. So likewise we cannot say that the area 
and one of the angles of a triangle are equal to each other, orare unequal; sood they 
are therefore heterogeneous. 

i Thus, a line of 10 Inches has a certain relation in respect of mupnitude to a 
line of 6 inches, being double of it. This relation is called the ratio ofthe first to 
the second; and the line of 10 inches Is called the antecedent of the ratio, and the 
other Its consequent. 
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second and foarth ; and i^ according as the multiple of the first is 
greats than the multiple of the second, equal to it, or less, the 
moltiple of the third is also greater than the multiple of the 
fourth, equal to it, or less : then the first of the magnitudes is said 
to have to the second the same ratio that the third has to the fourth.* 

6. Magnitudes which have the same ratio are called pwpor- 
tionoHa : and equality or identity of ratios constitutes proporUon or 
analogy. 

When ma^itudes are proportionals, the relation is expressed 
hri^y by saymg, that the firw ia to the second, as the ttdxi to the 
fourth, tne mth to the sixth, and so on. f 

7. When of the multi{des of fi>ur magnitudes, taken as in the 
fiftii definition, the multiple of the first is greater than that of the 
second, but the multiple of tiie third is not sreater than that of 
the Ibmrth; then the first is said to have to me second a greater 
ratio than the third has to the fourth; and, on the contrary, the 
third is said to haye to the fourth a lem ratio than the first has to 
the second. 

8. When there are throe tor more magnitudes of the same kind, 
such that the ratios of the first to the second, of the second to the 
third, and so on, whateyer ma^ be their number, are all equal ; the 
magnitudes are said to be eontinHiid proporiionale, ( 



* It to plain tluit the flnt Old seeond iM«iiitadM mwt be of th« same 1^ 
that the third and ftmrth must alao be of the same kind compared with one another, 
thoi^h thegr may differ in kind from the fint and second. A similar remark is 
applicable in renrenoe to the next t vo definitions. 

The properties of proportionals may in many instances be fiunfliarly Uhiftrated 
by means of numbers. Thus, to Ulustmte this definition, let us take the nmnbers 
10, 4, lA, and 6, and it wUl be seen that the ratio of the first to the second to the 
same as the ratio of the third to the firartii. For, if the first and third be multi- 
plied by 2, and the second and fourth by 6> the multiples of the first and second are 
each 30, and those of the others each 30: but i^ instead of 2 and 5, the multipliers 
3 and 8 be employed, the multiples of the first and third are respectively less than 
those of the second and fiHuHi:— a relation whfadi is revieraed, if the multipliers 4 
and 9 be used. The operations will stuid thus:— 

10, 4, 15, 6. 10, 4, 16, 6. 10, 4, 15, 6. 

2, 5, 2, 5. 8, 8, S, B. 4, 9, 4, 9. 



20, 20, 30, 30. 30, 82, 45, 46. 40, 36, 60, 54. 

In ttito definition, it mwt be understood that the relations hold, not merely Ibr 
partlonlar multiples, but for aB tmUHples whatever. Thto wlU be exemplified 
Iqr the numbers 7, 4, 9, 6, which would appear to exhiUt equal ratios, if the first 
and third were multiplied by 3, and the second and fburth by 4; but not if the first 
and third be nmltiplied by 5 and the others by 8: and by tiie 7th definition it will 
appear that 7 has to 4 a greater ratio than 9 has to 6. Thto conrideration mast be 
kept in view in every elwinentary application of the theory of p roportion. 

t Thus, 6, 9, 8, 12, 10, 15, are proportionals, the ratios of 6 to 9, of 8 to 12, and 
of 10 to 15 being all equal; and we briefly express thto relation hj saying, that 6 to 
to 9, as 8 to 12, and as 10 to IS. We atoo usoolly write pm^Mrtionato in snccession 
witii two dota between the tanns of the ratios, uid four between the others: thus, 
6 : 9 : : 8 : 12 : : 10 : 15. 

t n to iflsin that proportion, being the cqpnHty of ratios, oonsisto in three teriM 
at least : as with ft wer terms there ooold not be two or more ratioa. 

i Hence, in continual proportionals, each of the tems, except tin first and last, 
to used as theconsequent of one ratio, and the anteoedent of another ; while in other 
proportionato» each Urm to used only as aii antecedent or con leiiuent, and netas both 
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9. The fieoond of three continiial proportioiials is said to he a 
tnean proportional hetween the other two.* 

10. Woen there is any nmnher of magnitadeB of the same 
kind, greater than two, the first is said to have to the last the 
ratio compounded of the ratio which the first has to the second, 
and of the ratio which the second has to the third, and of the 
ratio which the third has to the fourth, and so on to the last mag- 
nitude. 

For example, if A, B, C, D be four magnitudes of the same 
kind, the first A is said to have to the last D the ratio compounded 
of the ratios of A to B, B to C, and C to D.f 

11. When three magnitudes are continual proportionals, the 
ratio of the first to the third is said to he dupUcate of the ratio of 
the first to the second, or of the second to the third. 

12. When four magnitudes are continual proportionals, the ratio 
of the first to the fourth is said to be tr^i^ieate of the ratio of the 
first to the second, of the ratio of the second to the third, or of the 
ratio of the third to the fourth. | 

13. In proportionalB, the antecedent terms are called homologaus 
to one another, as also the consequents to one another.^ 

^* Geometers make use of the following techmcal woras to denote 
different modes of denying one proportion from another, by 
changing either the order or the magnitiides of the tenns." 



It may tw proper to remark, that, t^-writers on arithmetic and algebra* oon- 
tinual pnmortionals are often called quantities in geomHrieai progresnon, Thia* 
however, is improper, as th^ have nothing in thdr nature to cannaet them wtth 
geometry more than with ariUimetio. 

The following numbers are continual ptrofSBtloHdik ntf vamfw&m flie learner for 
illustration: — 

8, 6, 12, 24; M» 18, <!, 2; 4, 6, 9; 64, 48, 86, 27. 



* In ongmAm of magnitudes, the first and last are called extremes, and the rest 
meam, wlun, however, we speak simply of a mean proportional, it is alwajrs tq 
be ondtntood as defined above. 

t The meaning of compound ratio,— an expression which has been introduced 
to prevent drcumlocution, — ^will be better understood by the learner by studying pro- 
position F of this book, the 1 8th proposition of the Supplement, and the 28d of the 
sixth book, than by any illustration that could be giTen in this place. 

t In continual proportionals, by their own nature, and that of compound ratio, 
the ratio of the first to the third is compounded of two equal ratios; and the 
ratio of the first to the fourth, of three equal ratios; and hence we see the reason 
and the propriety of calling the first duplicate ratio, and the second triplicate. It 
is pUdn, that on similar principles, the ratio of the first to the fifUi would be sidd 
to be quadntpUcate of the ratio of the first to the second, of the second to the third, 
tea umI tiius we might fbrm other similar terms at pleasure. 

The terms tubdup^Xeate, tubtripUeate^ and tetqutpl^saie^ which an sometimet cm- 
ployed by mathematical writers, are ea^ly understood after the explanations given 
above. In continual proportionals, the ratio of the first term to the second is said 
to be mbdupUcate of the ratio of the fint to the third, and mUripUeate of that 
of the first to the fourth. Again, if there be four continual propo»ti<mals, the ratio 
of the first to the fourth is said to be KmpdpUcate of the ratio of the first to the 
third: or, which amounts to the same, the ratio which is oompoundeS of another 
ratio and its subduplicate^ is sesquiplicate of that ratio. 

$ Thus, ifA:B::C:D::B:F;A,C, £are homologous to one another; and 
B, D, F to one another.. 
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14. AUemateh/:* this word is ased when there aie four propor- 
tionals of the same kind : and it is inferred that the first nas the 
same ratio to the third, which the second has to the fourth ; or that 
the first is to tiie third, as the second to the fourth : as is shown in 
the 16th proposition of this book. 

15. J3i/ inversion: when there are four proportionals, and it is 
inferred, that the second is to the first, as the fourth to the third. 
Prop. B. Book V. 

16. ^y compositian: when there are four pronortionals, and it 
is inferred, that the first, togetiier with the secono, is to the second, 
as the third, together with the fourth, is to the fourth. 18th Prop. 
BookV. 

17. Bf/ dimsUm: when there are four proportionals, and it is 
inferred, that the excess of the first above the second, is to the 
second, as ti^e excess of the third above the fi)urth, is to the fourth. 
17th Prop. Book V. 

18. By conversion: when there are four proportionals, and it is 
inferred, that the first is to its excess above the second, as the third 
to its excess above the fourth, f Prop. E, Book V. 

19. Ex aequo, or ex equaU (sciL distantiA), from eguaUtv of dis- 
tance: when there is an^ number of ma^itudes more than two, 
and as man^ others, wmch, taken two m the one rank, and two 
in the other, in direct order, have the same ratio ; and it is inferred 
that the first has to the last of the first rank the same ratio which 
the first of the other rank has to the last. I This is demonstrated 
in the 22d proposition of this book. 

20. Ex ceguo, inversely: when there are three or more magni- 
tudes, and as many others, which taken two and two in a cross 
order, have the same ratio ; that is, when the first magnitude is 
to the second in the first rank, as the last but one is to the last in 
the second rank ; and the second to the tiiird of the first rank, as 
the last but two is to the last but one of the second rank, and so 



* In most editions of Euclid, Instead of the simple term alternately^ there is 
usually employed pemwtandot altemandot by permutation^ or alternately. The 
proposition, however, which is expressed in substance in this definition, is generally 
cit^ by the simple word altematelyt to the exclusion of the Latin terms, permu' 
tando and altemandOt the use of wmch the taste of the present time properly ri^ects. 
For the same reason, in the next fbur definitions, the words invertendo, con^Mmendo^ 
ditridendoj and eonvertendOt are omitted. 

t The snfaetanoe of the five preceding d^initions may be exhibited briefly in the 
fbllowing manner, the signs + and — denoting addition and subtraction, as has 
been explained already iat the beginning of the second book : — 

LetA:B::C:D; or let 15 : 6 ;: 10 : 4 : then. 

Alternately, A : C :: B : D; 

By inversion. B : A : : D : C ; 

By composition, A+B : B : : C+D : D * 

By division, A~B : B : : G— D : D ; 

By conversion, A : A — ^B : : C : C — ^D ; 

t Thus, in the two ranks of magnitudes, 

A, B, C, D; 

P, Q, B, 8, 

if A is to B, as P to Q; B to C, as Q to B; and C to D, as R to S, the inference, 

ei wquo, is, that A is to D as P to 8. The two ranks, 6, 9, 16, 12, and 10, 16, 25, 

30, afford an example in numbers ; as do also 21, 49, 56, 35, 14, and 15, 35, 40, 25, 10. 



orlet 15: 


6 ;: 


10: 


4: 


and 15; 


10:: 


6 : 


4 : 


and 6 : 


15:: 


4 : 


10: 


and 21 : 


6 :: 


14: 


4: 
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6 :: 
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4: 


and 15 : 


9 :: 


10: 


6. 



96 THE ELEMENTS [9Q0K T. 

on ; and it is inferred, as in the preceding definitkm, that tlie first 
is to the last of the first rank, as the first to the last of the other 
rank * This is proyed in the 23d proposition of this hook. 

AXIOMS. 

1. Like multiples of the same, or of equal magnitudes, are equal 
to one another.f 

2. Those magnitudes of which the same, or equal magnitudes, 
are like multiples, are equal to one another.^ 

3. A multiple of a greater magnitude is greater than the same 
multiple of a less. 

4. That magnitude of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude.^ 

PROPOSITIONS. 

Prop. I. Theob. — If any number of magnitudes be Uke 
multiples of as many others, each of each ; what multiple 
soever any one of the first is of its part, the same mull^le 
shall all the first magnitudes be of ail the others. 

Let any number of magnitades AB, CD be like mnltinles of »a 
many others E, F, each of each; whateTer multiple AB is of £, 
the same multiple shall AB and CD together be of £ 
and F tt^ther. ^ 

Divide AB into magnitudes equal to E, viz. AG, GB ; q 
and CD into CH, Hi), equal each of them to F : the 
number therefore, of the magnitudes CU, HD is equal p 
(hyp.) to the number of the others AG, GB. And 
because AG is equal to E, and CH to F, therefore AG ^ 
and CH together are equal (L az. 2) to E and F toge- ^ 
ther. For the same reason, GB and HD together are 
equal to E and F together : wherefore, as many magni- j^ 
tudes as are in AB equal to E, so many are there in AB 
and CD toother equal to E ajid F together. Therefore, whateTer 
multiple A% is of E, the same multipfo are AB and CD together, 
of E and F together : and the same demonstration would hold, 
if the number of magnitudes were greater than two. Therefi>re, &c. 



* Thus, in the two ranks of magnitndes, 

A, B, C, D, E ; 

p tt. a. 8 T 

ifAiBtoBatStoT, BtoCasRtoS, CtoDasQtoS, andDtoEnsPto 
Q; then it Is iatenei, es wquo inversefyt that AistoEasPtoT. Tlietwt> 
ranks, 9, It, 8, 4, and 18, 9« 6» 8, and the two, S4, aC, 18, 16, 60, and IS,40» 40, M^M, 
aiford examples in numiwrs. 

The learner will perodve, that, in both this definition and the foregi^og, the ratio 
of the first to the last noagnitude in the first rank, and the ratio of the first to tlie 
last in the second nak, are compounded of equal ratios. 

t Or, if equals be multiplied by the same, the products are equal. This udom 
might be denved from the second axiom of the first book. 

t Or, if eqmJs be divided by the tame, the qootlents are eqiML 

$ If the teacher and student wish to save time, the Supplement to tUsboA iniQr 
be used InsteMl of wluit icmains of the book ilaelf. 
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Prop. II. Thkor. — If the first ma^itude be the same 
multiple of the second that the third is of the fourth, and 
the fifth the same multiple of the second that the sixth is 
of the fourth ; then shall the first together with the fifth be 
the same multiple of the second, that the third together 
with the sixth is of the fourth. 

Let AB the first be the same multiple of C the second, that DE 
the third is of F the fourth ; and BG the fifth, the same multiple 
of the second, that EH the sixth is of F the fourth : then ia AG, 
the first together with the fifth, the same mul- 
tiple of uie second, that DH, the third toge- 
ther with the sixth, is of F the fourth. 

Because AB is the same multiple of 0, that 
DE is of F ; there are as many magnitudes in ^ • 
AB equal to C, as there are in DE equal to F. 
In Uke manner, as many as there are in BG 
equal to G, so many are there in EH equal to r 

F. As many, then, as are in the whole AG | 

equal to C, so many are there in the whole DH g h 

eoual to F : therefore, AG is the same multiple 
01 C, that DH is of F ; that is, AG, the first and fifth together, is 
the same multiple of the second O, that DH, the third and sixth 
tc^ether, is of tne fourth F. If, therefore, &c. 

Cor. From this it is plain, that, if any number of magnitudes be 
multiples of another G ; and as many others be the same multiples 
of F, each of eacl^ ; the whole of the first masnitudes is the same 
multiple of C, that the whole of the last is of F. 

Prop. III. Theor. — If the first be the same multiple of 
the second, which the third is of the fourth ; and if of tlie 
first and third there be taken like multiples, these will be 
like multiples of the second and fourth, each of each. 

Let A the first be the same multiple of B the second, that G the 
third is of D the fourth; and of A, C let the same multiples £F^ 
GH be taken: then EF is the same 
multiple of B, that GH ia of D. 

Because EF is the same multiple of A, h 

that GH is of G, there are as man^ mag- 
nitudes in £F eoual to A, as are m GH 
equal to G ; let mF be diyided into the 
parts EE. KF, each equal to A, and GH 
mto GLTLH, each equal to G : the num- 
ber therefore of the magnitudes EK, KF» 
is equal to the number of the others GL, 
LH. And because A is the same mul- 
tiple of B, that G is of D, and that EK 
is equal to A, and GL to G : therefore 
£K is the same multiple of B, that GL is of D. For the same 
reason, EF is the same multiple of B tiiat LH is of D ; and 

B 
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Wb, if tiiere be more parts in BF, GH, eanal to A, C. Beeaiue, 
therefore, the first £K h the same multiple of the aecond B, whidi 
the third G-L is of the fourth D, and that the fifth KF is the same 
multiple of the second B, which the sixth LH is of the fourth D ; 
£F, tne first together with the fifth, is the same multiple (V. 2) of 
the second B, which 6H, the thiid together with the sixth, ia ol 
the fourth D. I^ therefore^ &c.. 

Prop. IV. Theor. — If the first of four magnitades have 
the same ratio to the second which the third has to the 
fourth; then any like multiples whatever of the first and 
third have the same ratio to any like multiples of the second 
and fourth. 

Let A the first have to B the second, the same ratio which, the 
third C has to the foortih D ; and of A 
and C let there he taken any like mnlti- 

{>les whatever £, F ; and of 6 and D any 
ike multiples whatever G, H : then E has 
the same ratio to G, which F has to H. 

Take of E and F any like multiples 
whatever E, L, and of G, H, any like k b ▲ b 
multiples whatever M^ X. Then, hecause 
£ is the same multiple of A, that F is of 
C ; and of E and F nave been taken like 
multiples R, L ; therefore (V. 3) K is the 
same multiple of A, that L is of G. For 
the same reason, M is the same multiple 
of B, that N is of D. And because (hypO 
as A is to B, so is C to D, and of A ana G 
have been taken certain ^SkA multiples E, L ; and of B and D have 
been taken certain like multiples M, N; if therefore (V. defl 6) 
K be greater than M, L is greater than N : and if equal, equal 
if less, less. But E, L are any like multiples whatever of E, F 
and M, N any whatever of G, H: therefore (V. def. 5) as E 
G : : F : H. Therefore, &c. 

Cor, Likewise, if the first have the same ratio to the second, 
which the third has to the fourth, then also any like mttlt^)le8 
whatever of the first and third have the same ratio to the second 
and fourth : and in like manner, the first and the third luprelhe 
same ratio to any like multiples whatever of the second and fottr^. 

Let A the first have to B the second^ the same ratio which the 
third G has to the fourth D, and of A and G let E and F be any 
like multiples whatever; -tiien E : B : : F : D. 

Take of E, F any like multiples whatever K, L, and of B, D (SUny 
like multiples whatever G, H. Then it may be demonstrated^ as 
before, that E is the same multiple of A, as L is of G: add« beoanse 
A : B : : G : D, and of A and G like mnltipies K and L havebilen 
taken ; and of B and D like multiples G and H; therefore (V< de£ 
5) if E be greater than G, L is greater than H ; if. eotwl, eQQ|^ ; 
And if less, toss. And E, L are any like mndtiples of £» F; «ad;4it.^M 
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any whatever of B, D: as therefore (V. def. 6)' E j B 
and in the same way the other case is demonstrated. . 
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Pkop. y. Theor.— *If one magnitude be the same mul* 
tiple of another, which a part taken from the. first is of a 
part taken from the other ; the first remainder is the same 
multiple of the second, that the first magnitude is of the 
second. 

Let the magnitude AB be the same multiple of CB, that A£« 
taken irom the first, is of OF, taken from the other; the remainder 
EB is the same multiple of the remainder FB, tliat the whole AB 
is of the whole CD. . ' ^ 

Take A& the same multiple of FD, that AE is of 
CF : therefore (V. 1)AE is the same multiple of CF, 
that QtE is of CD. But (hyp.) AE is the same mul- 
tiple of CF, that AB is of CD : therefore EG is the 
same multiple of CD that AB is of CD;- wherefore 
(V. ax. 1) EQ- is equal to AB. Take fix>m them the 
common magnitude AE; and the remainder AG is 
equal to the remainder EB. Wherefore, since AE is 
the same multiple of CF, that AG is of FD, and that 
AG is equal to EB ; therefore AE is the same multi- 
ple of CF, that EB is of FD. But AE is the same 
multiple of CF, that AB is of CD : therefore EB is 
the same multiple of FD, that AB is of CD. Therefore, if one 
magnitude, &c. 

Prop. VL Theor. — If two magnitudes be like multiples 
of two others, and if like multiples of these be taken from 
the first two, the remainders are either equal to these others, 
«r are like multiples of them. 

' Let the two magnitudes AB, CD be like multiples of the two 
E, F, and AG, CH taken from the first two, be like multiples of 
Ihe tame E, F ; the remainders GB, HD are either equal to E, 
Mf or. are like multiples of them. 

First, let GB be equal to E ; HD is equal to F. 
-Make CK equal to F; and Jbecause AG is the 
tame multiple of E, that CH u of F, and that GB 
..b Aquiil to E, and CK to F ; therefore AB is the 
s»me multiple of E, that KH is of F. But (hyp.) 
AB is the same multiple of E that CD is of^ F : 
therefore KU is the same multiple of F, that CD b d k r 
i9;0f F ; wherefore (V. ax. 1) KH is equal to CD. 
■'>Tiiii0.away CH, then the remainder K.C is equal to the remainder 
> SSi but KC is equal to F; HD therefore is equal to F. 

' ' - Bht let GB be a multiple of E ; then HD is the same multiple 
^OfF. Make CK the same multiple of F, that GB is of E. Then 
ibe^aoBe AG is the some multiple of E, that C H is of F ; and GB 
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ihe same mnlliple of £, that OK is of F: 
therefore (V. .2) AB is the same multiple of 
E, that KH is of F. Bat AB is the same 
multiple of E, that CD is of F : therefore KH 
is the Same multiple of F, that CD is of it: 
wherefore (V. ax. 1) KU is equal to CD. 
Take avay^CU from both: therefore the 
remamder KC is equal to the remainder HD : 
and because GB is the same multiple of E, 
that KC isof F, and that KC is equal to UD ; 
therefore HD is the same multiple of F, that 
OB is of E. ]% therefore, two magnitudes^ &c. 
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Prop. A* Theob. — If four magnitades beproportiooal; 
then, if the first be greater than the second, the third is 
also greater than the fourth; and if equal, equal; if lesst 
less. 

Take any like multiples of each of them, as the doubles of ea^ $ 
then (V. def. 6) if the aouble of the first be greater than the doable 
of the second, the double of the third is gr^Lter than the double of 
the fourtti ; but if the first be greater than the second, Hie daM» 
of the first is greats (V. ax. 3) than the double of the aeeond ; 
wherefore also the double of the third is greater (V. de£ 6) than 
the double of the fourth: therefore the thud is greater (V. axi 4) 
than the fourth. In like manner, if the first be equal to the second, 
or less thim it, the third can be proved to be equal to the fourth or 
less than iL Therefore, if four magnitudes, &c. 

Pbop. R Theob. — If four magnitudes be proportiQiials, 
the J are proportionals also, when taken inyerselj- 

If A : B : : C : D; then also inTersdy B : A :: D : C. 

Take of B and D any like multij^es E and F; and of A and C 
any like multiples G and H. First, let E be 
greater than G ; and, because A : B : : C : D, and 
of A and C, the first and third, G and H are like 
multiples ; and of B and D, the second and fourth, 
E and F are like muUroles; and that G is less 
than E, H is also (V.deL 5) less than F; thatis,F 
is greater than H : if, therefore, E be greater than 
G, F is greater than H. In like manner, if £ be 
equal to G, F may be shown to be equal to H; 
and, if less, less ; and E, F are any like multiples 
whatever of B and D, and G, H, any whatever of 
A and C : therefore, as B : A : : D : C If, then, dee. 
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Pbop. C. Theob. — If the first be the same mtdtiple of 
the second, or the same part of it, that the third is of 
the fourth; the first is to the second as the third is to lite 
£)urtli. 
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Let thefint A be the same multiple of B the secondf that C the 
thirdiBofD the fourth: then A :B::G : D. 

Take of A and C any like multiples whatever E and F : and o£ 
B and D any like multiples wnatever G and 
H. Then, because A is the same multiple of B 
that is of D ; and that £ is the same multiple of 
A,asFi8ofO:Kis the same multiple (Y. 3) of 
B, that F is of D : therefore E and F are the same 
multiples of B and D. But G and H are like 
multiples of B and D ; therefore if E be a greater 
multiple of B, than G is, F is a greater multiple of 
D than H is ; that is, if E be greater than G, F 
is greater than H. In like manner, if E be equal 
to G, or less, F is equal to H, or less than it 
But E, F are like multiples, any whateyer, of A, 
; and G, H any like multiples whatever of B> 
D. Therefore (V. def. 6) A : B : : C : D. 
• Ne^ let the first A be the samo part of the second B, that 
the third C is of the fourth D; A : B : : C : D. 
For B is the same multiple of A, that D is of C : 
wherefore, by the preceding case, B : A : : D : C; 
and inversely (V. B) A : B : : C : D. If, there- 
fore, &o. A B G i> 
/' 

Prop. D. Theor. — If the first be to the second as tl^e 
third to the fourth, and if the first be a multiple, or a part 
of the second ; the third is the same multiple, or part of the 
fourth. 

LetA:B ::C : D; and first let Abe a multiple of B; C is the 
0ame multiple of D. 

Take E equal to A, and whatever multiple A or E is of B» 
make F the same multiple of D. Then 
because A : B : : C : D ; and of B the second, 
and D the fourth like multiples E and F 
have been taken; then fV. 4, cor.) A : E : : 
: F. But A is equal to E ; therefore 
(V. A) is equal to F; and F is the same 
multiple of D that A is of B : wherefore C is the same multiple of 
D, tiiat A is of B. 

Next, let the first A (see last figure for prop. 0) be a part of the 
second B ; the third is the same part of the fourth D. 

Because A : B : : C : D ; then, inversely, ( V. B) B : A : : D : C. 
But A is a part of B, therefore B is a multiple of A; and, by the 
preceding case, D is the same multiple of C, that is, C is the same 
pturt of 0, that A is a part of B. Ii, therefore, &c. 

Prop. VII. Theor. — Equal magnitudes haye the same 
ratio to the same magnitude of the same kind: and the 
same has the same ratio to equal magnitudes of the same 
Idud. 
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Let A and B b6 eqnal magnitndes, and C any other of ih« same 
kind : A and B have each tb^ same ratio to C, and O has the same 
ratio to each of the magnitudes A and B. 

Take of A and B any like multiples whatever D and E, and of 
C any multiple whatever F. Then, because D is 
the same multiple of A, that E is of B, and that A 
is equal to B ; 1) is equal (V. ax. 1) to E : there- 
fore, if D be.^eater than F, E is greater tiian F; 
if equal, equal ; and if less, less. But D, E are 
any like multiples of A, B; and F is any multiple 
ofC. Therefore (V.def. 5) asA:C ::B :C. 

Likewise has the same ratio to A, that it has 
td B. For, the same construction being made, D 
may in like manner be shown to be e^ual to E : 
therefore, if F be greater than D, it is likewise 
greater than E ; if equal, equal ; and if less, less. But F is any 
multiple whatever of ; and D, E are any like multiples what- 
ever of A, B: therefore (V. de£ 6) C : A :: C : B. Thore- 
foi'e, equal magnitudes, &c* 
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Prop. VIIL Theob. — ; Of unequal magnitudes, the 
greater has a greater ratio to the same than the legs has ; 
and the same magnitude has a greater ratio to the less thau 
to the greater. 

: Let AB, BC be unequal maCTitudes, of which AB is the 
greater, and let D be any magnitime whatever : AB has a greater 
ratio to D than BC to D : and D has a greater ratio to Bll than 
to AB. 

If the magnitude which is not the greater of the two AC, CB^ 
be not less, than D, take EF, FG, 
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the doubles of AC, CB, as in 
Fig. 1. But, if that which is not 
the greater of the two AC, CB, 
be less than D (as in Figs. 2 and 
3), this magnitude can be multi- 
plied so as to become greater 
than D, whether it be AC, or 
CB. Let it be multiplied until it 
become greater than D, and let 
the other be multiplied as often ; 
and let EF be the multiple thus 
taken of AC, and FG tne same 
multiple of CB. Therefore EF 
and FG are each of them greater . 
than D : and in each of the cases take H the double of D, K its 
triple, and so on, till the multiple of D be that which first becomes 
greater than FG. Let L be that multiple of D which is first gi*eater 
than FG, and K the multiple of D which is next less than L. 

Then, because L is the multiple of D, which is the first that 
becomes greater than FG, the next pre<MBding multiple K ie not 
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MMtkteit than FG-j m&t is, FQ- is not less than K: and since EF 
la the same multiple of AC, that FQ- is of GB : FQ- is the same 
multiple (V. 1 ) of CB, that EG is of AB : wherefore EG and FG 
axe like multiples of AB and CB ; and it was shown, that FG 
was not less than K, and, by the construction, EF is mater than 
X); therefore the whole EG is greater than K and I) together. 
But K toother with D is equal to L : therefore EG is greater than 
L ; but FG is not greater than L ; and EG, FG are like multiples 
of AB, BG, and C is a multiple of D ; therefore (V. def. 1) AB 
has to. D a greater ratio than BG has to D. 

Also D has to BG a greater ratio than it has to AB. For, the 
same construction being^ made, it may be shown, in like manner, 
that L is greater than FG, but that it is not greater than EG : 
and L is a multiple of D ; and FG, EG are like multiples of GB, 
AB : therefore ( Y. det 1) D has a ereater ratio to OB than to 
AB : wherefore, of unequal magnitu&s, &c« 

Prtop. IX. Theob. — Magnitudes which have the same 
ratio to the same magnitude are equal: and those to which 
the same magnitude has the same ratio are equal. 

Let A, B have each of them the same ratio to G : A is equal 
to B. For, if they be not equal, one of them is greater than the 
other ; let A be the greater. Then, by what was 
shown in the preceding proposition, there are some 
like multiples of A ana B, and some mcdtiple of 
C, such that the multiple of A is ^ater than the a 
multiple of G, but the multiple of B is not greater ^ 
than that of G. Let such multiples be taken, i 
and let D, E be the multiples of A, B, and F the I 
multiple of G, so that D maybe greater than F, 
and E not greater than F. JBut because A is to 
G as B is to C, and of A, B like multiples D, E 
are taken, and of G a multiple F is taken ; and that D is greater 
than F ; E shall also (Y. def. 6) be greater than F ; but Eis not 
greater than F, which is impossible ; A, therefore, and B are not 
unequal, that is, they are equal. 

Next, let G have the same ratio to each of the magnitudes A 
knd B ; A and B are eaual For, if they be not, one of them is 
mater than the other ; let A be the greater. Therefore, as was 
ahown in proposition 8th, there is some multiple F of G, and some 
like multiples E and D, of B and A, such that F is greater than 

E, and not greater than D ; but because G : B : : G : A, and that 

F, the mumple of the first, is greater than E, the multiple 
of the second; F the multiple of the third, is greater (Y. aef. 
6) than D, the multiple of the fourth: but Fib not greater 
than D, which is impossible. Therefore A is equal to B : where- 
fore, magnitudes which, &c« 

, Prop. X. Theor. — That magnitude which has a greater 
ratio than another has to the same magnitude, i0 the greater 
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of the two: and that magnitade, to which the same has 
a greater ratio than it has to another magnitude, is the less 
of the two. 

Let A haye to G a greater ratio than B has to C ; A is greater 
than B. For, since A has a ereater ratio to 0, than B has to C^ 
there are (V. del Y) some Take malti])les of A 
and B, and some molt^e of O, such, that the 
multiple of A is greater than the multiple of G, 
but tne multiple of B is not greater than it: let 
them be taken, and let D, E be like multiples of 
A, B, and F a moltipde of G, such, that D is 
gmter than F, but £ is not greater than F. 
Therefore D is greater than E : and because D 
and E are like multiples of A and B, and D 
is greater than E : therefore (V. ax. 4) A is greater 
than B. 

Next let G have a greater ratio to B than it 
has to A ; B is less than A. For (V. del 7) there 
is some multiple F of G, and some like multiples 
E and D of B and A, such, that F is greater than E, bat is not 
greater than D : E therefore is less than D ; and because E and 
I) are like multiples of B and A, therefore (V. ax. 4) B is less than 
A. That magmtude, therefore, &c. 

Prop. XI. Theor. — Ratios that are eqnal to the same 
ratio, are equal to one another. 

LetA:B ::G:D, andG :D ::E :F: then A: B ::E :F. 

Take of A, G, E, any like multiples whateyer, G, H, K; and 
of B, D, F, any like multiples whatever L, M, N. Theoefenc^ 
(V. def. 6) since A : B : : 
G : D, and G, H are 
taken like multiples of 
A, G, and L, M of B, 
D ; if G be greater than 
L, H is greater than M ; 
if eoual, equal; and if 
less, less. Again, because 
G :D ::E : F, and H, K are taken like multiples of G, E ; and 
M, N, of D, F ; if H be greater than M, K is greater than N ; if 
equal, equal ; and if less, less. But, if G be greats than L, it has 
been shown, that H is greater than M ; if equal, equal ; and if lescL 
less : therefore if G be greater than L, K is greater than K ;. if 
equal, equal ; and if less, less : and G, K are any like multiples 
wnatever of A, E ; and L, N any whatever of B, F. Therefore ' 
(V. de£ 5) A : B : : E : F : wherefore, ratios, &c. 

Prop. XII. Theor. — If any number of magnitudes be 
proportionals, as any one of the antecedents is to its con-. , 
sequent, so are all the antecedents taken together to all the . 
consequents. 
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Let any nomber of magnitades A, B, 0, D, E, F be }>roportion* 
sIb ; that is, as A : B : : C : D : : E : F ; then as A is to B, so 
are A, 0, E together to B, D, F together. 

. Take of A, C, E any like multijues whatever G, U, K : and of 
Bi I), F any like multiples whatever L, M, N : then <V. def. 5) 
because A is to B, as C is to D, and as E to F, and that G» H, 
K are like multiples of A, 0, E ; and L, M, N like multiples of 
B, D, F ; if G be greater than L, H is greater than M, and K 
greater than N; u equal, 

equal; and if less, less, G^ h k 

Therefore, if G be ereater 

than L, then G, H, fi. toge- A — c b 

ther are greater than L, M, 

N toother; if equal, equal ; B — . D— P 

and if less, less. And G, 

and G, H, K t(^ether are l— - m N 

any like multiples of A, and 

A, 0, E togetner ; because if there be any number of ma^itudes 
like multiptes of as many, each of each, whatever multipte one of 
them is oi its part, the same multiple (V. 1) is the whole of the 
whole. For the same reason L, and L, M, N are any like multi- 
ples of B, and B, D, F. As therefore (V. def. 5) A is. to B, so are 
Ay 0, E together, to B, D, F together : wherefore, if any number, 
&c. 

Pbop. XIII. Theob. — If the first have to the second the 
same ratio which the third has to the fourth, but the third 
to the fourth a greater ratio than the fifth has to the sixth ; 
the first will also have to the second a greater ratio than the 
fiiUi has to the sixth. 

Let A the first, have the same ratio to B the second, which G 
the third, has to D the fourth, but the third, to D the fourth, a 
greater ratio than E the fifth, to F the sixth : A has also to B a 
greater ratio than E to F. 

Because C has a greater ratio to D, than E to F, there are. 
(V. def. 7) some like multiples of C and E, and some of D and 
F, such, that the multiple oi 

O is greater than that of D, m a H 

but the multiple of E is not 

greater than that of F. Let A — c b 

suehbe taken, and'of C, E ^ _ » *' 

let G, H be like multiples, ^— ^ — ' 

and Kily like multiples of D, j j j^ ^ 

F, so that G be greater than 

K, but H not greater than L ; and whatever multiple G is of C, 
take M the same multiple of A ; and whatever multiple K is of D, 
take N the same multiple of B. Then (V. def. 6) because A : B 
: : Q : D, and of A and C, M and G are like multiples ; and of B 
and D, N and R are like multiples ; if M be greater than N, G is 
greater than K. ; if equal, equal ; and if less, less ; but G is greater 
than K, therefore M is greater than N. But H is not greater- 
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than L ; and M, H ar^ like multiples of A, £ ; and N, L l\ke 
multiples of B» F : therefore ( V. def. 7) A has a greater ratio tc» B; 
than E has to F. Wherefore, if the first, &e. 

Cor. If the first have a greater ratio to the second, than the 
third has to tbe fourth, but me third the same ratio to the fotirth^ 
which the fiftii has to the sixth ; it may" be demonstrated, in like 
manner, that the first has a greater ratio to the second^ than the 
fifth has to the sixth. 

Prop. XIV. Theor,* — If the first haye to the second the 
same ratio which the third h^s to the fourth ; then if the 
first be greater than the third, the second is greater Uian 
the fourth ; if equal, equal ; ftnd if less, less. 

Let A : B : : : D ; then if A be greater than C, B is greater* 
thanD. 

Because A is greater than C, and B is any other magnitude, A 
has (V. 8) to B a greater ratio than C to B : but A : B : : : D; 
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therefore also (V. 13) C has to D a greater ratio than C has to B. 
But (V. 10^ of two magnitudes, that to which the same has the 
greater ratio is the less : wherefore D is less than B. 

Secondly, if A. be equal to C, B is equal to D : for A is to B, os 
C, that is A, to D ; B therefore (V, 9) is equal to D. 

Thirdly, if A be less than C, B shall be less than D. For C is 

§ eater than A ; and because C : D : : A : B, D is greater than 
, by the first case. Therefore, if the firsts &c. 

Prop, XV. Theor. — Magnitudes have the same ratio to 
one another that their like multiples hare. 

Let AB be the same multiple of C, that BE is of F: is to F, 
as AB to DE. 

Because AB is the same multiple of C, that DE is of F ; ihore 
are as many magnitudes' in AB each equal to G, as there are in 
DE each equal to F: let AB be divided into 
ma^itudes, each equal to C, viz. AG, GH, HB; 
and DE into magnitudes, each equal to F, viz. i d 

DK, KL, LE. Then the number of the first 
AG, GH, HB, shall be equal to the number of ^i 
the last DK, KL, LE. And because AG, GH, 
£[B are all equal, and that DK, KL, LE are \ 
also equal to one another; therefore (V. 7) 
AG:DK::GH:KL,andasHB:LE. Also 
(V. 12), as one of the antecedents to its conse- i <i % r 
quent^ 80 are all the antecedents together to aU 
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^e ^Ddequents together ; wherefore as AG : DK : : A6 : DE ; 
but AQiB eaaal to U, and DK toF. Therefore, as C : F : : AB : 
D£ ; whereiore magnitudes, &c. 

Prop. XVI. Theor. — If four magnitudes of the same 
kind be proportionals, thej are also proportionals when taken 
altematelj. 

Let A : B J : C : D; then, alternately, A : : : B : D. 
,. Take of A and B any like multiples whatever £ and F ; and 
<df C and D take any whatever G- and H : and because E is the 
same multiple of A, that F is of B, and that magnitudes (V. 15) 
have the same ratio to one another which their like multiples have ; 
therefore A : B : : E : F ; but at A : B : : 

C : D; wherefore (V. 11) as C :D::E :F. E g 

Again (V. 16) because Q-, H are like mul- 
tiples of C.D, as C : D :: G : H; but as A — c 

U :D :: E :F; wherefore (V. 11) as E : ^ 

F : : G : H. But (V. 14) when four mag- -^^ ^ — ^ 

hitudes are proportionals, if the first be j. h— 

greater than the third, the second is greater 
than the fourth ; if equal, equal ; and if less, less : therefore, if E 
be greater than G, F likewise is greater than 11 ; if equal, equal ; 
knd if less, less : and E, F are any like multiples whatever of A, 
B ; and G, H any whatever of 0, D. Therefore (V. def. 5) A : C 
: : B : B ; wherefore, if four magnitudes, &c. 

Prop. XVII. Thbor,— If four magnitudes be propor- 
tionals; then,. by division, the excess of the first above the 
second, is to the second, as the excess of the third above 
the fourth, is to the fourth. 

Let AB : BE : : CD : DF; then AE : EB : : CF : FD. 

Take of AE, EB, CF, FD any like multiples whatever GH, 
HK, LM, MN ; and, agam, of EB, FD, take any like multiples 
whatever KX, NP. Then, because GH is the same multiple of 
AE, that HK is of EB ; therefore (V. 1) GH is the same multi- 
ple of AE, that GR is of AB ; but GH is the . 
same multiple of AE, that LM is of CF ; where- 
fbte GR is the same multiple of AB, that LM 
is of CF. Again, because LM is the same K- 
multiple of CF, that MN is of FD ; therefore n- 

( V. 1 ) LM is the same multiple of CF, that LN h 
is of CD. But LM was shown to be the same 
multiple of CF, that GR is of AB ; GR there- 
fore is the same multiple of AB, that LN is of 
CD ; that is, GR, LN are like multiples of AB, 
CD. Next, because HR- is the same multiple of 
EB, that MN is of FD ; and that KX is also the Same multiple of 
EB, lliat NP is of FD ; therefore (V. 2) HX is the same multiple 
of EB, that MP is o£ FD. And, because AB : BE : : CD : DP, 
and that of AB add CD, GR and LN are like multiples, and. of 
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EB and FD, HX and MP ara like midtiples ; if OK be greater 
than HX, then (V. def, 5) LN is greater than MP ; if eqaal, equal ; 
and if less, less. Bat if GH be ^ater Uian KX, by ad<Ung the 
common part HK to both, OK is greater than HA ; wherefore 
also LN IS greater than MP ; and by taking away MN from both, 
LM is greater than NP : therefore, if OH be greater than KX^ 
LM is greater than NP. In like manner it may be demonstrated, 
that if OH be equal to KX, LM is likewise equal to NP; and if 
less, less : and OH, LM are any like mnltq^les whatever of AE, 
CF, and KX, NP are any whateyer of EB, FD. Therefore (V^ 
def.5) asAE :EB : : OF :FD. Wherefore, if four magnitudes, &e. 

Prop. XVIII. Theor.— It four magnitudes be propor- 
tionals ; then, hj composition, the first and secona togerr 
ther are to the second, as the third and fourth together ace 
to the fourth. 

Let AE : EB : : OF : FD; then, AB : BE : : CD : DF. 

Take of AB, BE, CD, DF any like multiples OH, HK, LM, 
MN; and again, of BE, DF, take any like multiples KG, NP. 
Then, because KG, NP are like multiples of BE, DF ; and that 
KH, NM are also like multiples of BE, DF, if KG, the multijrfe 
of BE, be greater than KH. which is a multiple of the same BE, 
NP, likewise the multiple oi DF, shall be greater than MN, the 
multiple of the same DF ; and if KG be equal to KH, NP shall 
be equal to NM ; and if less, less. 

First, Let KG not be greater than KH, therefore NP i« not 
greater than NM: and Mcause OH, HK are like multiples of 
Ah. BE, and that AB is greater than BE, therefore (V. az. a)* 
OBL is greater than HET; but KG is not greater th»i KJBu 
wherefore OH is greater than KG. In like manner, it may be 
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shown, that LM is greater than NP. Therefore, if KQ be not 
greater than KH, then OH, the multiple of AB, is always ereater 
than KG, the multiple of BE; and likewise LM, the multiple of 
CD, greater than NP, the multiple of DF. 

Next, let KG be greater than KH; therefore, as has been 
shown, NP is greater than NM. And because the whole OH is 
the same multiple of the whole AB, that HK is of BE, the re- 
inainder OK is ^ same multiple (V,6) of the remainder AE, 
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t|M&t Q-H is of AB : which is the same that LM is of CD. In 
fitCQ manner, because LM is the same multiple of CD, that MN is 
of DF, the remainder LN is the same multiple (V. 5) of the re- 
mainder CF, that the whole LM is of the whole CD. But it was 
shown that LM. is the same multiple of CD, that GK is of A£ ; 
therefore OK is the same multiple of AE, that LN is of CF ; 
that is, GK, LN are like multiples of AE, CF. And because 
KO, NP are like multiples of BE, DF, if from KO, NP there 
be taken KH, NM, which are also like multiples of BE, DF, the 
lemaindera UO, MP are (V. 6) either equal to BE, DF, or like 
multiples of them. Fu^t, let HO, MP be equal to BE, DF ; and 
because AE : EB : : CF : FD, and that OK, LN are like multi- 

?les of AE, CF; then (V. 4, cor.) GK : EB : : LN : FD; but 
ID is equal toEB, and MP to FD ; wherefore GK : HO : : LN : 
MP. Therefore ( V. E) if GK be greater than HO, LN is greater 
than MP ; if equal, equal ; and if less, less. 

But let HO, MP be like multiples of EB, FD : and because 
AE : EB : : CF : FD, and that of AE, CF are taken like multi- 
ples GK, LN; and of EB, FD, like multiples HO, MP; therefore 
(V. def. 5) if GK be sreater than HO, LN is greater than MP ; if 
equal, equal; and if less, less; which was likewise shown in the 
preceding case. If therefore GH be greater than KO ; taking KH 
nrom both, GK is greater than HO; wherefore also LN is greater 
than MP ; and consequent^ adding NM to both, LM is greater 
than NP : therefore, if GH be greater than KO, LM is greater 
than NP. In like manner it may be shown that if GH be equal 
to KO, LM is equal to NP ; and if less, less. And in the case in 
which KO is not greater than ELH, it has been shown that GH 
ii always greater tiian KO, and likewise LM than NP : but GH, 
LM are any like multiples of AB, CD, and KO, NP are any 
wfaaterep of BE, DF ; therefore (V. def. 6) as AB : BE : : CD : 
DF. If, therefore, four magnitudes, &e. 

Pbop. XIX. Tqeor. — If the first be to the second, as a 
part of the first to a part of the second ; the remaining part 
of the first is to the remaining part of the second, as the 
first to the second. 

Let AB : CD : : AE : CF; then EB : FD : : AB : CD. 

Because AB : CD : : AE : CF; alternately (V. 16) BA : AE 
: : DC : CF: and therefore (V. 17) by division, as BE : 
BA :: DF : FC; and alternately, as BE : DF : : a ^ 
EA : FO. But (hyp.) as AE : CF : : AB : CD; there- 
fore (V. 11) also BE : DF : : AB : CD; wherefore, if ^ 
the first, &c. 

. Cor, If the first be to the second, as a part of the first 
is to a part of the second : the remaining part of the 
first is to the remaining part of the second, as the other 
part of the first to the remaining part of the second. The demon- 
stration is contained in the preceding. 
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Pbop. E. Theor. — If four magnitudes be proportionlJs/ 
they are also proportionals bj conrersion ; that is, the first 
is to its excess above the second, as the third to its excess 
above the fourth. 

Let AB • BE 1 : CD : DF; then BA : AE : : DC : CF. (Sec 
the figure to the last propositionO 

Because AB : BE ; : CD : DF, by division (V. 17) AE r EB : : 
CF : FD ; and (V. B) by inrersion, BE : EA : : DF : FO. 
Wherefore (V. 18) by composition, BA : AE : : DC : CF. If, 
therefore, four magnitudes, &c. , 

Cor, It would be proved in a similar manner, that the first is to 
the sum of the first and second, as the third to the sum of the third 
and fourth. 



B 



Prop. XX. Theor. — If there be three magnitudes, and 
other three, which, taken two and two, have the same ratio ; 
if the first be greater than the third, the fourth is greater 
than the sixth; if equal, equal; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other three, 
which, taken two and two, have the same ratio, viz. A : B : : D ; E ; 
and B : C : : E : F; if A be greater than C, D is 
greater than F ; if equal, equal ; and if less, less. 

Because A is greater than C, and B is any other 
magnitude, and that (V. 8) the greater has to the same 
magnitude a greater ratio than the less has ; therefore 
A has to B a greater ratio than C has to B. But as 
D : E : : A : B ; therefore {V. 13) D has to E agreater 
ratio than C to B ; and because B : C : : E : F, by 
inversion, C : B : : F : E ; and D was shown to have ^ ^ . 
to E a greater ratio than C to B; therefore(V. 13, cor.) I 1 

D has to E a greater ratio than F to E ; but (V. 10) | ^ 

the magnitude which has a greater ratio than another 
to the same magnitude, is the greater of the two : D is therefore 
greater than F. 

Secondly, let A be equal to C ; D is also equal to F. Because 
A and C -are equal to one another (V. 7), 
A : B : : C : B ; but A : B : : D : E ; and 2 

C : B : : F : E ; wherefore also (V. 11) 
D : E : : F : E; and therefore (V. 9) D 
is equal to F. 

Next, let A be less than C ; D is also 
less than F. For C is greater than A, 
and, as was shown in the first 6ase, C : ^ ^ 
B : : F : E, and in like manner B : A : : i> e 
E : D; therefore F is greater than D, by 
the first case ; that is, D is less than F. 
Therefore, if there be three magnitudes, 
&c. 
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P»OP. XXI. THEOR.^^If there be three magnitudes, and 
other three, which have the same ratio taken two and two, 
bat in a. cross order; if the first be greater than the third« 
the fourth is greater than the sixth ; if equal, equal ; luid if 
less, less. 

Let A, B, be. three magnitudes, and D, E, F other three, 
which have th^ same ratio^ taken two and two, but 
121 a cross order, viz. as A : B : : E : F, and as B : 
C : : D ; E, K A be greater than C, D is greater 
than F; if equal, equal; if less, less. 

Because A is greater than C, and B is any other 
inagnitude, A has to B a greater ratio (V. 8) than C 
has to B ; but as E : F : : A : B ; therefore (V. 13) 
E has to F a greater ratio than C to B. And because 
B : C : : D : E, by inversion, C : B : : E : D; and E 
was shown to ha?e to F a greater ratio than to B ; 
tha%fore (V. 13, cor.) E has to F a greater ratio than 
S to D ; but the magnitude to which the same has a 

r eater ratio than it has to another, is (V. 10) the less of the two : 
therefore is less than D ; that is, D is greater than F. 

Secondly, let A be equal to ; D shall be equal to F. Because 
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A and C are equal (V. 7) A : B 
B ; but A : B : : E : F ; and C 
E : D ; wherefore (V. 11) E : F 
D ; and therefore (V. 9) D is equal to F« 
Next, let A be less than C ; I) is also 
less than F. For C is greater than A, 
and, as was shown, C : fi : :' E : D, and 
in like manner, B : A : : F : E ; there- 
fbre F is ^ater than D, by case first ; 
that is, B is less than F. Therefore, if 
therd be three magnitudes, &c. 
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Prop. XXIL Theor. — If there be any number of mag- 
hitudes more than two, and as many others, which, taken 
two and two in order, have the same ratio ; the first has to 
the last of the first magnitudes the same ratio which the 
first had to the last of the others. N. B. This is usually 
cited bj the words "ea? ceqito" or "ear ceqitali" 

First, let there be three magnitudes A, B, G, and as many other? 
J)f E, F, which, taken two aud two, have the same ratio, that is, 
such that A : B : : D : E ; and B : C : : E ; F ; then A : : : 
D:F. 

Take of A, D, any like multiples whatever, G, H ; of B, E^ 
any whatever E, L ; and of 0, F any whatever M, N. Then^ 
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because A : B : : D : E, and that Q-, H are like multiples of 

A, D, and K, L of B, E; (V. 4) as G : 

K. : : H : L. For the same reason, K : 

M : : L : N ; and (V. 20) because 

there are three magnitudes Gr, K, M, a b 

and other three H, L, N, which, two g k 

and two, have the same ratio ; if G be 

greater than M, H is greater than N; if 

Sual, equal ; and if less, less ; and G, 
are any like multiples whatever of 
A, D, and M, N of C, F; therefore (V. 
de£ 6) as A : C : : D : F. 

Next, let there be four magnitudes. A, B, C, D, and other four^ 
E, F, G, H, which two and two nave the 

A* • & T» T:^ "¥71 T>' rf~« • ' ■■ __■ ■'. 



A.B.C.D. 
E.F.G.H. 



same ratio, viz. as A : B : : E : F ; as B : C 
F : G; and as C ; D : : G : H : then A : D 
E:H. 

Because A, B, are three magnitudes, and E, F, G other 
three, which, taken two and two, have the same ratio ; by the fore> 
going case, A : C : : E : G. But C : D : : G : H ; whererore again, 
by the first case, A : D : : E : H ; and so on, whatever is the number 
or magnitudes. Therefore, if there be any number of magnitudes, &c. 



Prop. XXIII. Theor. — If there be any number of 
magnitudes, iLnd as ' many others, which, taken two and 
two in a cross order, have the same ratio ; the first has 
to the last of the first ma^itudes the same ratio which the 
first has to the last of the others. N.B. This is usually 
cited by the words, **ex csquali in proportione perturhata; 
or, **ex aequo perturhato ;' or, **ex cequo inversely,** 

First, let there be thi'ee magnitudes A, B, 0, and other three 
D, E, F, which, taken two and two, in a cross order, have the 
same ratio ; that is, such, that A : B : : E : F ; and B : C : : D : E ; - 
thenA:C ::D :F. 

Take of A, B, D anj like multiples whatever G, H, K ; and of 
C, E, F any like multiples whatever L, 
M, N, Tnen, because G, H are like 
multiples of A, B. and that magni- 
tudes (V. 15) have tne same ratio wmch 
their like multiples have ; as A : B : : ▲ 
G : H. For the same reason, as E : F: : q 
M : N. ButasA:B ::£ :F; as there- 
fore (V. 11) G ; H : : M : N. And 
because B : C : : D : E, and that H, 
K are like multiples of B, D, and L, M 
ofC, E;then(V.4)asH :L ::K :M: 
and it has been shown that G : H : : 
M : N. Then, ( V. 21 } because there are - 
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ffiree magtiitades G^, H, L, and other three K, M, N, vhioh have 
the same ratio taken two and two in a cross oider ; if G- be greater 
than L, K is greater than N; if eqnal, equal; and if less, leas; 
and Qt, K are any like multiples whatever of A, D ; and L, N of 
C, F; as, therefore, (V. def. fi) A : C : : D : F. 

Next, let there be four magnitudes. A, B, 0, D, and other four 
E, F, G, H, which taken two and two in a 
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cross order, have the same ratio, viz. A : B : : 
G;H; B:0 ::F:G: and C :D ::E:F: 
then A : D : : E : H. 

Because A, B, 0, are three magnitudes, and F, G, H other 
three, which, taken two and two in a cross order, have the same 
ratio; by the first case, A : :: F : H. But C : D :: E : F; 
wherefore again, by the first case, A : D : : E : H : and so on, 
whatever be the number of magnitudes. Therefore, if there be 
any number, &c. 

Prop. XXIV. Theor. — If the first have to the second 
th^ same, ratio which the third has to the fourth ; and 
the fifth to the second, the same ratio which the sixth has 
to the fourth; the first and fifth together hare to the 
second, the same ratio which the third and sixth together 
haye to the fourth. 

Let AB : C :: DE : F; and let BG the fifth have to C the 
seoond, the same ratio which EH the sixth 
htm to F the fourth ; then, AG, the sum of b 

the first and fifth, has to the second, the ^\ ■ 

same ratio which DH, the sum of the tlurd 
and sixth, has to F the fourth. 

Because BG : C : : EH : F ; by inversion, 
C : BG : : F : EH: and because AB : : : 
DE : F, and C : BG :: F : EH; ex eequo 
(V, 22), AB ^BG :: DE : EH; and, by composition, (V. 18) as 
AG-:GB ::DH:HE;butasGB :0 ::HE :F. Therefore, ex 
aequo, as AG : C : : DH : F: wherefore, if the first, &c. 

€&r, 1. If the same hypothesis be zniade as in the proposition, 
the difierence of the first and fifi^ shall be to the second, as the 
difierence of the third and sixth to the fourth. The d^nonstration 
of this is the same with that of the proposition, if division be used 
instead of composition. 

Ccr, 2. The proposition manifestly holds true, of two ranks of 
magnitudes, whatever is their number, of which each of the first 
rimk has to the second magnitude the same ratio that the corre- 
sponding one of the second rank has to a fourth magnitude. 

Prop. XXV. TnEOR.-^i-If four magnitudes of the same 
kind be proportionals, the greatest and least of them toge- 
ther are greater than the other two together. 
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Let AB : CD ixE : F ; and let AB be the {greatest, and conse- 
quently (V. 14, and A) F the least. AB and F are together greater 
tnan CD, together with E. 

Take AG equal to E, and CH equal to F. Then because 
AB : CD :: E : F, and that AQ is equal to E, and CH equal to 
F; AB : CD ;: AG : CH. And (V. 19) because the whole AB 
is to the whole CD, as AG is to CH, likewise 
the remainder GB is to the remainder HD, 
as the whole AB is. to the whole CD. But 
AB is greater than CD, therefore (V.A.) 
GB is greater than HD; and because AG is 
equal to E, and CH to F; AG and F together 
are equal to CH and £ together. If thei'efore 
to the unequal magnitudes GB, HD, of which 
GB is the greater, there be added equal magnitudes, tIz. to GB 
the two AG and F, and CH and E to HD ; AB and F together 
aregreater than CD and E. Therefore, if four magnitudes, &e. 

0&-. The sum of the extremes of three continual proportionals 
is greater liian double the mean. 

Prop. F. Theor. — Ratios which are compounded of tho 
same ratios, are equal to one another. 

Let A:B ::D :E; and B : C :: E 2 F; the ratio which is 
compounded of the ratios of A to B, and B to.C, 



A. B.C. 
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whidi, by the definition of compound ratio, is the 
ratio of A to C, is the same with the ratio of D 
to F, which, by ^e same definition, is compounded 
of the ratiosof D to E, andE to F. 

Because there are three magnitudes A, B, C, and three others 
D, E, F, which, taken two and two in order, have the same ratio; 
ex cequo. (V. 22) A : C : : D : F. 

Next, let A : B : : E : F, and B : C : : D : E ; therefore, ea cbquo 
inversely, (V. 23) A : C :: D : F: and in like 
manner the proposition may be demonstrated, 
whatever be the number ot ratios. Therefore 
ratios, &c. 
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BOOK V. 



SUPPLEMENT. 

n^B theory of proportion has now been delivered in the acMsorate 
bat prolix method given by Euclid. It may suit the views and 
convenience^ however^ of many teachers and learners, to have its 
piincipal properties established in a more concise and condensed 
rorm, as in the following Supplement, so as to save time which may 
be more profitably devoted to other researches. For this purpose^ 
the notation and some of the simplest principles of algebra may be 
advantageously employed ; and should the student be unacquainted 
with that science, it will be necessary for him to commence by 
stodying tiie follo^tdng explanations and principles.] 

DEFINITIONS AND PRINCIPLES • 

1. The sign -f** ^^^^ plus, f denotes addition. Thus, the 
expression A-|-*B signifies the sum of the quantities represented 
by A and B ; so that if A represent 5 feet, and B 3 feet, A-{-B 
denotes 8 feet. 

2. The sign — ^ read minusy signifies, that the quantity after it 
is taken from the one before it. Thus A — B expresses what 
remains when B is taken firom A. 

' 3. The product arising from multiplying one number by another 
is expressed by writing ue letters representing them, one after tlie 
other, without any sign between them ; and sometimes byplacing 
between them a point, or the sign X' Thus, if A and B repre- 
sent two numbers, their product is denoted by AB, by A.B, or 
by AxB ; and A and B are called the facUyra of this product. 
ThQ product of this result by the number 0, is denoted by ABC» 
by A.B.C, or by AxBxC : and the product of a greater number 
or fiMtors is expressed in a similar way. In like manner, 2 A de* 
notes twice A, 3A three times A, &c. 

4. Hence, conversely, if AB be divided by B, the quotient is A. 

5. A product is caJled a power, when the factors are all the 
same. Thus, AA, or as it is generally written, A^, is called the 



* In this Supplement, for brerlty^ these are referred t(s as No. 1» No. 2, &o« 

t A few of these characters have heen explained already in page 43. The ezpls^ 
nation is repeated here with thd yiew of presenting In (Connexion all that is neee^ 
sary on the subject. 



116 THE ELBIfENTS [B06K T.' 

seoond power, or the square of A ; AAA, or A*, the third power, 
or cube of A; AAAA, or A\ ita fourth power, &c. 

In relation to these powers, A is called their root. Thus, A 14 
the second or square root of A', the third or cube root of A", the 
fourth root of A^, &c. In like maimer, the eeeond or sguare root 
of A is a number which, when multiplied by itself, produces A $ 
the third or cube root of A is such anumber, that if it oemultif^ed 
by itself and the product by the same root again, the final product 

will be A. The square root of A is denoted by V A or A^, its 

cube root by ^v/ A, or A^ its fourth root by A^, &c. 

6. The Quotient arising fi-om dividing one number by another 
is denoted oy writing the dividend as the numerator of a firaction« 

and the divisor as its denominator. Thus, g denotes the quotient 

obtained by dividing the number represented by A, by the one 
represented by B, or it is the number which shows how often B is 
contained in A. 

7. The signs =, > , < , signiiy respectively equal to, greater than, 
less than. Thus A=B denotes that A is e^ual to B; A>-B, 
tiiat A is greater than B; and A < B, that A is less than B : 4he 
opening of tiie angle in the last two being turned towards the 
greater magnitude. 

The principles employed in this Supplement, in addition to the 
axioms of the first and nfth books, are the following. 

8. A firaction is muUipUed by a number, by multiplying its 
numerator by that number. Thus, iff be midtiplied by 3, the pro- 
duct is f . 

9. A fraction is divided by a number by multiplying its dmami^ 
nator by tiiat number. Thus, 1 is evidently twice as sreat as f ; 
the one'being a third of T, and the other only a sixth of it. 

10. The va]ue of a Auction is not changed by multiplying or 
dividing both tiie numerator and denominator by the same nQm« 
ber. Thus, f is the same as \^. 

1 1. Fractions having a common denominator, are added or mb- 
traded by adding or subtracting their numerators, and retaining 
the common denominator. Thus, the sum of -^ and -^ is -^ and 
their di^rence is ^. 

12. To find the product of any number of firactiona, multiply 
their numerators together for the numerator of the required .firac* 
tion, and their denominators for its denominator. Thus, the pro- 
duct of I and 4 is iV* In this operation, since |^ is the same as 
tiie fifUi part ot 4, the fraction | is multiplied by 4 (according to 
Na 8), and divided by 5 (according to No. 9). 

13. To divide one fraction by another, multiply the numerator 
of the dividend b^ the denominator of the divisor, to find the name* 
rator of tiie quotient ; and, to find its denominator, mnltiplT the 
Af^nnininjiiftr of tile dividend by the numerator of the divisor.* 



* This nda to osoallj ex^reiaed tekfly thiu:~Iat«t tiw diviaor, and la o c e wl « 
InmnlttpHCTticm. 
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TkoBf if f. be divided by ^, the qaotient is ^, It will be seen 
that this operation is the same as dividing (No. 9) the dividend 
by the namerator of the divisor, and multiplyuig (No. 8) by the 
denominator. If :^ be divided by 7, the aaotient is ^. fiat» f 
being only a ninth part of 7, the quotient obtained bv dividing by 
^ will be nine times as great as that resulting from tne division by 
7 : and therefore ^ is multiplied by 9. 

. 14. It follows from the ni^ure oi a fraction, that if it be multi- 
plied by its denominator, the product is its numerator. Thus, five 
times 4^ is 3 : for f means a fifth i>art of 3 ; and five times the fifth 
part 01 any quantity is the quantity itself. 



PROPOSITIONS. 

Prop. I. Theor. — If there be four numbers such^ 
that the quotients obtained by dividing the first by the 
second, and the third by the fourth, are equal ; the first 
lias to the second the same ratio that the third has to the 
fourth. 

A C 

Let A, B, C, D be four magnitudes, such that 5 = t^: then 

A:B::C:D. 

For, let m and n be any whole numbers, and multiply (No. 8) the 

A G 
fractions ^ and ?; by m, and (No. 9) divide the product by n; 

then -^=-^. Now, if mA be greater than nB, mC will also 

'be greater than nD ; for, if this were not so, -^ would not be equal 

to --W . In like manner it might be shown, that if mA be equal 

to nB, mC will be equal to nD ; and that if mA be less than nB, 
mC will be less than nD. But mA, mO are any like multiples 
whatever of A, C: and nB, nD any whatever of B, D: and 
therefore (V. def. 5) A : B : : C : D. Therefore, if there be four 
numbers, osc. 

jSchol, This proposition comprehends in it proposition 0, of this 
book, being the same as it, when ^ or t^=J> or^, p being a whole 

number. 

&09*. If AD:sBC,bydividmgbyBandD(Noft.4and6)weget 

A C 

^ =s fr ; and therefore, by this proposition, A : B : : : D. Hence, 

if the product of two numbers be equal to that of two others, the 
cnepair may be taken as the extremes aod the other as the means 
of an analogy. 
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Prop. II. Theob. — If any four numbers be propordonal, 
and if the first be divided bj the second, and the third hj, 
the fourth, the quotients are equal. 

Let A : B : : C : D ; then -5 =7^. 

x> JJ . . 

If A and B be whole numbers, let the first and third terms lie 
multiplied by B, and the second and fourth by A, and the products 
are AB, AB, BO, AB. Now, since the first and second of these 
are the same, the third and fourth are (V. def. 5) equal; that is, 
AD=BC ; and by dividing these (Nos. 4 and 6) by B and D, we 

find(V.ax.2)g=^. 

E F • 

If A and B be fractions, let A=— , and B=— , so that (Nos. 

3 and li) mA=Ej and nBsF; the nomerators and denomina- 

E F -. 

tors E, F, w, n being whole numbers. Then (hyp.) — : - t : C J B. 

Hultiply the first and third of these by mF, and the second and 
fourth Dy wE, and the products are EF, EF, mFO, and wED. 
Now, the first and second of these being the same, the thdvd and 
fourth (V. def. 5) are equal: that is, nED=»iFC, or mnAD = 
tnnBC, since E=mA, and F=nB. Hence, by dividing these 
(Nos. 4 and 6) bv m and n, we get (Y. ax. 2) AD =BC ; and the 
rest of the proof is the same as in the first case. Therefore, If 
any four numbers, &c.* 

JSchol. 1. This proposition comprehends proposition D, of thi« 
book, being the same as it, when ^=p or -, ^ being a whole 

number. 

Schd, 2. From this proposition and the foregoing, it appears, 
that if two fractions be equal, the numerator of tne one is ib its 
denominator, as the numerator of the other to its denominatm* ; 
and that if the first and second of four proportional numbers be 
made the numerator and denominator of one factum, and the 
third and fourth those of another, the two fractions are equal 



* If either A or B be a wbole number, the proof is included in the second part 
of the demonstration given above. Thus, if A be a whole number, we have pimply 
E = A and m=:l, and every thing will proceed as above. The proof woulil also 
be readily obtained by substituting for B as before, but retaining A unclianged. 

If A and B be incommensurable, such as the numbers expressing the lengtia of 
the diagonal and side of a square, the lengths of the diameter and circum&nnoe 
of a circle, &o., their ratios may be approximated as nearly as we please. Ilins, 
the diagonal of a square is to Its slde^ as }^ : I, neally ; as ^^ : 1, moM n^ly ; 

'^ ^thi> : *• >^11 inove neiirly, fte. Hence, m sadi cases w« can ha|« no ba^iptibn 
in admitting the truth of the proposition, as we see that it holds with respect to 
numbers the ratio of which differs tnm thai of the prepoeed numbers l9» qpmtity* 
which may be rendered as small as we pleasp, smaller in fact than anything that 
can be assigned. - . .''. 
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^hi0 is the some in substance as that the two expressions, A ; B : : 
' O : D, and "»=?;) are equiyalent, and may be used for one another. 

Cor, 1. It appears in the demonstration of this proposition, that 
AD=BC ; that is, if four numbers be proportionals, the product 
of the extremes is equal to the product of the means. Hence, if 
the product of the means be diyided by one of the extremes, the 
quotient is the other ; and thus we liave a proof of the ordinaiy arith- 
metical rule for finding a fourth proportional to three given numbers; 

Co}-. 2. It is evident, that ii A be fi;reater than B, C must be 
^eater than D; if equal, equal; and if less, less: as otherwise 

:^ and f^ could not be equal. This is the same as Prop. A. 
B \j 

A C 

C(yr, 3. If A : B : : C : D, and consequently n =t\, by multi- 
plying these fractions by — , we get -w = — tT» or mA : nB : : 
mC : nD ; which is the same as the 4th proposition of this book. 

Cor. 4. If A be greater than B, the fraction ^ is evidently 

B C C 

greater than ^, and the fraction -r- less than -rr: that is, of two 

unequal numbers, the greater has a greater ratio to a third than 
. tiiie less has ; and a thira number has a greater ratio to the less than 
.it has to the greater; which is the 8th proposition of this book. 

Cor, 5. Conversely, if 77 be greater than ^^f, A is greater than 

C C 

B ; and, if t be less than ^, A is also greater than B ; which is 

the 10th proposition of this book. 

Prop. III. Theor. (V. B). — If four numbers be 
'proportionals, they are proportionals also when taken in* 
versely. 

If A : B : : C : D : then, inversely, B : A : : D : C. 

For (Sup. 3, cor. 1) BO=AD; and hence by dividmg (Nos. 4 

B D 

and 6) by A and C, we obtain - = ^, or (Sup. 2, schoL 2) B : A: : 

D : C, Therefore, if four numbers, &c. 

Prop. IV. Theor. (V. 16). — If four numbers be 
proportionals, they are also proportionals when taken alter- 
nateij. 

,' If A : B :: C : D; then, alternately, A ? C :: B : D. 

• For (Sup. 2, cor. 1) ADsBC ; whence, by dividmg by C and 

.I> we get ^=jj: w (Sop. 3, schoL 2) A : :: B : D. There- 
fore, if four numbers, &c. 
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SML When tlie first and aeooiid tenna are not of the same 

kind 88 the third and foorth, the tenns cannot be taken alter- 
nately, as ratios vonld thus be instituted between heterogeneoas 



Pbop. v. Theob. (V. 7). — ^Equal numbers ba^ the 
same ratio to the same number ; and the same has the same 
ratio to equal numbers. 

Let A and B be eqpal nmnbers, and C a third: then A : G :: 
B : G, andC : A :: G : B. 

A B 
For,*A and B being equal, the fractkms ^ and 77 are also equal, 

or, which is the same, A : G :: B : G : and, by inversion, (Sup. 3) 
G : A :: G : B. Therefore, equal numbers, ttc. 

Prop. VI. Theob. (V. 9). — Numbers which have the 
same ratio to the same number are equal; and those to 
which the same has the same ratio are equal 

IfA:G::B:G,orifG:A::G:B, Ais equal to B. 

A B 
For, since jS7=p, by multiplying by C (No. 14) we get A=B. 

The proof of tiie second part is the same as this, shioe, by inver- 
sion, (Sup. 3) the second analogy becomes the same as tne first. 
Therefore, nnmbers, &c. 

Pbop. VII. Theob. (V. 11.) — Ratios that are equal 
to the same ratio are equal to one another. 

If A : B :: G : D, and E : F :: G : D; then A : B :: E : F. 
For, since ^ = g, and ^=-^t therefore (L ax. 1) 3=p- that 
is, (Sap. 2, schoL 2) A : B :: E : F. Therefore, ratios, &c. 

Pbop. Y III. Theob. (V. 12).— Of numbers which are 
proportionals, as any one of the antecedents is to its G<m8Q- 
quent, so are all the antecedents taken together, to all the 
consequents. 

If A : B :: G : D :: E : F; then A : B :: A+C+E : B+IH-F. 

A C F 
Since ^=5 «?=«;, put each firactiom equal to q, and multiply 

(No. 14) by the denominators; then A=B7, G=Da, and E=Fg. 
Hence, by addition, A+G+E=(B+B+F) q; and by dividmg bj 

B+D+F, we get g= fe!Lpt^y ^^^ g= -g; and therefore g 
=^^±^±^orA:B::A+C+E:B+D+F. Therefore, &c 
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Prop. IX. Theob. (V. 15). — Magnitudes have the fiame 
ratio to one another that their like multiples have. 

Let A and B be two magnitudes ; then, n being a whole nam- 
ber A : B : : wA : »B, 

For (No. 10) 7T-=r-t^, or A : B : : wA : nB, Therefore, mag- 
nitudes, &c. 

Prop. X. Theor. (V. 18 and 17). — If four numbers be 
proportionals ; then, (1) by composition, the sum of the first 
and second is to the second, as the sum of the third and 
fourth to the fourth : and, (2) by division, the excess of the 
first above the second is to the second, as the excess of the 
third above the fourth is to the fourth. 

If A : B : : C : D ; then, by composition. A-}- B : B : ; C + D ; 
D; and by division. A— B : B : : C— D : D. 

1. Since (hyp.)-^=fr-, and since r^=r=r-; add (No. ll)thelat- 

Jt> U D U 

ter firactions to the former, each to each, and^ere results p - ag 

£i2,orA+B:B :: C + D:D. 

2. By snbtractmg (No. 11) the latter pair of the same fracti<ms 
from the former, each from each, we obtain — ^ — = -^r — ; or 
A— B : B : : C— D : D. I^ therefwe, &c. 

Cor, By dividing the fractions which were found above by addi- 

Ai"T" B 
tion, by those which were found by subtraction, we get . _!^p = 

£i^; or(Sup.2,sehoL2)A-}-B : A— B :: C-hD:C— D: 

^lat is, if four numbers be proportional, the sum of the first and 
06oond terms is to their difference, as the sum of the third and 
f«arth teems is to their difiG^nence. It is evident, that if B be 
gmatier tiian A, the analogy wooild become B^- A. : B — A : : 
D-f-C :D— C. 

* Faop. XL Theor. (V. E). — If four numbers be propor- 
tioinal; then, by conversion, the first is to its excess above 
the second, as the third to its excess above the fourth. 

If A : B : : C : D; then, by conversion, A : A— B : : C : 
C-D. 

' For, since (hyp. and inver.) -^ = -t^^, and since -^ = -^; take 

(No. 11) the former fractions from the latter, each from each, 

F 
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and there remains — ^p— = — ^^—9 or (by inver.) A : A — B : : 
: — D. Therefore, if four numbers, &c. 

Prop. XII. Theor. (V. 24). — If there be numbers 
forming two or more analogies which have common eon- 
seqnents, the sum of all t£e first antecedents is to their 
common consequent, as the sum of all the other antecedents 
LB to their common consequent. 

If A : B :: C : D, and E :B :^ F:D; then A+E :B :: 

C4-P:D. 

AC E F 

For (hyp.) -^=r=Y, and -d"=tt; and hence, by addition, (No. 

ll)A+J5=2+?,orA+E:B::C+F:D. I^ therefore, &c. 

Prop. XIII. Theor. (V. 22)— If there be three or 
more numbers, and as many others, which, taken two and 
two in order, have the same ratio ; then, ex ceqtu), the first 
has to the last of the first rank the same ratio that the fitst 
has to the last of the second rank. 

If the two ranks of nmnbers, A, B, C, D, and E, F, G, H, !« 
such that A : B : : E : F, B : C : : F : O, and : D : : O ; H; 
then A : D : : E : H. 

^ ,, , A E B F ^ C G , ,^. 

For, smce (hyp.) •g^= jT, "c ="0' "D "^"H ' ^ 

plying together (Nos. 3 and 12) the first, third, and fifth firaetions, 
and the second, fourth, and sixth, we obtain ^ttr^^tqtj' ^^9 
(No. 10) by dividing the terms of the first of these fi-actions by 

A t? 

BC, and those of the second by FG, -rr = tt* or A : D : : E : H. 

U id. 

Therefore, if there be three, &c. 

This proposition might also be enunciated thus : If there be 
nmnbers forming two or more analogies, sach that the conseqnents 
in each are the antecedents in the one immediately following it, 
an analogy will be obtained by taking the antecedents of the 
first anafogy, and the consequents to the last for its antecedoilai 
'and conseqnents. 

Prop. XIV. Theor. (V. 23).— If there be three or 
more numbers, and as many others, which, U^en two aud 
two in a cross order, have the same ratio ; then, ex wquo 
inversely, the fijrst has to the last of the first rank the same 
ratio which the first has to the last of the second rank. 
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If; the two ranks of namben,A. B, C, D, and £, F, G, H, be 
such tliat A : B : : G : H, B : Cf : : F : G, and G : D : : E : 
F; then, e» ccquo inverHly, A : D : : E : H. 

For, smce (hyp.) -g- = -g[, "c = "G ' D" ~ T' ^7 "^'^^^P^T" 
ing together (Nos. 3 and 12) the fractions as in the preceding pro- 
position, we get pA,^ = fjQ^ * whence, by dividing the terms of 
the first of these fractions by BC, and those of the second by GF, 
we obtain i=r-=-Tr» or A : D : : E : H. If therefore, &c. 

Tliis proposition may also be enunciated thus: If there be 
numbers forming two or more analogies, such that the means ot 
each are the extremes of the one immediately followinff it, another 
analogy may be obtained by taking the extremes of the first ana- 
logy, and the means of the last for its extremes and means. 

Prop. XV. Theob. — ^If there be mimbera forming two 
or more analogies, the products of their correspoadiug terms 
are proportionals. 

. If A : B : : C ; D, E : F : : G : H, and K : L : : M : N; then 
AEK : BFL : : CGM : DHN. 

-B,,. ,A CE G ,K M A4, w fUT 
For(hyp.)^=r-g-, '^='^f and -j- = ^; and takmg (Nos. 

d and 12) the products of the corresponding tenns of these fractions, 

we obtain .||5:=^^, w AEK : BFL :: CGM : DHN. 

Therefore, if there be numbers, &c. 

' G&r, 1. Hence, if there be two analogies consisting of the same 
terms A, B, 0, 1), we have A" : B" : : 0" : D» ; if mere be three, 
we have A* : B* : : C* : D*, Sicz and it thus appears, that like 
powers of proportional numbers are themselves proportional 

Ccr^ 2. Like roots of proportional numbers are proportional 
Thus, if A : B : : : D, let VA : VB : : VC : VE. Then, 
by the preceding corollary, A : B : : : E. But (hyp.) A : B : : 
:D; and therefore (Sup. 7) C :E :: C : D, and (Sup. 6) E = 
D,. and consequently VA : VB : ; VC : VE, or VD. 

Prop. XVI. Theor. (V. 25).— The sum of the greatest 
and least of four proportional numbers is greater than the 
sum of the other two. 

If A : B. : : C : D, and if A be. the greatest, and therefore 
(Sup. 2, cor. 2) D the least; A and D are tog^er greater than 
B and 0. 

For (by conversion) A : A— B : : C : C — D, and, alternately, 
AiC ::A— B rC—D. But(hyp.) A> 0,andtiierefi)re (Sup. 
2. cor. 2) A— B > C— D. To each of these add B: then A> 
B+€— D. Add again, D; then, A+D>B+C. Therefore, &c 
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Cor. Hence the mean of three pizoportiooal nmnberB is less than 
half the sum of the eztremefi. 

Prop. XVIL Theob. — In numbers which are continual 
proportionals, the first is to the third as the second power 
of the first to the second power of the second ; the m:st to 
the fourth as the third power of the first to the third power 
of the second ; the first to the fifth as the fourth power of 
the first to the fourth power of the second ; and so on. 

If A, B, C, D, E, &c. be continual proportionals; A : G : : A' : 
B« ; A : D : : A» B« ; A : B : : A* : B*, &c. 

For, since (V. de£ 8) A : B : : B : C, and since A : B : : A : B, 
we have (Sup. 16) A" : B« : : AB : BC, or, diyiding the third 
and fototh tenns by B, A' : B' : : A : C. 

Again, since A' : B* : : A : C, 

and A : B : : G : D, WjC hove (Sup. 15) 

A> : B' : : AG : GD, or dividing the third and fourth terms by G, 
A^ : B* : : A : D ; and so on, as far as we please. Therefore, &c. 

Car, Hence (Y. de£ 11 and 12) the ratio which is duplicate of 
that of any two numbers, is the same as the ratio of their -squares ; 
that which is triplicate of their ratio, the same as the ratio of their 
cubes, &c. 

Prop. XY III. Theob. — A ratio which is compounded of 
other ratios, is the same as the ratio of the products of thek* 
homologous terms. 

Let the ratio of A to D be oompouiided cxf the ratios of A to B, 
B to G, and G to D ; the ratio oi A to D is the same as that of 
ABG, the product of the antecedents, to BGD, the product of the 
consequents. 

For, smce A : D : : A : D, multiply the terms of the second ratio 
by BG : then (Sup. 9) A : D : : ABG : B€D. Theiefore, &c. 

Prop. XIX. Theob. — ^In numbers which are continuad 
proportionals, the difference of the first and second is to the 
first, as the difference of the first and last is to the sum of 
all the terms except the last 

If A, B, G, D, E be continual propoftionals, A — ^B : A : : 
A^E :A+B-f-G4-D. 

For, since (hyp.) A : B :: B : C :: C : D :: D : E, we have 
(Sup. 8) A : B : : A+B+C+D : B+C+IH-E. Hence (conv.) 
A : A— B :: A4-B-f.G+l> : A— E; and (mver.) A— B : A :: 
A-^ErA+B+C-t-D. 

It is evidiBnt that if A were the least term, and E the greatest^ 
we should get in a similar nunmer, B— A : A : : £ — ^A : A-f-B-f- 
G-f-B. Therefore, in nnmberB^ dec 
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Cor* If the series be an infinite deoreasing one, the last tenn 
will yanish, and, if S be put to denote the sum of the series, the 
analogy will become A — B : A : : A : S ; and this, if rA be put 
instei^ of B, and the first and second terms be divided by A, will 
be changed into 1— r : 1 : : A : S. The number r is called the 
eonvBMn rcsUo, or eommon muUipUer^ of the series, as by multiplying 
any term by it, the suooeediug one is obtained. 
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DEFINITION'S. 

1. SmUar rteUlhietdJigwres are those which haye their wrenl 
ao^es equal, each to eacn, and the tides about the eqoal angtes 
proportioiuUs. 

2. Two macmtades are said to be reaproealfy proportkmai to 
two others, wbm one of the first paor is to one olme seooiid, as the 
remafauiig one of the second is to the* remaining one of the first 

3. A straight line is said to be cat in tMreme and mean r^itio, 
when the wm>Ie is to one of the segments, as that s^irment is to 
the other. 

4. The cdiiiude of any fienre is the straight line drawn firom its 
Tertex perpendicular to its Dase. 

5. A straight line is said to be cot JuarmomedUvj when it is dl- 
rided into three segments, soch that the whole une is to <me of 
the extreme segments, as the other extreme segment is to the 
middle one. 

PBOPOSITIONS. 

Prop. L Theor. — Triangles and parallelpgnuns of the 
same altitude are one to another as their bases. 

Let the triangles ABC, AGD, and the paraQeloffrBms EC, CF 
haTe the same altitnde, Tiz« the perpendicular £awn firom the 
pc«nt A to BD : then, as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD, and the parallelognm EC to 
the paralleloicram CF. 

Produce BD both ways, and take any number of stnusht linea 
BO, GH, each equal to BC ; and any number DK, KL, eadi 

S[ual to CD ; and join AG, AH, AK, AL. Then, because CB, 
G, GH are all equal the triangles ABC, AGB, AHG are (L 
38) all equaL Therefore, whatever multiple the base HC is of 
BC, the same mul- 
tiple is the triangle ^ ^ — ^ 
AJHCofABC. For 
the same reason, 
whaterer multiple 
LC is of CD, the 
same multiple is the 
triangle ALC of 
ADC. Also, if the base HC be equal to CL, the triangle AHC 
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is equal <L 38) to ALC ; and if the base HG be greater than GL, 
likewise (L 38, cor. I) the triangle AHG is greater than ALG ; and 
if less, less. Theretore, since there are four magnitudes, viz. the 
two bases, BG, CD, and the two triangles ABG, AGD ; and of the 
base BG, and the tnangle ABG, the first and third, any like muU 
ti]4e8 whatever have be^ taken, viz. the base HG, and uie triangle 
IlH.C ; and of the base GD, and the triangle AGD, the second and 
fourth, have been taken any like multi]^les whatever, viz. the base 
CL, and the triangle ALG; and that it has been shown, that, if 
the base HG be greater than GL, the triangle AHG is greater 
than ALG ; if e^iud, equal ; and if less, less: therefore (V. def. 5) 
as the base BG is to the base GD, so is the triangle ABG to the 
triangle AOD. 

A^^dn, because (L 41) the parallelosi*ain G£ is double of the 
trianffle ABG, and the parallelogram GF of the triangle AGD, and 
that (V. 15) magnitaaes have the same ratio which their like^ 
multiples have ; as the triangle ABG is to the triangle AGD, so 
is the parallelogram EG to the parallelo^am GF. But it has 
t)een snown, that BG is to GD, as the triangle ABG to the tri- 
angle AGD ; and as the triangle ABG is to uie triangle AGD, so 
is tne parallelogTam EG to the paraUelo^m GF : therefore (Y. 
11) as the base jB.G is to the base GD, so is the parallelogram EG 
to the parallelogram GF. Wherefore, triangles, &c.* 

Opt. 1. From this it is plain, that triangles and parallelograms 
which have equal altitudes, are one to another as their bases. 

Let the figures be placed so as to have their bases in the same 
8traig[ht line ; and peipendiculars being drawn irom the vertices of 
the tnaneles to the bases, the straight line which joins the vertices 
IS parall3 (L 33) to that in whicSi their bases are, because the 
peipendiculars are both equal and parallel to one another. Then, 
if the same construction be made as in the proposition, the demon- 
stration will be the same. 

Cor, 2. Hence, if A, B, G be any three straight lines, we have 
A:B::A.G:B.G. 

Cor, 3* So, likewise, if the straight lines A, B, G, D be propor- 
tional, and E and F be any other straight lines, we shall have, 
according to the preceding corollary, axSi the 11th proposition of 
the fifth book, A.E : B.E : : G,F : D.F. 

Prop. XL Theob. — If a straight line be paa^el to the 
base of a triangle, it cats the other sides, or those produced, 
proportionally, and the segments between the parallel an4 
the base are homologous to one another: and (2) if the 



* This propofition m^be Inrieflj demonstrated thui: Lei a petpendlenlar drairn 
from A to BD be called P. Then, |P.BC wQl be equal to the area of the triangle 
ABC, and iP.CD that of AGD. Dividing, therefiire, the former of these equ4i!» 

ip »« nrj ABC 

by the latter, we get ?p^^ <» ^= j^* or ( V. Sup. 2, ichol. 9) BC : CD : : 

ABC : ACD. In eztendizuT this method of proof to the parallelogr&ms, we have 
M«r«l7 to use P instead of }P. 
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sides of a triangle, or the sides produced, be cut propor- 
tionaUj, so that the segments between the points of section 
and the base are homologous to one another, the straight 
line which joins the points of section is parallel to the base.* 

1. Let DE be parallel to BC, one of the sides of the triangle 
ABC; BD : DA :: CE : EA, 

Join BE, CD. 

Then (L 87) the . ^ b p 

triangles BDE, 

CDE are eqiud, 

because they are 

on the same base 

DE, and between 

the sameparallelB, 

DE, BC. Now 

ADE is another 

triangle, and (Y. 7) equal magmtades have to the same, the same 

ratio; therefore, as the trian^e BDE to ADE, so is the triangle 

CDE to ADE. But 

(VL 1) as the triangle BDE to ADE, so is BD to DA; 

because, having the same altitade, viz. the perpendicolar drawn 
from E to AB, they are to <me another as their bases; and for the 
same reason, 

as the triangle CDE to ADE, so is CE, to E A 

Therefore (V. 11) as BD : DA : : CE : EA 

2. Next, let the sides AB, AC of the triangle ABC, or those 
prodoced, be cat proportionally in the points D, E ; that is, so that 
BD :DA::CE : EA, andjoinD£;I>E ispaurallel to BC. 

The same construction bemg made, because (hyp.) 

as BD : DA :: CE : EA; and (YL 1) 

as BD to DA so is the triangle BDE to the triangle ADE ; and 
as CE to EA so is the triangle CDE to ADE: therefore (V. 11) 
the triai^le BDE is to ADE, as the triangle CDE to ADE; that 
is, the tnan^es BDE, CDE have the same ratio to ADE ; and 
therefore (V. 9) the triangles BDE, CDE are ej^ual ; and Hbej are 
on the same base DE, ai^ on the same side of it : therefiHe (1 39) 
DE is paraUelto BC. Wherefore, if a straight hne, &c 

Cor. The triangles which two intersecting straight lines form 
with two parallel ones, have their sides which are on the inter- 
sectmg fines proportional ; and those sides are homologous which 
are in the same straight line: and, (2) oonversely, if two stnught 
lines form with two mtersecting ones, triangles which haye their 
sides that are on the intersecting lines proportional, the sides 

#— 

* The aumcSftdon dUtaB pro p ua iU on iriiidi is nvcn faj Dr. Simaon and oUMn» 

U ddbeliTe, and might lead to cfror in its S4>piican<»i, as tt does not point oat vliat 

Unas ara homologooa to one aofolfaer in Uw anakgiea. 

It ia plain, that, isMtead of one propoaition. this is in reality two, vfaidi ara ooo- 

of one another. The aame is the case in the thirds fcu r te a ml ^ flftienth, 

and twenty aaeondrffliiahoofc. 
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which are in the same straight Vaae with one another being homo- 
logous, those straight lines are paralleL 

1. Let DE and BO (first and third figures) be the parallels, and 
let them be cut by the straight lines BB, CE, wmch intersect 
each other in A ; then BA : AC : : DA : AE, For, since BD : 
DA : : CE : EA, we have, bycomposition in tiie first figure, and, 
by diyision in the third, BA :T>A : : CA : EA. and, altematelT, 
BA:AC :: DA:AE. -f ^ 

2. But if BA : AG : : DA ; AE, DE and BC are paralleL 
For, alternately BA : DA : : CA : EA; then, in the first figure 
bv division, and in the third by composition, we have BD : DA : : 
CE : E A ; and therefi)re, by the second part of this proposition, 
DE is paraflel to DC. 

P]aop. III. Theor. — Tne straight line which bisects m 
angle of a triangle, divides the opposite side into segments 
which have the same ratio to one another as the adjacent 
sides of the triangle have : and (2^ if the segments of the 
base have the same ratio as the adjacent sides, the straiglit 
line drawn from the vertex to the point of section, bisects 
the vertical angle. 

1. Let the angle BAG of the triangle ABC be bisected by the 
straight line AD; then BD : DC :: BA : AC. 

Through C draw (L sn CE paralld to DA ; then (L 29,. cor. 1) 
B A pnxuiced will meet CE ; let them meet 
in E. Because AC meets the parallels AD, ^ c 

EC, the angle ACE is equal (L 29) to the 
alternate angle CAD ; and because BAE 
meets the same parallels, tiie aiu;le E is equal 
(L 29, part 2) to BAD : there^re (L ax. 1) ^ 
the angles ACE, AEC are equal, because 
they are respectively equal to the equal ai^es, DAC, DAB ; and 
consequently AE is equal (L 6) to AC. Now ( VL 2) because AD 
is parallel to EC, one of the sides of the triangle BCE, BD : DC 
:: BA :AE; but AE is equal to AC ; therefore (V.7)BD:DC 
: : BA : AC. 

2. Let now BD : DC : : BA : AC, and join AD; the angle 
BAC is bjsected by AD. 

The same construction being nuufe, because 

(hyp.) BD : DC : : BA : AC; and 




(^2i 



(YL 2) BD : DC : : BA : AE, 

since AD is parallel to EC ; therefore (V. 11) BA : AC : : BA : 
AE : consequently (^, 9) AC is equal to AE ; and (L 5} the angles 
AEC, ACE are therefore equal. But (L 29) the angle BAD is 
equal to E, and DAC to ACE; wherefore also BAD is equal 
{t, ax. 1) to DAC ; and therefore the an^^e BAC is bisected by 
AD. The straight line, theiefijre, &c. 
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Prop. A. Thbob * — If an exterior angle of a triangle 
be bisected bj a straight line which also cuts the base pro- 
duced, t the segments between the bisecting line and the 
extremities of &e base, have the same ratio to one another, 
as the other sides of the triangle have: and (2^ if the seg- 
ments of the base produced, have the same ratio which the 
other sides of the triangle have, the straight line drawn 
from the vertex to the point of section bisects the exterior 
angle of the triangle. 

1. Let an exterior angle GAE of any triangle ABC be bisected 
by AD which meets the opposite side produced in D ; then BD : 
DC : : BA : AC. 

Through C draw (L 31) CF parallel to AD ; and because AC 
meets the paraUels AD, FC, the angle ACF is equal (L 2») to 
CAD ; and because the straight line FAE meets the parallelB 
AD,FC,theangleCFAi8equaltoDAE; 
therefore also ACF, CFA are (I ax. 1) J> 

equal to one another, because they are 
reroectiyely equal to the equal angles 
DAC, DAE; and consequently (I. 6) 
AF is equal to AC. Then (VL 2) because 
AD is parallel to FC, a side of the triai^le 
BCF,. BD : DC : : BA : AF; but AF is equal to AC ; as there- 
fore BD : DC : : BA : AC. 

2. Let now BD : DC : : BA : AC, and join AD ; the an^e 
CAD is equal to DAE. 

The same construction being made, because 
BD : DC : : BA : AC ; and Oiat (VL 2) BD : DC : : BA : AF; 
therefore (V. 11) BA : AC : : BA : AF; wherefore (V. 9) AC 
is equal to AF, and (L 5) the angle AFC to ACF. But (L 29) 
the angle AFC is e^ual to EAD, and ACF to CAD; therefore 
sJso (iTax. 1) EAD is equal to CAD. Wherefore, &e. 

Cor, If G be the point in which BC is cut by the straight line 
bisecting the angle BAC, 

we have (VL 3) BG : GC : : BA : AC; 
and by this proposition, BD : DC : : BA : AC; 
whence, (V. 11) BD : DC : : BG : GC, and therefore (VL def. 5) 
BD is divided harmonically in G and C. 

* This propoeition was inserted in tiie eiements Iqr Dr. Simaon; who» btddies 
itedng tli^ it is merdj a second case of the third proportion, remazka, that ''the 
demonstration of it isveiy like to that of the first case, and upon this aoooont may, 
prtdMUy, hare been left oat, aa also tiie enunciation, by some unddlftil eAtav." 
Klrifiglon concelTes this Tiew to be co r ro b orated by tiie expression, ** tHiidi also 
cots tim base^" in the ennnciation ; as this expression is neoessaiy only in rdatioa 
to the line y/t&xSd bisects tiie exterior angle. The emmdattcms ra both cases may 
be eadty combined in one. For the sake of slm^ci^, howefo*, they are here 
allowed to continne separate. 

t If the triangle be iaosodes, tiie line bisecting the exterior ang^e at tiie vertex ia 
parsUd to tiie base. In this case, the segments may be regarded M infinite, and 
tiierefine eqfoal, their AffiBrenoa, the basebelag Infiidtdy smaD la eompaiisoAof 
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' Prop. IV. Theor.* — The sides about the equal an- 
gks of equiangular triangles are proportionab ; and those 
which are opposite to the equal angles are homologous sides, 
that is, are the antecedents or consequent^ of the ratios. 

Let ABC, DOE be eqniangalar triangles, having the angle 
ABC equal to DCE, and ACB to D£C, and oonsequently (I. d2, 
w>r, 6) BAC equal to CBE : the sides about the equal angles are 
prop<»tionals ; and those are the homologous sides which are op* 
posite to the equal angles. 

Let the triangles be placed on the same side of a straight line 
BE, so that sides, BC, CE, which are opposite to equal angles, 
may be in that straight line and contiguous to one another; and 
«o that neither the equal angles ABC, DCE, nor ACB, DEC at 
the extremities of those sides may be adjacent. Then, because 
(L 17) the angles ABC, ACB are together less 
than two right angles, ABC and DEC, which 
(hyp.) is equal to ACB, are also less tiian two 
right angles ; wherefore (L ax. 12) BA, ED will ^1 
meet, if produced : let them be produced and meet 
in F. Again, because the angle ABC is equal to I ^x^f^X^ 

DCE, BF is WaUel (L 28) to CD ; and, because J ^^ — e 

the angle ACB is equal to DEC, AC is parallel 
to FE. Therefore FACD is (L def. 24) a paralleloCTMn ; and 
eonsequently (L 34) AF is equal to CD, and AC toFD. Now 
XVL 2) because AC is parallel to FE, one of the sides of the tri- 
imgle FBE, 

BA : AF : : BC : CE. 
Bat AF is equal to CD ; theiefoi^ (V. 7) 

asBA :CD :: BC : CE, 
and alternately (V. 16) as AB : BC : : DC : CE. 
Again (VI. 2), because CD is parallel to BF, as 

BC : CE : : FD : DB; but FD is equal to AC j therefore, 
as BC : CE : : AC : DE ; and, alternately, 
as BC : CA : : CE : ED. 
Therefore, because it has been proved that 

AB ; BC : : DC : CE, and as BC : CA : : CE : ED;t 
ex aequo (V. 22), BA : AC : : CD : DE. Therefore, the sides, &c. 

Schcl, Hence (VI. def. 1) equiangular triangles are similar. 

. Cor, If two angles of one triangle be respectively equal to two 
angles of another, their sides are proportional, and the sides oppo- 
site to equal angles are homologous. For (L 82, oor. 5) the 
remainitig angles are equal, and therefore the triangles are equi- 
angular. 



* ThU inqportant propoaitlim is a graenlizatloo of the 96th of the flnt book, as 
tbeflijkh and sixth of this hook an ofthe 8th and 4th of the first. 

t Ban, the two ranks of magnitudes are AB, BC, CA, and DC, CE, ED. 





18f r> THK BLBUSlTTfl [BOOK TE. 

Prop. v. Thsor. — If the sidos^ of tvo triangles, about 
each of their angles, be proportionals, the triangles are 
equiangular, and hare their equal angles opposite to the 
homologous sides. 

Let the trianffles ABC, DEF, have their sides proportionals, so 
that AB : BO :: DE :EF; and BC : CA :: EF : FD; and 
consequently, ex aequo, BA : AG : : ED : DF; the triangles are 
equiangular, and the equal angles are opposite to the homologous 
sides, viz. the angle ABC equal to DEF, BCA to EFD, and 
BAC to EDF. 

At the points E, F, in the straight line EF, make (I. 23) the 
angle FEO equal to B, and EFG e<iual to C. Then (VL 4, cor.) 
the triangles ABC, GEF have their sides opposite to the equal 
angles proportionals ; wherefore 

AB : BC : : GE : EF; but (hyp.) 
AB : BC : : DE : EF. 

Therefore (V, 11) DE ; EF : : GE ; EF; 
whence, since DE and GE have the same 
ratio to EF, the^ are (V. 9) equal. It may 
be shown in a similar manner that DF is 
equal to FG ; and because, in the triangles 
DEF,,GEF, DE is equal to EG, EF com- 
mon, and DF equal to GF; therefore (L 8) 
the angle DEF is equal to GEF, DFE to 
GFE, and EDF to EGF. Then, because the angle DEF is equal 
to GEF, and (const) GEF to ABC ; therefore the angle ABC is 
equal to DEF. For the same reason, ACB is equal to DFE, and 
AtoD. Therefore the triangles ABC, DEF are equiangular: 
wherefore, if the sides, &c. 

Prop. VL Thbob. — If two triangles hare one angle of 
the one equal to one angle of the other, and the sides about 
the equal angles proportionals; the remaining angles are 
equal, each to each, viz. those which are opposite to the 
homologous sides. 

Let the triangles ABC, DEF have the angles BAC, ED^ 
equal, and the sides about those angles proportionals; that is, 
BA : AC : : ED : DF; the ai:^le ABC u equal to DEF, and 
ACB to DFE. * 

Make (I. 23) the angle FDG equal to either of the angles BAC, 
EDF; and the angle DFG equal to 
ACB. Then (VL 4, cor.) a 

BA : AC : : GD : DF. But (hyp.) /\ j^^ jO 

BA:AC :: ED:DF; /\ /\ / 

and therefore (V. 11) ED :DF::GD: / \ / \/ 

DF; wherefore ED is equal (V. 9) to b c e v 

DG. Now DF is common to the two 

triangles £DF» GDF; and the angle EDF is equal (ooaal.) to 



A A 
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ODF : therefore the angle DFG is egiial (L 4, part 8) to DFE, 
and G to E. Bat (const )the angle DFG is equsJ to AOB : there- 
fore AOB is equal to DFE ; and (hyp.) the angle BAG is equal 
to EDF; vherefore also (L 32, cor. 5) tlie remaining angles B 
and E are equal Therefore, if two triangles, &c.* 

Prop. VIL Theor. — If two triangles have two sides of 
the one proportional to two sides of the other ; and if the 
angles opposite to one pair of the homologous sides be equal, 
and those opposite to Uie other pair be either both acute, or 
not acute ; the angles contained bj the proportional sides 
are equal. 

In the triangles ABC, DEF, let AB : BC : : DE : EP, and 
let the angles A and D be equal : then if C and F be either both 
acute, or not acute, the angles ABC, DEF are equal 

For, if they be not equal let ABC be 
the greater, and (L 23) make the angle 
ABG equal to DEF : then, since (hyp.) 
A and D are equal, AGB is equal (L 32, 
cor. 6) to DFEf; and ( VL 4). 

AB:BG::DE :EF; but(hyp.) T^ J- e 

AB:BC:;DE:EF; 

therefore (V. 11) AB : BG : : AB : BC. Hence (V. 9) BG and 
BC are equal, because AB has the same ratio to each of them ; 
and therefore (I. d) the angle BGC is equal to C. The angles at 
G therefore are both acute, or not acute, according as C and F 
are acute, or not acute. 

In the first case, then, in which C and F are both acute, the 
angles BGA, BGC are together less than two right angles, which 
(I. 13) is impossible ; and m the second case, in which C and F 
are not acute, the angles BGC, BCG of the triangle CBG are 
not together less than two ri^ht angles, which (L 17) is impossible. 
The angle ABC, therefore, is not unequal to DEF ; that is, it is 
equal to it: wherefore, if two triangles, &c.f 

Prop, VIII. Theor. — In a right-angled triangle, if a 
perpendicular be drawn from the right angle to the hypo- 
tenuse, the triangles on each side of it are similar to the 
whole t^angle, and to one another. 

Let ABC be a right-angled triangle, having the riffht angle 
BAC; and from the point A let AD be drawn perpenoicular to 
the hypotenuse BC : the triangles ADB, ADC are umilar to the 
whole triangle ABC, and to one another. 

* This proposition may be very easily proved indirectly. 

t The proof of this proposition which is given above, is much shorttt fhan that 
of Euclid. The expression of the ennndstion is also altered, with a view to render 
it more simple and plain. 
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, Because the angle BAG is equal (I. ax. 11) to ADB, each of 
them being a right angle, and that the angle B is common to the. 
two trian^es ABC, ABD ; the remaining angle C is equal (1. 32, 
cor. 5) to the remaining angle BAD. There* ^ 

fore the triandes ABOTaBD are equiangular 
and (VL 4) me sides about their equal angles 
are proportionals; wherefore (VI. def. 1) the 
triangles are similar. In the same manner it 
might be demonstrated, that the triangle ADC 
is equiangular and similar to ABC : and the triangles ADB, ADC, 
being each equiangular to ABC, are (1, ax. 1) equiangular, and 
therifore (VL 4, and def. 1) similar to each other. Therefore, &c. 

Cot, From this it is manifest, that the perpendicular drawn 
from the right angle of a right-anf^ed triangle to the hypotenuse, 
is a mean proporaonal (VTdef, 0) between the segments of the 
hypotenuse : and also that each of the sides is a mean proportional 
between the' hypotenuse and its segment adjacent to tnat aide. 
For, (VI. 4) m the triangles BDA, ADC, 

. as BD : DA : : DA : DC ; in the triangles ABC, DBA, 
as BO : BA : : BA : BD ; and, in the triangles ABC, ACD, 
' as BC : CA ; : CA : CD. 

Prop. IX. Prob. — From a given straight line to cut off 
any assigned part, or submultiiue.* 

Let AB be the given straight line ; it is required to cut off any 
assigned part from it. 

Draw a strai^t line AC making any angle with AB ; in AC 
take any point D, and take AC the same multiple of AD, that 
AB is of the part which is to be cut off from it; 
join BC, and (I. 31) draw l}^ parallel to it: A£ 
IS the part required. 

Because ED is parallel to BC, one of the sides 
of the triangle ABC, CD : DA :: BE : EA (VI. 
2); and, by composition, (V. 18) CA : AD :: 
B A : AE. But (const.) C A is a multiple of AD ; 
therefore (V« D) BA is the same multiple of AE. Whatever part, 
therefore, AD is of AC, the same part is AE of AB. Therefore, 
from the straight line AB the part required is out off: which was 
to be done. 

Prop. X. Pros.— -To divide a given straight line simi- 
larljr to a given divided straight fine ; that is, into parts 
proportional to the parts of the given divided line. 

Let AB be the straight line given to be divided, and AC the 



* Tbia proUem is the same in mibstanoe, u to dlTid« « given straight line into 
any proposed number of equal parts ; % method of doing which has already been 
given in the aeeond corollaiy to the 64th proposition of the flnt book. 
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given line divided in D and E ; it is reqwed to divide AB simi- 
&rly to AC. 

iJet AB, AC be placed so as to contain any angle ; join BC, 
and, (I. 31 ) through the points D, E, draw DF, EG parallels to it : 
AB is divided in F and & similarly to AC . 

Through D draw DHK parallel to AB. Then each of the 
figores FH, UB is (I. def. 24) a parallelogram; 
wherefore DH is equal (I. 34) to FOt, and HK 
to GB. And (VI. 2) because HE is paraUel to 
KG, one of the sides of the triangle DKC, as 
CE : ED : : KH : HD ; but KH is equal to BG, 
and HD to GP; therefore, as CE : ED :: 
BG : GF. Again, ( Vl. 2) because FD is parallel 
to EG, as ED : D A : : GF : FA. But it has 
been proved that CE : ED : : BG : GF ; and now 
that ED : DA : : GF : FA; therefore the given straight line AB 
is divided similarly to AC : which was to be done. 

Schol. In a similar maiiner we may produce a gpven straight 
line, so that the whole line so produced may have 
to the part produced the ratio of two given straight 
lines. Thus, if AB be the line to oe produced, 
make at A an angle of any magnitude, and take 
AC and CD equal to the other given lines ; join 
BD, and draw CE parallel to it Then, since EC 
is parallel to BD, a side of the triangle ABD, we 
have(VI.2)AE : EB ::AC : CD, so that AE has 
to EB the given ratio. 

Prop. XI. Prob. — To find a third proportional to two 
giyen straight Hnes. 

Let A and B be two given straight lines ; it is required to find 
a third proportional to them. 

Take two straight lines CF, CG, contain- 
ing any angle C ; and upon these make CD 
equal to A, and DF, CE each equal to B. 
Join DE, and (I. 31) draw FG parallel to it. 
EG is the third proportional required. 

For (VI. 2) smce DE is parallel to FG, 
CD : DF : : CE : EG. But (const) CD is 
equal to A, and DF, CE each equal to B : 
therefore A : B : : B : EG ; wherefore to A and B, the third pro- 
portional EG is found, which was to be done.* 





* other modes of solTing this problem may somfltlmM be emptoyed with advan- 
tage. The following are among the most useftil : 

1. Draw AD (fig. to prop. 8) perpendicular to the indeflidte straight line BC, 
and make DB, DA equal to the given lines : Join AB, and draw AC perpendionlar 
to it: DC is the third proportional required. For (VI. 8, oor.) BD : DA :: DA : 
DC. 

2. Draw BC pevpendicolar to AB, and having made BA and AC equal to the 
less and greater of the given lines, draw CD and BS perpeodienlar to AC: AD 
win be a third proportional to AB and AC, and AB to AC and AB. TUilbUowa 
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Prop. XII. Prob. — Ta find a fourth propOTtional to 
three given straight lines. 

Let A, B, C be three given straight lines; it is required to find 
a fourth proportional to them. 

Take two straight lines DE, DF, con- 

tainmg any angle EDF, and make BQ \ b 

equal to A, GE* ec^ual to B, and DH ^ 
equal to C ; and having joined GH, draw 




(I. 31) EF parallel to it {hrough the pomt 
E: BlF is tne fourth proportional required. 
For (VI. 2) since GBl is parallel to EF, 
as DG : GE : ; DH 1 HF; but D ^ is 
equal to A, GB to B, and DH to ; therefore as A : B ; ; C : 
HF; wherefore, to the three given straight lines, A, B, C, the 
fourth proportional HF is found ; which was to be done.t 

Prop. XIII. Prob.— To find a mean propOTtional be- 
tween two given straight lines. 




fh)m the fourth proposition of this book, rince the triangles ABC, AC0 are equi- 
angular, as are also ABO, AEB. 

The angles ABC, ACD, &c. are here made 
right angles. They may be of any magnitude, 
however, provided uiey be equal. It is sufficient, 
therefore, to draw two straight lines, AB, AC, 
making any angle; to cut off AB, AC equal to 
the given proportionals; and then, BC being 
joinMl, to make the angle ACD equal to ABC, 
and to draw BE parallel to CD ; or to make the 
angle ABE equal to ACB, and to draw CD paral- 
lel to BE. . , 

This method affords an easy meaoB of. continuing a series of lines in continual 
proportion, both ways, when any two successive terms are given. Thus, after CD 
and BE ax« drawn, it Is only necessaiy to draw DF, EG, &c. parallel to BC, and 
FH, 6K, &c. parallel to CD; as AD, AF, AH, &c. will be the succeeding terms 
of the ascending series, and A£, AG, AK, &e. those of the descending one. 

* It is plain that GE may be taken on dther side of 6. 

t The solution of this problem may also be effected in several diffieapent waya; 
some of wfaidi may be nMoely indicated to the student, as the proofk present no 
difficulty; and it is evident that, with slight modificatioD, thor are applicable in 
solving the 1 1th inropoeition, whidi is only a particular case of the 1 2th. 

1. Let AS, EC (last fig. to IIL 3S, page 78) be the second and third temu, 
placed contiguous, and in the same straight line, and draw BE, making any angle 
with AC, and equal to the first term ; through tiie three points, A, B, C, describe a 
drde ontting BE produced in D : ED Is the fourth proportional. If ABand CD 
be Jdned, the proof will be obtained by means of the triangles ABE, CDE, which 
are similar. 

2. DrawAB,AC(flg. to in. 36, cor. page 80) making any angle, and make AB, 

A£ equal to the second and tUrd terms; then if AC be taken equal to the flrrt 
tenn, and a drele be described passing through B, C and E, and meeting AC in 
F, AF will be the required Une. If BF and BC be Joined, the triangles ABF and 
ACB are similar, and hence the proof is immediately obtained. 

3. Make BD and DA (fig. to VI. 8, page 184) perpendicalar to mA oCher, and 
equal to the first and second terms; join AB, and draw AC perpendicular to it ; 
in DA, iwoduced through A, if necessary, take a line equal to the third term, 
through the upper extremity ef wliieh draw a line paraDd to AG: the Une inter, 
eeptod on DC, prodooed if neoeosary.betwten D and this paralld, ivtheflNntii pro. 

spocttenal nquired. 
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. Let AB, BO be two girexL straight lines ; it is required to find 
a mean proportional between them. 

Place AB, BC in a straight line, and npon AC as diameter 
describe the semicircle ADC ; from B (L 11) draw BD at right 
angles to AC : BD is the mean proportional 
between AB and BC. 

Join AD, DC. Then, because the angle AD C 
in a semicircle is (III. 81) a right angle, and 
becaose in the right-angled triangle AuC, DB 
is drawn from the right angle perpendicular to 
AC, DB is a mean proportional (vL 8, cor.) between AB, BC the 
segments of the base. Therefore between AB, BC, the mean 
proportional DB is found : which was to be done.* 

Prop. XIY. Theor. — Equal parallelograms which have 
an angle of the one equal to an angle of the other, have 
their sides about those angles reciprocallj proportional: and 
(2) parallelograms wluch hare an angle of the one equal to 
an angle of the other, and the sides about those angles 
reciprocally proportional, are equal to one another. 

1. Let AB, BC be equal paraUelograms» which have the angles 
at B equal; the sides about those ai^es are reciprocally propor- 
tional; that is, DB : BE : : GB : BF. 

Let the sides DB, BE be placed in the same straight line, and 
contiguous, and let the parallelograms be on opposite sides of DE; 
then (L 14, cor.) becau^w the angles at B are equal, FB, BGt are 
in one straight line. Complete the parallelogram FE,t and (V. 

4. If toy nninber of antooedents, and the conaegoen t of one of tiieiD be glTen, 
the other oonaequaita may be readily found (m the pclnolple employed in the tenth 
proposition of thia book. Thoa, if AD (fig. to that proposition, page 135) be the 
giyen conaeqnoit and AF its antecedent; then, if FO, 6B, &o. be die other ante- 
cedents, the segments DE, EC, &c. made on the other line by the paraUels, are the 
remaining consequents. 

* Out of several additional ways of solving thia problem, the Ibllowing may be 
mentioaed. 

1. On the greater extreme aa diameter describe a semicircle; from the diameter 
out off a segment equal to tiie less extreme* through the extremity of which draw 
a perpendicular cutting the circumference; and the chord drawn from that inter- 
section to the extremi^ of the diameta common to the two extremes is the required 
mean. Tlie proof is manifest from IIL 31, and VI. 8, oor. 

2. Bfake AD, DC (2d flg. to in. 36, page 79) equal to the given extremes; on 
AC aa chord describe any circle, and a tangent drawn from D will be the required 
mean. The proof of this is obtained by Joining AB and BC, aa the triangles ADB, 
BDC are similar. 

When one mean is determined, others may be found between it and tiie given 
extremes, and thus three means will be inserted between the given lines ; and by 
finding means between each successive pair of the five terms of which the series 
then constats, the number of means will be increased to seven. By continuing the 
process we may find fifteen means, lidrty-one means, or any number wliich is less 
oy one than a power <tf 2. We cannot find; however, by elementaiy geometiy,any 
other number of means, such as two, four, or five. 

t If AD, CO were produced to meet, it would be easy to show, that AB and BC 
would be the complements of the parallelognma about the diagonal of the whole 
parallelogram AC. 

In the demonstration it should in strictness be proved that AF and CE meet 
when produced. This foUows from I. 29, oor. 1. 



^' 
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7) because AB is equal to BC» and tiiat FE is anoilier paaflelo* 
grsxn, 

AB :FE :: BC : FE. But (VL 1) 

as AB to FE, so is the base DB to BE ; and 
as BC to FE, so is the base GB to BF; 

therefore (V. 11) as DB : BE : : GB : BF. a 

The sides, therefore, of the paraUelograms \— — 

AB, BC, about their equal andes, are (VL ^ 

det 2) reciprocally proportionaL _ 

2. But let the sides about the equal angles a c 

be reciprocally proportional, tIz. DB : BE : : 
GB : BF ; tiie parallelograms AB, BC are equal 

The same construction being made, because, 

as DB : BE : : GB : BF; and (VL 1) 

asDB :BE :: AB : FE; andas GB : BF : : BC : FE; 
thereforo (V. 11) as AB : FE : : BC : FE; wherefore (V. 9) H^ 
parallelogram AB is ^ual to the parallelogram BC. Therefore 
equal paraUelograms, &c. 

Prop. XV. Theob. — Equal triangles which hare an 
angle of the one equal to an angle of &e other, have their 
sides about those angles reciprocallj proportional : and (2) 
triangles which have an angle of the one equal to an an^le 
of the other, and the sides about those angles reciprocallj 
proportional, are equal to one another. 

1. Let ABC, ADE be equal triandes, which have the angles 
BAC, DAE eaual; the sides about those angles are reciprocally 
proportional ; that is, C A : AD : : EA : AB. 

Let CA, AD be placed in one straight line, and contiguous, and 
let the triangles be on opposite sides of CD ; then 
(L 14, cor.) BA, AE are m one straight line. Join 
&D ; and because the triangles ABC, ADE are 
equaJ, and ABD is another triangle; therefore 
(V. 7) 

as CAB is to BAD, so is EAD to BAD. But 
(VT. 1) as the triangle CAB to BAD, so is CA to 
AD; and as the triangle EAD to BAD, so is EA to AB; as, 
therefore, (V. 11) CA : AD : : EA : AB; whei-efore (VL def. 2) 
the sides of the triangles ABC, ADE about the equal angles are 
reciprocally proportional 

2. But let the sides of the triangles ABC, ADE. about the equal 
angles be reciprocally proportio^l, viz. CA : AD : : EA : AB ; 
the triangles ABC, ADE are equal. 

The same construction being made, 

because CA : AD : : EA : AB; and (VL 1) 

as CA to AD, so is the triangle ABC to BAD ; and 

as EA to AB, so is the triangle EAD to BAD: 

therefore (V. 11) as the triangle BAC to BAD. so is the triangle 

EAD to BAD; that is, the tnangles BAC, EAD.haye the same 
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rtttio to BAD : wherefore (V. 9) the triangles ABC, AD£ are 
equal.* Therefore, equal triangles, &c. 

Otherwise: — 1. Let 6 A, AD be placed in one straiffht line 
and contiguous, and let the triangles be on opposite sides of CAD ; 
then (I. 14, cor.) BA and AE are also in one strai^t line. Join 
BD and CE ; and, because the triangles ABC, JS)1^ are equal, 
if BAD be added to each, the whole BCD is equal (L az. 2) to 
the whole BED ; and, therefore (I. 39) BD is parallel to CE, and 
(VI. 2, cor.) CA : AD : : EA : AB. 

2. The same construction being made, since CA : AD :: 
EA : AB, BD is paraUel (VI. 2, cor.) to CE ; and (I. 87) the tri- 
angles BCD, BED are e^ual to one another : from each of them 
take ABD, and the remaining triangles ABC» ADE are equaLf 

Prop. XVI. Theor. — If four straight lines be ppopor- 
tionak, the rectangle contained by the extremes is equal to 
tiiat contained by the means: and (2) if the rectangle con- 
tained bj the extremes be equal to that contained by the 
means, the four straight lines are proportionals. 

1. LetAB :CD ::E :F; the rectangle AB.Fis equal to the 
rectangle CD.E. 

Draw (I. 11) AG, CH perpendicular to AB, CD; make AG 
equal to F, and CH equal to E ; and 

complete the parallelograms BG, DH, — ^ — ' — 

Because AB : CD :: E : F; and that 
Eis equal to CH, and Fto AG; there- 
fore, (V. 7) AB : CD :: CH : Aa 
Hence the sides of the parallelograms 
BG, DH, about the equal axigfes are 
reciprocally proportional: where&re 
(Vr 14) the parallelogram BG is 
equal to DH. Now^ the parallelogram BG is contained by AB 
and F, because AG is equal to F ; and DH is contained by CD 
and E, because CH is equal to E. Therefore the rectangle AB.F 
is equal to the rectangle CD.E. 

2. If the rectangle AB.F be equal to the reotanirle CD J2 ; then 
AB:CD::E:F. 

The same construction being made, because the rectangle AB.F 
is equal to the rectangle CD.E, and that the rectangle BG is con- 
tained by AB and F,l)ecause AG is equal to F ; and the rectangle 



* It is evident from the second corollaiy to the thirty-righth propositioo of the 
first book, that this propositton is true as well when the angles are snpplementaL, as 
when they are equal. 

t From either this very easy method of demonstrating the Ltth propodtion, or 
from the method given in the text, the proof of the UUi would follow immediately, 
by means of the 34th of the first book, if the diagonals of the parallelograms were 
drawn. It may be remarked, that a proof similar to the seoond one given above, 
would be obtauMd by placing the triangles so as to have their equal angles com- 
ei4ine, instead of bdng vertically opposite. In the figure, the sUraight line CE, 
whien is not aotuall j drawn, may be conceived to be drawn. 
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DH ^ CD and E, becaiue CH is equal to £; therefore the 
parallelogTaiiu BO, DH are equal; and they are eqiiiaiiinilar. 
Bat (YL 14) the odes about the equal angles of eqaafpitfallelo- 
grams are redprocally proportioiiai: whmfore, as AH : CD :: 
OH : AG; or (ooiift.) AB : CD :: E : F* Therefore, &c. 

Prop. XVIL Theor. If three straight lines be propor- 
ttonals, the rectangle contained b^ the extaremes is eqnal to 
the square of the mean: and (2) if the rectangle contained 
bj the extremes be equal to the square of the mean, the 
three straight lines are proportionals. 



Let the three straight lines A^ B, C be proportionals, 112. 
A : B : : B : ; the rectangle A.C is equal to the square of B. 

1. Take D equal to B ; and because A : B : : B : C, and that 

B is equal to D ; therefore A : B : : D : C. But 

(VL 16) if four straight hues be proportionals, ^ 

the rectan^ under the extremes is equal to b 

that under tiie means: therefore the rectangle 

A.C is eonal to tiie rectangle BJ). But Sie 

rectangle B.D is the square of B ; because B is c 

equal to D: therefore tnie rectang^ A.C is equal 
to the square of B. 

2. If the rectangle A.C be equal to the square of B ; A : B : : 
B :C. 

The same construction being made, because the rectaiuie A.C 
is equal to the square of B, and the square of B is equal to the 
rectangle B J), because B is equal to D ; therefore the rectangle 
A.C is equal to the rectangle B.D. But ( VL 16) if the rectangle 
Bxtn ' * ' " 



of the extremes be equal to that of the means, the straight 
are proportionals : therefore A : B :: D : C ; but B is eqiud to D ; 
whdnefore,asA : B :: B: C. Therefore, ifthreestraigfai lines, && 

Prop. XVIIL Prob. — Upon a given straight fine to 
describe a figure similar to a giyen rectilineal figure, and 
such that the given line shall be homologous to an assigned 
side of the given figure.! 

Let AB be the given straight line, on which it is required to 
describe a rectilineal figure sunilar to a given rectUineal figure. 



*Tliis p r opo riU on, of wbldi the one ftdlowiiig H is a case, affords fbe means of 
deffving Um eqnalilj of zectangles, and the proportion ot stnught lines containing 
tiMm, from one another. It eridently comsptrnds to Y. Sup. prop. 1, cor. and 
prop. 2, cor, I, and it might be regarded as an immeiUate result of those corollaries, 
without any distinct proof; if the lines were expressed (I. 46, oor. 4) by lineal anits. 
and the rectangles by saperfleial ones. This proportion and the fimith of this 
book, when emfdoyed in connexion with one another, form one of tiie most power- 
ftd instrmnents in gemnetrical investigations: and tli^ ftcllitaie in a pecnUar 
degree the appHcation of alg^srato such inquiries. 

t Tlie latter condition may be also expressed hj saying, that tile two figures are 
to be ''dmilarly sitoated** on the two straight lines AB and CD. 




"^' 
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and such that AB may "be bomologoas to CD, a side of the giyen 
figure. 

First, let the fldyen rectilineal figure be the triangle CD£. Make 
the angles BAF, ABF respectlTely equal to DOE, CD£ ; and 
(VT. 4, cor.) the triangle ABF is similar to CDS, and has AB 
homologous to CD. 

Again, let the given figure he the quadrilateral CDGE. Join 
DE, and, as in the first part, describe the triangle ABF having the 
angles BAF, ABF respectively equal to DCE, CDE, and also the 
triangle BFH having the angles 
FBH, BFH respectively equal to 
EDG, DEG. Then (I. 32, cor. 6) 
the angles BHF,DGE are equal, 

and (const.) A and C are equal. — __« 

Also since (const ) ABF, FBH are a b c d 

respectively eoual to CDE, EDG, 
the whole ABH is equal to the whole C DG. For the same reason, 
AFH is equal to UEG; and therefore the quadrilateral figures 
ABHF, CDGE are equiangular. But likewise these figures nave 
their sides about the equal angles proportional For the trian^es 
ABF, CDE being equiangular, and also BFH,DEG ; as BA : AF :: 
DC : CE; and as FH : HB :: EG : GD. Also, in the same tri- 
angles, as AF : FB ::CE :ED; and as FB :FH ::ED :EG: 
therefore, ea cbouo, AF : FH :: CE : EG. In the same 
manner it may oe proved, that AB : BH : : CD : DG: where- 
fore (VI. def. 1) the figures ABHF, CDGE are similar to one 
another. 

Next, let the given figure be CDKGE. Join DG ; and, as In 
the second case, describe the figure ABHF, similar to CDGE, 
and similarly situated: also, describe the tnana^e BHL having 
the angles BHL, HBL respectively Mual to DGK, GDE« Then 
(L az. 2) the whole angles FHL, ABL are respectively equal to 
the whole angles EGl^ CDK; and (L 32, cor. 5) the angles L 
and K are equal. Therefore the figures ABLHF, CDKGE an> 
equiangular. Again, because the quadrilaterals ABHF, CDGE, 
and the triangles BLH, DKG are similar; as FH : HB :: 
EG:GD, and HB : HL :: GD : GK; therefore, ex cBoyo, 
FH : HL : : EG : GK. Li like manner, it may be shown, that 
AB : BL : : CD : DK : and because the quadrilaterals ABHF, 
CDGE, and the triangles BLH, DKG are similar, the sides about 
the angles A and C, L and K, AFH and CEG are proportional. 
Therefore (VI. def. 1) the five-sided figures ABLHF, CDKGE 
are similar, and the sides AB and CD are homologous. In the 
same manner, a rectilineal figure of six or more naeB mskj be de- 
scribed on a given straight line, similar to one given: whidh was to 
be done.* 



" In practice, if AB be parallel to CD, the oonstmction Is most easily effected 
l^drawliig AF and BF parallel to CE and DE; then FH and BH parallel to EO 
and DO; and, lastly, HL and BL parallel to GK and DK. The doing of this is 
muoh fiboUitated by employing the nseftil instrument, the parallel mler. For the 
easiest methods, however, of petfittming this and many other problems, thestadent 
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Prop. XIX. Theor. — Similar triangles are to otio 
another in the duplicate ratio of their homologous sides. 

Let ABC, DEF be similar triangles, hayine the angles, B and 
£ ec^ual, and AB : BC : : DE : EF, so that (V. def. 13) the side 
BC IB homologoas to EF. The triangle ABC has to the trian^ifle 
DEF, the duplicate ratio of that whioh BC has to EF. 

Take (VL 11) BG a tlurd proportional to BC, EF, so that 
BC : EF :: EF : BG,and join OA.* 
Then, because jk 

AB : BC :: DE : EF; alternately, / \ X 

AB : DE : : BC : EF; but (const) / \ /\ 

asBC:EF::EF:BG; rolTT: r \ 

therefore (V. 11) as AB : DE :: 

EF : BG. The sides, therefore, of the triangles ABG, DEF, 
which are about the equal angles, are reciprocally proportional ; 
and therefore (V L 15)the triangles ABG, DEF are equaL Again^ 
because BC : EF : : EF : BG; and that if three straight lines be 
proportionals, the first is said (V. def. 11) to have to the third the 
auplicate ratio of that which it has to the second; BC therefore 
has to BG the duplicate ratio of that which BC has to EF. But 
(VL 1) as BC to BG, so is the triangle ABC to ABG. There- 
fore (V. 11) the triangle ABC has to ABG the duplicate ratio of 
that which BC has to EF. But the triangle ABG is equal to 
DEF ; wherefore also the triangle ABO has to DEF the duplicate 
ratio of that which BC has to EF.f Therefore, &c. 

Cof, From this it is manifest, that if three straight lines be pro- 
portionidfl, as the first is to the third, so is any tnangle upon the 
first to a similar triangle, similarly described on the second. 

Prop. XX. Theor. — Similar polygons may be divided 
into the same number of similar triangles : (2) these tri- 
angles have the same ratio to one another that the polygons 
have: and (3) the polygons have to one another the dupli- 
cate ratio of that which their homologous sides have. 

Let AD, FK be similar polygons, and let the sides AB, FG be 
homologous: the polygons may be divided into the same number 
of simi&r triangles: (2) these triangles have, each to each, the 



must have recourse to works that treat ezpresaly on such subjeots, ptrticularly 
treatises on practical geometry; surveying, and the use of mathematical in- 
struments. 

* The third proportional might be takm to EF and BC, and placed from E along 
EF produced; and then a triangle equal to ABC would be formed by Joining D 
with the extranity of the produced line. 

t This proposition might also be proved by making BH equal to EF, joining 
AH, and drawing through H a parallel to AC. The triangle cut off by the parallel 
Is equal (I. 26) to DEF. But (VL 1) the triangle ABC Is to the triangle ABH. 
as BC to BH; and, for the same reason, the triangle ABH is to the triangle cutoff 
by the parallel, or to DEF, as BC to BH, or (const.) as BH to B6. Therefore, <sc 
<P9«io, the triangle ABC has to the triangle DEF, the same ratio that BC has to 
B6, or (V. del H) the duplicate rrtio of that which BC has to EF. 
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same ratio which the polygons have: and (8) the polygon AD has 
to liie polygon FK the duplicate ratio of that which the side AB 
has to fGF. 

I, Let the angles AED, FLR be equal, and the sides about 
them proportional; and draw the diagonals EB, EG, LG, LH. 
Then (VI. def. 1) because the polygons are similar, the angles A 
and F are equal, and B A : AE : : GF : FL ; wherefore, because 
the triangles ABE, FGL haye an angle in one equal to an anffle 
in the other, and the sides about those angles proportionals, Sie 
triangle ABE is (VI. 6) equiangular, ana therefore (VL i and 
def. 1) similar to the trian^e 
FGL ; wherefore the angles ABE, 
FGL are equal Again, because 
the polygons are sinmar, the whole 
angle ABC is equal (VL def. 1) 
tothe whole FGH; therefore (I. 
ax. 3) the remaining angles EBC, 
LGH are equal:* and (VL 4) 
because tiie triaxisles ABE, FGL are equian^ar, EB : BA : : 
LG : GF ; and, also (VL de£ 1) because the pmygons are similar, 
AB : BC : : FG : GH; theretbre, ex ceguo, (V. 22) EB : BC :: 
LG : GH; that is, the sides about the equal angles EBC, LGH 
are proportionals; therefore (VL 6) the triangles EBC, LGH are 
equiangular, and iVI. 4, and def. 1) similar, m the same manner, 
the triimgles ECD, LHK may be shown to be similar. Therefore 
the similar polygons AD, FK are diyided into the same number of 
similar triangles. 

2. Because the triai^les ABE, FGL are similar, ABE has to 
FGL the duplicate ratio (VI. 19) of that which the side BE has 
to GL. For the same reason, the triangle BEC has to GLH the 
duplicate ratio of that whieh BE has to GL. Therefore (V. 11) 
as the triangle ABE to FGL, so is the triangle BEC to GLH. 
Again, because the triangles EBC, LGH are similar, EBC has to 
LGH the duplicate ratio of that which EC has to LH. For the 
same reason, the triangle ECD has to LHK the duplicate ratio 
of that which EC has to LH. As, therefore, (V. 11) the triangle 
EBC is to LGH, so is the triangle ECD to LHK. But it has 
been proyed that the triangle !EBC is to LGH, as the triangle 
ABE to FGL. Therefore (V. 11) as the triangle ABE is to FGL, 
so is the triangle EBC to LGH, and ECD to LHK : and there- 
fore (V. 12) as one of the antecedents is to its consequent, so are all 
the antecedents to all the consequents. Wherefore as the triangle 
ABE is to FGL, so is the polygon AD to the polygon FK. 

8. The triangle ABE has (VI. 10) to FGL, the duplicate ratio 
of that which the side AB has to the homologous side FG. There- 
fore, also, (V. 11) the polygon AD has to the polygon FK the 
duplicate ratio of that which AB has to the homologous side FG. 
Similar polygons, therefore, &c» 



* Should the angles A and F be re-entrant, so that the points A and F were on 
the other sides of EB and LG, the angles EBC, LOH would not be the difference, 
bat the sum, of ABC, ABE, and of FGH, FGL. 
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Cw, 1. In like manner, it may be pfored, that similar fig^aieB of 
four aides, or of any number oi sides, are one to another in tte 
duplicate ratio of their homologous sides, and the same has already 
be(Mi proYed (YL 19) in respect to triangles. Therefore, uniyer- 
sally, similar rectilineal figures are to one another in the duplicate 
ratio of their homologous sides. 

Cor, 2. If to AB, J?Gh, two of the homologous sides a third pro- 
portional M be taken, AB has (V. de£ 11) to M the duplicate ratio 
of that which AB has to FG. But the four-sided figure or polygon 
upon AB has likewise to the four-sided figure or polygon upon 
FG the duplicate ratio of that which AB has to FG. Therefore 
as AB is to M, so is the figure upon AB to the figure upon FG; 
which was also proved (VL 19, cor.) in triangles. Therefore, uni- 
versally, if three straight lines be proportionals, the first is to the 
third, as any rectilineiu figure upon the firsts to a similar and simi- 
larly described figure upon the second. 

Got, 3. Because all sauares are similar figures, the ratio of any 
two squares to one anotner, is the same as the duplicate ratio of 
their sides; and hence, also, any two similar rectilineal figures are 
to one another (V. 11) as the squares described on their homolo- 
gous sides.* 

Cor, 4. The perimeters of the figures, that is, the sums of their 
sides, are proportional to the homologous sides. For (hyp. and 
YL aef. 1) the sides are proportional, and therefore, alteniately, 
AB : FG :: BC : GH :: CD : HK :: DE : KL :: EA : LF: 
wherefore (V, 12) AB : FG :: AB+BC+CD-f DE+EA : FG4- 
Gfl4-HK-hKL4-LF. 

Pbop. XXL Theor. — Bectilineai figures which are simi* 
lar to the same figure, are similar to one another. 

Let each of the rectilineal figures A, B be similar to G: A is 
similar to B. 

Because A is similar to C, they ai'e (YL def. 1) equiangular, 
and have also their sides about the equal angles proportional. 
For the same reason, B and C are 
equiai^nlar, and have their sides 
about Sie equal angles proportionaL 
Therefore the figures A, B are each 
of them equiangular to 0, and have 
the sides about the equal angles of 
each of them, and of C preportional ; wherefore (L ax. 1) A and 



• Thiaeorollaiy and tlie preeediiig, sflford raqr meaiis of compariog the ■wgpi*' 
tildes of dmDariectUinealflgiireB. Tfana, the seoond eoebles ua to And two linn 
having the nine ntio as the flgnvos, end the third affords, in general, the easiest 
means of exhibiting ttieir ratio in nmnhenii or by algtfbnde sgaibols ; the arsa of 
amiiiare(L46,oar. 5)belngfbiind simidyl^inahlpljing asldeb/ltself. Thus, 
if AB were 8 indws, and FO S inches, the aiees of the sqoara ef than linn vimM 
be 9 square indm and 4 square inchn; and therefore ^e fignre AD wonld be to 
FK as 9 to 4, orirmild be rather more than twice as great. Ii; again, AB wew S 
Ibet, and FO 8 ftet, AD would betoFKa8S5to9, or would be nearly thr^ tin^ 
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8 «pe «qiiiangcdar; and (Y. 11) they have theur sideb about the 
equal angles proportionals. Therefore (YL de£ 1) A is similar to 
B. Hecolin^ ngnies, therefore, &c. 

Prop. XXII. Theor. — If four straight lines be propor- 
tionals, the similar rectilineal figures, similarly described 
upon them, are also proportionals: and (2) if the similar 
rectilineal figures, similarly described upon four straight 
lines, be proportionals, those lines are proportionals. 

I^t AB : CD : : EF : GH ; and upon AB, CD let the similar 
rectilineal fig:ures KAB, LCD be similarly described ; and upon 
EF, G-H the similar rectilineal figures MF, NH in like manner: 
KAB is to LCD, as MF to NH. 

To AB, CD take (YL 11) a third proportional X ; and to EF, 
GH a third proportional 0. Then, Mcause 

AB : CD :: EF : GH, and (Y. 11) CD : X :: GH : O; 

therefore, excequoy as AB : X :: EF : 0. But (YL 20, cor. 2) 
as AB to X, so is the figure EAB to LCD ; and as EF to O, so 
is MF to NH: therefore (Y. 11) as KAB to LCD, so is MF to 
NH. 

Again, if the rectilineal figure KAB be to LCD, as MF to NH ; 
AB:CD::EF:GH. 

To AB, CD, and EF, take (YI. 12) a fourtii proportional PR, 
and on it describe (YI. 18) the figure SR similar and similarly 
situated to either 
of the figures * 

MF,NH. Then, 
because AB : 
CD : : EF : PR, 
and that upon 

AB, CD ure de- m 

scribed the sinri- \ 1 ?L 

lar and similarly I \ V 

situated recti- 1 \ \ 

lineal figures ^ f g h 

KAB, LCD, and 
upon EF, PR, in like manner, the sunilar rectilineal figures MF, 
SB; KAB : LCD :: MF : SR; but (hyp.) KAB : LCD :: 
MP :NH; and therefore MP haYinff(Y. 11) the same ratio to each 
of the two NH, SR, these are equiS (Y. 9) to one another. They 
are also similar and similarly situated ; tlieref<»« GH is equal to 
PR: and because as AB : CD : : EF : PR, and that PR is equal 
to GH; therefore AB : CD :: EF : GH; wherefore, &c. 

Psop. XXIII. Theor. — Eqiuangular parallelograms 
iiaive to one another the ratio wluch is compounded of the 
ratios of their sides. 

Let AC, CF be equiangular paralleli^rama, having the angltts 

G 




L 
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BCD, EGG ^ual : AG has to GF the ratio which is compounded 
of the ratios or their sides. 

Let BG, GG be placed in a straight line ; therefore BG, G£ are 
also (I. 14, cor.) in a straight line. Gomplete 
the parallftlogram DG. To DG, GE, GG 
take (VI. 12) a fourth proportional K. Then 
.( V. def. 10) the ratio of BG to R is said to be 
compounded of the ratios of BG to GG and 
of GG- to K, or (const.) of the ratios of BG to 
GG and DG to GE : wherefore BG has to K 

the ratio compomided of the ratios of the sides. ,_ 

Now (VI. 1) as BG to GG, so is AG to GH; k 

and as DG to GE, so is GH to GF, or (const) as GG to K, so is 

GH to GF. Therefore, since there are two ranks of magnitudes, 

BG, GG, K, and AG, GH, GF, 
winch, taken two and two in order, are proportionals, ex cegito 
BG is to K, as AG to GF. But it has been shown that BG has 
to K the ratio compounded of the ratios of the sides ; and there- 
fore AG has to Gr the ratio compounded of the ratios of the 
sides ; that is, of the ratios of BG to GG, and DG to GE. There- 
fore, equiangular parallelograms, &c.* 

Cor, Triangles which have one angle of the one equal, or sup- 
plemental, to one angle of the other, have to one another the ratio 
which is compound^ of the ratios of the sides containing those 
an|?les. For, if BD and EG be joined, the trianeles BGD, EGG 
bemg (L 34) halves of the parallelograms AG, GF, have (V. 15) 
the same ratio as the parallelograms ; and if BD and GF be 
joined, the same is true regarding the triangles BGD, GEF, which 
have the angles BGD, GEF supplemental. 



* otherwise: — Becauae there ire three parallelograais AC, CH, CF, the first 
AC (V. def. 10) has to the third CF, the ratio whid^ is compounded of the xatio 
of the first A C to the second CH, and of the ratio of CH to the third CF ; but AC is 
to CH, as the straight line BC to C6; and CH is to CF, as the straight line CD 
is to CE ; therefore AC has to CF the ratio which is omnponnded of ratios that are 
the same with the ratios of the sides. 

The demonstration in the text proceeds on the same inrinciple as that given by 
Dr. Simson from the Creek of Euclid, but it is considerably Amplified by using the 
lines BC, C6, Instead of two lines proportional to them. The foregoing pro<rf', in 
this Note, is given by Simson in his Notes, from Candalla. Asa proof; the latter is 
quite satisfSBCtory; but the other has the advantage of exhibiting ;in a clear raaaner 
the ratio which is compounded of the ratios of the sides, as it is simply that of BC 
to K. 

Dr. Simson remarks in his Note on this proposition, that ** nothing isueoally 
redkoned more difiicult in the dements of geometry by learaers, than the doctiine 
of compound ratio." This distinguished geometer, however, has boUi freed the 
text of Euclid ft*om the errors introduced by Theon or others, and has eigplauied 
the suliiject in such a manner as to remove the difficulties that were formerly felt. 
According to him, ** every inroporition in which compound ratio is made uaa of, 
may without it be both enunciated and demointratedt" and ** the use of comjKNind 
ratio consists wholly in this, that by means of It, circumloeutions m^ be aveUed, 
And thereby proportions may be more briefly either enunciated or demonstn^tdi or 
both may be done. For instance, if this 23d proposition of the sixth book weve to 
be enunciated, without mentioning compound ratio, it might be done aa foUows: — 
If two parallelograms be equiangular, and if aa a side of the first to « aldo pf the 
aeooad, so ai^ assumed straight line be made to » second straight Unei *nd m the 
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Psop. XXIV. Theob. — The parallelograms about the 
diagonal of any parallelogram are similar to the whole, and 
to one another. 

Let ABCD be a parallelogram, and EG, HK the parallelo^'ams 
aboat the diagonal AC : the parallelograms EG, HK are similar 
to the wholeparallelogram, and to one another. 

Because DO, GF are parallels, the angles 
ADC, AGP are (I. 29) equaL For the same 
reason, because BO, EF are parallels, the an- 
gles AJBO, AEF are equal: and (1. 34) each 
of the angles BOD, EFG is equal to tiie oppo- 
site angle DAB, and therefore they are equal 
to one another : wherefore in the parallelograms the angle ABO is 
equal to AEF, and BAC common to the two triangles BAO, 
EAF; therefore (VI. 4, cor.) as AB : BO : : AE : EF. And, 
(V. 7) because the opposite sides of parallelograms are equal to 
one another, AB : AD : : AE : AG; and DC: BO :: GF : EF; 
and also CD : DA : : FG : GA. Therefore the sides of the paral- 
lelograms BD, EG about the equal angles are proportionals : the 
parallelograms are, therefore, ( VL def. 1 ) similar to one another. In 



other side of the first to the other side of the second, so the second straight line be 
made to a third : the first parallelognun is to the second, as the first straight line to 
the third ; and the demonstration would be exactly the same as we now have it. 
But the ancient geometers, when th^ observed this enunciation could be made 
shOTter, by giving a name to the ratio which the first straight line has to the last, by 
which name the intermediate ratios might likewise be signified, of the first to the 
second, and of the second to the third, and so on, if there were more of them, they 
called this ratio of the first to the last, the ratio compounded of the ratios of th<t 
first to the second, and of the second to the third straight line : that is, in the pre- 
sent example, of the ratios which are the same with the ratios of the sides." 

The proposition in the text will be illustrated by the following one, which ex- 
hibits the subject in a different, and, in some respects, a preferable light. 

Triangles which have an angle of the one equal to an angle (if the other, arepropor 
ti^nal to the rectangles contained hy the sides cUnmt those awlesf and (2) equianpUar 
paraUelograms are proportumal to the rectangles contained by their adjacent stdes. 

1. Let ABC, DBE be two triangles, having the angles ABC, DBE eqiial: the 
first triangle is to the second as AB.BC is to DB.BE. 

■Let the triangles be placed with their equal angles coinciding, and join CD. 
Then (VL 1) AB is to DB, as the triangle ABC to DBC. 
Bat (VL I, cor. 2) AB : DB : : AB.BC : DB.BC; therefore 
(V. 11) AB.BC is to DB.BC, as the triangle ABC to DBC. 
In the same manner, it would be shown that DB.BC is to 
DB.BE, as the triangle DBC to DBE ; and, therefore, ex 
sequoy AB.BC is to DB.BE, as the triangle ABC to DBE. 

2. If parallels to BC through A and D, and to AB through f 
C and E were drawn, parallelograms would be formed which ' 
would be respective^ double of the triangles ABC and DBE, and which (V. 15) 
would have! the same ratio as the triangles ; that is, the ratio of AB.BC to DB.BE: 
and this proves the second part of the proposition. 

CempMring tills proposition and the aad, we see that the ratio which is compounded 
qfihe ratios qf the sides, is the same as the ratio of their rectanglest or the same ( I. 46, 
cor. b) as the ratio qf their products, if they he expressed in numlms. This conclu- 
sion inteht also be derivBd from the proof given in tito text. For (const.) DC : 
OS t : OG : K; whence (VI. 16) K.DO = CE.CO. But, it was proved that BC : 
K : : AG : CF; or (VL 1> BC.DO : K.DC : : AC : CF; or BC.DC : CE.CO : : 
AO : CF, beeauM K.DC=s CE.CO. 

'The Uth proposition of ^bia book is evidently a case of this proposition ; and. 
- the 19th is also easily derived from it. 



A 
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the same maimer, it would be shown that the parallelogram BD 
is aimilar to UK. Therefore each of the panJIelooams £G^, HK 
is similar to BD. But (VL 21 ) rectilineal figmies whieti are sunilar 
to the same fijjpre, are simUar to one another; therefore the paral- 
lelogram EG is similar to HK.* Wherefore, &c. 

Prop. XXV. Prob. — To describe a rectilineal figure 
which 4shaU be Binular to one given rectilineal figure, and 
equal to one another. 

Let ABC and D be given rectilineal figures. It is required to 
describe a figure similar to ABC, and equal to D. 

Upon the straight line BC describe (L 45, cor.) the parallelo- 
gram BE equal to ABC ; also upon CE describe the parallelc^am 
CM equal to D, and having the angle FCE eaual to CBJU 
Therefore (L 29, and 14) BC and CF are in a straignt line, as also 
L£ and EM. Between BC and CF find (VL 13) a mean pro- 
portional GH, and on it describe 
( VL18) thefigureGHK similar, 
and similarly situated, to AB C ; 
GHK is the figure required. 

Because BC : GH : : GH : 
CF, and if three straight lines 
be proportionals, as the first is 
to the third, so is (VL 20, cor, 

2) the figure upon the first to f i" jj 

the simuar and similarly de- 
scribed figure upon the second; therefore, 

afl BC to CF, so is ABC to KGH; but (VL 1) 
as BC to CF, so is BE to EF : 

therefore (V. 11) as ABC is to KGH. so is BE to EF. But (const) 
ABC is equal to BE ; therefore KGH is equal (V. 14) to EF ; 
and (const.) EF is equal to D ; wher^ore also KGH is equal to D ; 
and it is similar to ABC. Therefore the rectilineal figure KGH 
has been described, similar to ABC, and equal to D : which was 
to be done. 

Prop. XXVL Theor. — If two similar paraUdognuns 
have a common angle, and be similarly situated ; they are 
about the same diagonal. 

Let the parallelograms BD, EG be similar and similarly situ- 
ated, and nave the angle DAB common : they are about the same 
diagonal. 

For, if not) let, if nossible, the parallelogram BD have its dia- 
gonal AHC in a dinerent straight line fi!om AF, the diagonal of 



* Hence, OF : FE ; : FH : FK. Tfaeiefcre the aides of (be panllelagrams GK 
and EH, alwat the eqaal angles at F, are reciproeaHy yroportioBal; and (VI. 14) 
these parailelograms are equal; a Qondusion whidi agrees wtlhthe 48d pn^KMition 
of the first hook. 
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£&, and let OF meet AHG in H; and tiuoogh H draw HK 
pamUel to AD or BC. Therefore, (YL 24) 
since the parallelognuns BD, KG- are ahout 
the same diagonal they are similar to one 
another; wherefore^ (VI. de£ 1) 
DA :AB :: G-A : AK. 
But (VL def. 1) because BD, and EG are 
similar, 

DA:AB :: GA rAE; 

therefore (V. H) as GA : AE :: GA : AK; wherefore (V. 9) 
AK is equal to A£, the less to the greater^ which is impossible. 
Therefore AHC is not the diagonal of BD ; and in the same 
manner it may be shown that no other line, except AFC, is the 
diagonal of BD : AFG therefore is its diagonal, and BD, £G are 
about the same diagonal AFC. Theiefbre, &c. 

Prop. XXVII. .Thbob. — Of all the parallelograms that 
can be inscribed in any triangle, that which is described oi;l 
the half of one of the sides as base, is the greatest. 

Let ABC be a triangle, havine BC, one of its sides, bisected in 
D; draw (L 31) DE parallel to BA, and EF to BC : let also G 
be any other point in BC^ and describe the parallelogram GR ; 
FD isgreater than KG. 

If GTbe m DC, through C draw CL 
parallel to BA, and produce FE, KH« 
UH, as m the figure. Then (I. 43) the 
complements LiHand HD are equal ; and 
since the bases CD, DB are equal, the 
parallel(^ams ND, DK (L 36) are 
equal To LH add ND, and toHD add 

DK : then (L ax. 2) the gnomon MND is equal to the parallelx)- 
gram KG. But (L az. 9) DL is ^ater than MND ; and there- 
fore FD, which (L 36) is equal to JDL, is greater than KG, which 
is equal to the ^omon MND. 

If G were in BD, since BD is equal to DC, AE is equal (VL 2) 
to EC, and AF to FB ; aud by drawing through A a paraJlel to 
BC, meeting DE produced, it would be proved in the same man- 
ner, that FD is greater than the inscribed parallelogram applied 
to BG. Therefore, of all the parallelograms, &c.* 



* The pamllelogTttm FD exoeedbs KG by the paraUdogram OMsimilar to DL or 
DF» and described on OH, which is equal to DO, the difference of the bases BD 
and BG. Henoe we detive the eolation of the next proposition. 
• 9he emmciatlon of thia propotitioa here glveo Is much more simple and intall^ 
gihle than that of EneUd, and the proof is crauiderably shortened. £aclld's enun- 
ciation, as given by Dr. Simson, is as follows: — **0f all parallelograms applied 
to the same straight line, and defldent by parallelograms, simflar and similarly 
sitiiated to that which is descrihad vpon the half of the line; that wldch is applied 
ID thAhaU; and i» similar to its defoet, is the greatest." It may be remarked, that 
this proposition^ in its simplest case, is tiie same as the second corollary to the fifth 
prupesltien of the seeond book. 
Bespecting this propoeitioa and the neoct, see the Notes at the end of the book. 
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C<yr. Since ( VL 24) all paraQelograms haTing one angle ooiDeid- 
ing with BCL, and their aiagonaU with OA, are similar, it follows 
from this proposition, that i^ on the segments of a ffiven straight 
line BG, two parallelograms of the same altitude he described, one 
of them DL, similar to a given parallelogram, the other DF will 
be the greatest possible, when the segments of the line are equal. 



Prop. XXVIII. Pbob. — To divide a given straight line 
into two parts, such that parallelograms of equal altitudes 
may be described upon them, one equal to a given rectili- 
neal figure, and the other similar to a given parallelogram ; 
the rectilineal figure not being greater (VI. 27) than the 
parallelogram described on half the given line, and similar 
to the given parallelogranL 

Let AB be a ^ven straight Une, and CD a ^ven jjaraHelogram, 
of which EC is a side; let AB be bisected (L 10) in F; and on 
FB (VI. 18) let the parallelogram FG- be described, similar to CD, 
and having FB homologous to EC ; let also K be a rectilineal 
figure, which is not greater than FG : it is required to divide AB 
into two parts, such, that if on one of them a parallelogram be 
described, similar to CD, and having that part homologous to £C^ 
theparallelogram on the other, of equal altitude, may be equal 
tolC 

Through A draw (1. 31) AL parallel to FH, and produce Gil 
to meet it in L. Then, if AH be 
equal to K, the tiling is done : for on 
FB one of the parts of AB, the paral- 
lelogram FG is described similar to 
CD, and similarly situated; and on 

AF, the remaining part, a parallclo- ,^ ^ ^ ^ 

gram AH, of equal altituae, is de- a p x b 

scribed, equal to the given rectilineal k 

figure K. / \ N — P p 

But if AH be not e^ual to K, it is / \ \ \ V^ 

jater by the determmation : lliere- / '^ \ \ \ V-^ 
80 FG, which (I. 3^ is equal i -^ \-\ 



Fore also FG, which (I. 36) 
to AH, is greater than K. Make 
(VI. 25) the parallelogram MN similar to CD or FG, and equal 
to the excess of FG above K. Let the side NO be homologous ti» 
HF or DE, and consequently NP to HG; and since FG is equal 
to K and MN taken together, it is plain that HF, HG are re- 
spectively greater than NO, NP. Out o% therefore, HQ, HK 
respectively equal to NO, NP, and complete the parallelo- 
gram HQSR; produce also the sides QS and BS. Then, sinee 
OP is similar to FG, QR, which is equal and similar to OP, is 
also (VL 21) similar to FG, and there&re (VL 26) QR and FO 
are about the same diagonal Let HSB be their common diagonal. 
Now, since (const) K and OP are together equal to FG, talce away 
OP and QR, which aje equal, and (L az. 3) there remains the 
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figure K e^vuA to the gnonum RVF. Bat it may be sho:«m as in 
the last propositioii, ttubt TX is equal to the gnomon RVF ; there- 
fore TX IS equal to K ; and AB is divided into two parts AX, X£ , 
such that on one of them the parallelogram TX is described equal 
to K, and on the other the parallelogram XV, of the same alti- 
tude, is described similar to the given parallelogram CD, and 
having the sej^ent XB, of the given line, homdogous to EC ; 
which was to oe done. 



Pbop. XXIX. Pbob.— To produce a given straight line so 
that a parallelogram similar to a giyen one being described 
on the produced part, another parallelogram of equal alti- 
tude described on the whole line produced, maj be equal 
to a giyen rectilineal figure. 

Let AB be a ffiven straight line, G a nven rectilineal figure, and 
D a given paraueloOTam : it is requirea to produce AB, so that if 
a parallelogram be described on tne produced part similar to D, 
aim similarly situated, a parallelogram of the same altitude on 
the whole produced line shall be equal to C. 

Bisect AB in E, and ( VL 18) on EB describe the parallelogram 
EL similar, and similarly situated to D : and make (VI. 2d) the 
parallelogram KH equal to EL and C together, and similar, and 
similarly situated toD; wherefore (VI. 21, and const.) KH is 
similar to EL. Let G-H be the side homologous to FL, and GK 
to FE : and because KH is greater than EL, the side GH is 
greater than FL, and GR than FE. Produce FL and FE, and 
make FLM equal to GH, and FEN to GK, and complete the 
parallelogram MN. MN is therefore equal and similar to KH ; 
butKHissmiilartoEL; wherefore (VL 21 ) MN is similar to EL, 
and consequently (VI, 26) EL and 
MN are about tne same diagonal: 
draw their diagonal FBX and com* 
plete the figure. Thererore, since 
kH is eqnaito EL and C together, 
and that KH is equal to MN; MN 
is equal to EL and G : take away 
the common part EL ; then the re- 
maining enomon NOL is equal to 1 

C. Andl)ecause AE is equal to \ ° \ 
EB, the parallelogram AN is equal 
(L 36) to NB, that is (L 43) to BM. 
Add NO to each ; therefore the whole parallelogram AX, is equal 
to the gnomon NOL. But NOL is equal to C ; therefore also 
AX is equal to 0, Wherefore, to the whole produced line AG 
th^re is api^ed the paraUeloffram AX equal to the given figure 
C ; and tne parallelogram PO, of the same altitude as AX, is 
described on the produced part BO, and is similar to D, because 
(VL 24) PO is similar to EL : which was to be done. 
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P&op. XXX. PjioB. — To diyide a girai stn^t fine in 
extreme and mean ratio. 

Let AB be the ghren itrai^t Uoe; it is l e quimd t» divide it in 
extreme and ineaii ration 

Divide AB (IL 11) in the pamt C, to tiiat the leetai^ AB30 
may be equal to the aquaie of AG: then (VL 

17) becanae the rectangle AB.BO is equal to -r »r ■ 

the Moare of AC, as Ba : AC :: AC : CB: « * 

theierore (VL def. 3) AB is cat in extreme wad 
mean ratio in C i wmeh was to be done. 

Pkop. XXXL Thsor. — The rectilineal figure described 
upon the hypotenuse of a right-angled triangle, is equal 
to the similar and similarly described figures upon its other 

sides. 

Let ABC be a r^ht-angled triansle, haying the right an|4e 
BAC : the rectilineal figure E, described upon fiC, is equal toT, 
&, the similar figorea^ sunihirly detcribed upon B A, AC. 

Draw the perpendicnlar AD. Then, becaase AD is drawn from 
tiie ri^t ajigle perpendicular to the hypotenuse, the triangles 
ABD, ADC are similar (VL 8) to the whole 
triangle ABC, and to one another ; and there- 
fore(VI.4)a8CB : BA:: BA :BD;and(VL 
20, cor. 2) because these three straight lines 
are proportionals, as CB : BD : : E : F : and 
inversely, (V. B) as DB : BC : : P : E. For 
the same reason, as DC : BC :: G : E. 
Wherefore (V. 24) as BD and DC together 
are to BC, so are the figures F and 6 together to the figure E. 
But BD and DC together are equal to BC : therefore (Y. A) the 
figure E is equal to the figures F and G. Wherefore, &c. 

Schol, The 4Yth proposition of the first book is the case of 
this proposition, in wnich the figures deseribed on the three sides 
are squares. 




Prop. XXXIL TnEOR.—Iftwo triangles which hare two 
sides of the one proportional to two sides of the other, be 
joined at one angle, so as to liaye their homologous sides 
parallel to one another, and the angles contained by those 
sides, opemi^ towards the same parts ; the remaining sides 
are in a straight line. 

Let ABC, DCE be two triangles which have the two sides BA, 
AC proportioQal to the two CD, DE, viz. BA : AC : : CD : D£ ; 
and let AB be parallel to DC, and AC to DE, the an^es A 
and D opening in the same direction; BC,^ CE are in a straight 
line. . ; 

Because AB is parallel to DC, and AC meets them, the alteiv 




najte angles BAO, AOD are (X. 29) eqaal For the sasme reason, 
th^ angle CDE is equal to ACB : where- 
fore also (I. ax. 1) BAG is equal to ODE. 
And beeawe the triangles ABC, DOE 
have the anffles A and D equal, and the 
sides about wese angles proportionals, viz, 
B A : AG : : GD : BE, tliese triangles are 
(VI. 6) equiai^gular. Therefore the angles 
ABG, DGE are equal: and the an^e BAG was proved to be 
equal to AGD. Therefore the whole AGE is equal to the, two 
ABG, BAG ; add AGB ; then the angles ACE, ACB are equaJ 
to the angles ABG, BAG, AGB ; that is (1. 32) to two right angles. 
Now, since at the point G in AG, the two lines BG, GE, which 
are on the opposite sides of it» oiake the adjacent angles AGE; 
AGB equal to two right andes ; therefore (I. 14) BG and GE are 
in a straight line. I^i^herefore, &c. 

Prop. XXXIII. Theor. — In equal circles, or in the 
same circle, angles, whether at the centres or circum- 
ferences, have the same ratio, as the arcs on which thej 
stand, have to one another: and so also have the sectors. 

Let ABG, DBF be equal cu-cles ; and let BGG, EHF be angles 
at liieir centres, and ]dAG, EDF be angles at their circumfer- 
ences; as the arc BG to the arc EF, so is the angle BGG to 
EHF, and the angle BAG to EDF ; and also the sector BGG to 
the sector EHF. 

Take any number of arcs GK, KL, each equal .to BG, and any 
number FM, MN, each equal to EF : and join GK, GL, HM, 
HN. Because the arcs BG, GK, KL are all equal, the angles 
BGG, CGK, KGL are also (IIL 21) all equal: therefore what, 
ever multiple the arc BL is of BG, the same multiple is the angle 
BGL of BGG. For the same reason, whatever multiple the arc 
EN is of EF, the same multi^e is the angle EHIT of EHF. 
Also, if the arc BL be equal to EN, the angle BGL is also equal 





(IIL 27) to EHN; and if BL be greater than EN, likewise the 
angle BGL is greater than EHN ; and if less, less. Therefore 
{W. def. 6) the arc BO is to the arc EF, as the angle BGG to 
EHF. But (V. 15) the angle BGG is to EHF, as the angle BAO 

G 3 
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to EDF, for (HL 90) eadi is doable of eadi: thn«fore (V. 11) 
M the ax« BC is toEF,sois the angle BG€ to £HF, and Ifar 

ande BAG to EDF. 

iJso, as the an BC is to EF, so is tlie seetor BG€ toliie sei^in^ 
EHF. In Hie ares BC, CK, take any pcrints X, O, andjwn BC, 
CK, BX, XC, CO, OK. Then, because in the triangles GBC, 
GCK, the udes BG, G€ are equal to CG, 6K, and that thej 
contain equal andes, BO is equal (L 4) to CK, and the trian^^ 
OBO to GCK. Again, because the are BO is equal to the are 
CKy the remaining i>art BAO of the iHiole eurumferenee, is 

Sual to theremjumng part OAK : therefore (IIL 37) the ai^;ies 
XC, COK are eqni; and the sgnnent BXC is tfaen^ne 
snniiar (IIL def. 8) to Ihe segment COK ; and they are upon equal 

' * lines BC, CK: tb^ are therefore equal (IDL 24) to one 




another. And since the triangles BGK), CGK are equal, there- 
fore (L az. 2) the whole, the 8«;tor BOO, is equal to the whrie, 
the sector CGEL For the same reason, the sector RGL is equal 
to each of the sectors BGC, CGK. In like manner, the sectors 
EHF, FHM« MHN may be proved equal to one another. There- 
fore, whateyer multrole the are BL is of BC, the same multiple is 
tiie sector BGL of BQC ; and whatever multiple the are EN is of 
£F, the same multiple is the sector EHN of EHF: and if the are 
BL be equal to EN, the sector BGL is equal to EHN; if tiie are 
BL be greater than EN, the sector BGL is greater than 
EHN; and if less, less. Therefore (V. de£ 6) as the are BC is 
to EF, 8o is the sector B(xC to EHF. Wherefore, in if^ual 
cireles,&c. 

Prop. B. Theob. — If an an^le of a trianglo be bisected 
bj a straight line which likewise cnts the &se ; the i^t- 
angle contained by the sides of the triangle is eqnal 
to the rectangle contained by the segments of the toe, 
together with the square of llie straight line bisecting the 
angle. 

Let ABC be a triangle, and let the angle BAC be bisected bY 
AD: the rectangle BA.AC is equal to the rectanji^e BDJ)C, 
together with the square of AD. .^ 
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Describe the circle (IV. 5) ACB about the triangle ; prodaca 
AD to meet the circumference in E : and join 
EC. Then (hyp.) the angles BAD, CAE aie 
equal ; as are also (lU. 21 ) the angles B and E, 
mc they are in the same segment: therefore 
(VI. 4, cor.) in the triangles ABD, AEO, aa 
BA : AD :: EA : AC ; and consequently (VI, 
• 16) the rectangle BA.AO is equal to EA.AD, 
that is (IL 3) ED.DA, together with the square 
of AD. But (III. 35) &e rectande ED.DA 
is equal to the rectangle BD.DC : therefore the rectangle BA.AO 
ift equal to BD.DO, together with the square of AD : * where* 
fore, if an angle, &o. 

Peop. €• Theor. — If an exterior angle of a triangle be 
bisected bj a straight line, which cuts the base produced ; 
the rectangle contained by the sides of the triangle, and thQ 
square of the bisecting line, are together equal to the rect- 
angle contained b^ the segments of the base intercepted 
between its extremities and the bisecting line. 

Let the exterior angle C AF of the triangle B AC be bisected by 
AD: the rectangle BA.AO, and the square of ^AD are together 
equal to the rectangle BD.DO. 

Describe (IV. 5) the circle AEBC about the triangle, ABO: 
produce DA to E ; and join EO. Then, _ 

since (hy^.) the angles CAD, FAD are "^ 

«qual, theur supplements OAE, DAB (L 
def. 38, and az. 3) are also equal; and 
<IIL 21) B and E are equal. Therefore, 
( VL 4, cor.) in the triangles BAD, EAO, 
aa BA : AD : : EA : AO ; and conse- 
quently (VI. 16) the rectangle BAAO is 
equal to EA.AD. To each add the square of AD; therefore 
BA.AC-f AD»=EAAD4-AD», or (II. 3) BA.AO+AD»=. 
ED.DA; or (III. 36, cor.) BA^O-f AD>=BD.DC. Therefore, 
if an exterior angle, &c. 

Prop. D, Theor. — If from an angle of a triangle a per- 
pendicular be drawn to the base ; the rectangle contamed 
bj^ the sides of the triangle is equal to the rectangle con- 
tained by the perpendicular and the diameter of the circle 
described about the triangle. 



* From this proposition in connexion vdth the 3d proportion of this book, we 
have the means of computing AD, when the sidee are given in numbers. For, by 
the 3d, BA : AG : : BD ; DC; and, by compodtton, BA4-A0 : AG :t BG : DC. 
•Tbia ualogy gives DC, and BD is then found by taking DC from BC. But by 
this proposition BA.AC=BD.DC+AD<; therefore, from BA.A0, take BD.DC. 
and the square root of the remainder will be AJ>« 
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. Let ABC be a trian^e, AD the perpendkular fiknn the angle 
A to BC ; and AE a diameter of the cbcanuciibed eirele AB£C : 
the reetangle B AAC is equal to the rectangle 
ADAB. 

Join EC. Then the right angle BDA is 
equal (III. 81) to the angle EC A in a aemi- 
circle, and (IIL 21) the ang^e B to the angle E 
in the same segment; therefore (VL 4, cor.) 
as B A : AD : : E A : AC ; and eoosequently 
(VI. 16) the rectan^e BA.AC is equal to 
the rectangle EA.AI>. If, therefore, fix>m an angle of a tri-> 
angle, &c. 

Prop. E. Theou. — The rectangle contained bj the 
diagonals of a quadrilateral inscribed in a circle, b 
equal to both the rectangles contained bj its opposite 
sides. 

Let ABCD be a quadrilateral inscribed in a circle, and join 
AC, BD; the rectangle AC.BD is equal to the two rectangles 
AB.CD, and AD.BC. 

Make the angle ABE eoual to DBC, and take each of them 
from the whole angle ABC; then the remaining angles CBE, 
ABD are equal; and (III. 21) the angles ECB, ADB are equaL 
Therefore (VL 4, cor.) m the trian^es ABD, EBC, as BC : 
CE : : BD : D A ; whence (VL 16) BC.DA= 
BD.CE. Agam, in the triangles BAE, 
BDC, because (const.) the angles ABE, 
DBC are equal, as also (IIL 21) BAE, BDC, 
therefore (Vl. 4, cor.Jas BA : AE : : BD : DC ; 
whence (VL16)BA.DC=BD.AE. Add these 
equal rectangles to the equals BC.DA and 
BD.CE: then BA.DC+BC.DA= BD.CE + 
BD.AB, or (IL 1) BA.DC4-BC.DA = 
BD.AC. Therefore the rectangle, &c. 

Cor, 1. If the sides AD, DC, and consequenlly (IIL 28, and 
27) the arcs AD, DC, and the angles ABD, CBD be equals 
the rectangle BD.AC is equal to AB.AD together with BC.AD, 
or (IL 1 ) to the rectangle under AD, and the sum of AB and BC. 
Hence (VL 16) AB+BC : BD : : AC : AD or DC. 

Cor. 2. If AC, AD, CD be all equal, the last analogy becomes 
AB+BC : BD :: AD : AD; whence AB-f-BC=:BD. Hence 
in an equilateral triangle inscribed in a circle, a straight line 
drawn, from the vertex to a point in the arc cut off by the base is, 
equal to the sum of the chonis drawn from that point to the ex- 
tremities of the base. 



. In a ilmiUr mafinor* from propotlfcl<mfl A and C, the line bisecting the exterlof 
vertical angle may be computed : and from propoaition D, In eonnezicui with the 
I^th or tSth of the aecond book, the diameter of the ciroomicribed circle nay be 
computed, when the Bides of the triiuigle are given in numbers. . « . 
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Prop. F. Thbor.— The dk^onala of a quadrilateral in- 
scribed in a circle, are proportional to the sums of the rect- 
angles contained bj the sides meeting at their ext^ennties. 

Let ABCD be a qoadrilateral inscribed in a circle, and AC, BD 
its diagonals; AC : BD : : BA.AD+BC.CD : 
AB^4-AD.DC. 

K AC, BD cut one another perpendicularly 
in L, then, (VI. D) AK. beinff the diameter of 
the cuxjle, AL.AK=BAAD, and CL.AK= 
BC.CD ; whence, by addition (L ax. 2) AL.AK ^ 
4-CL.AKor(IL 1) AC.AK=BAAD+BO.CD. 
In a similar manner, it would be proved, that' 
BD.AB:=:AB.BC+AD.DC. Hence ACAK: 
BD.AK, or (VI. 1) AC : BD : : BA.AD-hBC.CD : AB.BC 
+ AD.DC. 

But if AC be not perpendicular to BD, draw AEF perpendicular 
and CF parallel to BD, and DG^H perpendicular and BH parallel to 
AC. Tnen, because EF is equal to tne perpendicular drawn front 
C to BD, and GH equad to the one drawn frwn B to AC ; it 
would be proved as before, that AF.A& 
= BA.AD+BC.CD, and DH.AK=r 
AB.BC 4- AD.DC. Hence, AF.AK : 
DH.AK, or (VI. 1) AF : DH : : BA.AD 
4- BC.CD : AB.BC -}- AD.DC. But 
the triangles AFC, DHB are equiangu- 
lar, having the right angles F and H, 
and the angles ACF, DBH, each equal 
(I. 29) to ALD ; therefore (VI. 4) AF : 
AC : : DH : DB, and alternately AF : 
DH : : AO^ : DB. Hence (V. 11) the 
foregoing analogy becomes AC : BD : : BA.AD 4- BC.CD : 
AB!BC -}- AD.DC. Wherefore, the diagonals, &c.* 

Peop. G. Theor. — If in a straight line drawn through 
the centre of a circle, and on the same side of the centre, 
two points be taken so that the radius is a mean propor- 
tionsd between their distances from the centre ; two straight 
lines drawn from those points to any point whatever in the 



* From this proposition and the last, when the sides of a quadrilateral inscribed 
in a oirole are given, we can find the ratio of the diagonals and their rectangle, and 
thence (VI. 25) the diagonals themselves. Also, if the sides be given in numbers, 
we CMi compute the diagonals. Thus, let the sides taiken in succession round the 
figure be 50, 78, 104, and 120. Then, the ratio of the diagonals will be that of 50X 
78+104X120 to 50X120+78X104 ; that is, 16380 to 14112, or 65 to 96, by dividing 
by 252. Again, the rectangle of the diagonals is 50X 104+78 X 1 20, or 14560. But 
< VL 20, eor.3) similar rectilineal figures are as the squares of the corresponding 
sides, and consequently the sides are as the square roots of the areas ; therefore, 
talung 65 and 56 as the sides of a rectangle, we have Its area equal to 3640 ; and 
<^3640 is to ^14560, or ^3640 is to ^(4x3640;, that is, 1 : 8 : : 69 : 130 :: 56 : 

lUi so that 1^ and 1124ur« the diagonals. 
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circumference, are proportioiial to the segments into which 
the circamference aiyiaes the straight line intercepted be- 
tween the same points. 

Let ABO be a circle, and 0A£ a straight line drawn through 
its centre D ; if ED : DA : : DA : DF, and if BE, BF be drawn 
from any point B of the circumference ; EB : BF : : E A : AF. 

Join AB, BD. Then, smce DB is equal to DA, we have 
(hyp.) ED : DB : : DB : DF. The two 
tnangles EDB, BDF, therefore, have 
their sides about the common angle D 
proportional ; wherefore ( VL 6) the angle 
EiseqnaltoFBD. Now the an>i:le B AD 
is equal (L 32) to the two angles E and 
EBA, and also (L 5) to ABB : where* 
fore E and EBA are (L ax. 1) equal to 
ABD. From these take the equal angles 
E and FBD, and (L az.'d) the remaming angles EBA, ABF are 
equal: and therefore. (VL 3) in the tri^gle EBF, EB : BF : : 
EA : AF. If, therefore, in a straight line, &c. 

Cor. Join BO, and produce EB to G. Then, since ABO is 
(III. 31) a right ansle, it is equal to the two EBA, OBG-. From 
these equals take the equal angles ABF, EBA, and the remain- 
ders FBO, OBG are equal: and therefore (YI. A) EB : BF : : 
EO : OF. But it has been proved, that EB : BF : : EA : AF; 
therefore (V. 11) EA : AF : : EO : OF. Hence, if the segments 
EA, AF be given, the point may be determined by the method 
shown in the scholium to the 10th proposition of this book ; and 
the circle ABO may then be described, its diameter AO being 
determined.* ^ 

Prop. H. Theor. — The perpendiculars drawn from the 
three angles of any triangle to the opposite sides, intersect 
one another in the same point. 

If the triangle be right-angled, it is plain that all the perpendi- 
culars pass through the right angle. But if it be not right-angled, 
let ABO be the triangle, and a&ut it describe a cirete: then, B 
and being acute angles,! draw ADE peipendicular to BO, cut^ 



* Tbe drde may also be determined in the following nuuuier. Since (hyp.) 
ED ; DA : : DA : DF, by division, EA : DA :; AF : DF; whence, aUemately 
and by diTision, EA— AF : AF : : AF : DF. Hence DF is a third proportional 
to tiie diflierenoe of E A, AF, and to AF, the less ; and thus the centre D is deter- 
mined. From the last analogy also we obtained (V. E. cor.) EA*~ AF : EA :: 
AF : AD; an analogy whicub serves the same purpose, since it shows tiiat the 
radius of the drde is a fourth proportional to the difference (tf the segments EA, 
AF, and to those segments themselves. 

t This limitation raevents the necessity of a different case, whtdi would arise if 
the perpendicular AD fell without the triangle. If the angle A be obtuse, the point 
F lies without the drde, and BF, not produced, cuts AC produced. The proof, 
however, is the same. The demonstration here given is new, so fiur as is known to 
the present editor; and it is vecy ea«y and obvious. Another easy and elegani 
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tine BG in D. and the circumference in E ; and make DF equal 
to DE : loin BF and produce it, if necessary, to cut AC, or AC 
producea in G: BG- is perpendicular to AC. Join BE : and be- 
cause FD is equal to D£, tne angles at D 
right angles, and DB common to the two 
tnangles FDB, EDB, the angle FBD is 
©guaTcL 4) to EBD : but (IIL 21) CAD, 
EbD are also equal, because they are in 
the same s^ment; therefore CAD is 
equal to FBD or GBC. But the ande 
ACB is common to the two triangles ACD, 
BCG; and therefore (L 32. cor. 5) the 
remaining angles ADC, BGC are equal : 
but (const.) j3)C is a right angle ; there- 
fore also BGC is a right ang^ and BG 
is perpendicular to AC. In tne same manner it would be shown, 
that a staraight line CH, drawn through C and F, is perpendicular 
to AB. The three perpendiculars therefore all pass through F; 
wherefore, the perpendiculars, &c. 




proof; of which the fonowlng is mn oafUne, is giren in Gtrnier's ** R^dproques,** 
tee. theor. III. page 7S: Draw BG and GH perpendicular to AC and AB; Join 
G% and about the quadrilaterals AHFO and BHGG describe drdea, which can be 
done, as is easily shown : draw also AFD. Then the angles BAD, BCH are equal, 
each of tiiem behig equal (IH. 31) to HGF; and the angle ABC being conunon, 
ADB Is equal (L 32) to BHC, and is therefore a right angle. 



ELEMENTS OF PLANE TMGONOMETRY. 



DEFINITIONS. 

1. Two peqxaidicnUr diameten drride a dicle into four parts 
called qwMdranta. These are erideiitiy all eqnal to one another.f 

2. Ira riglit angle be divided into 90 equal parts, each of ue 
parts is called a d^ree. If a degree be diriaed into 60 equal parts, 
each is called a fmnuU; and if a minote be dhrided into 60 eqnal 
parts, each of them is called a HcandJl 

Donees, minntes, seconds are nsoally denoted bj the marks 
«, ', ", Thus, 2Z^ 2T 33^ is read 23 donees, 27 minntes, 33 seconds. 

3. If from the Toiex of a right an^ as centre, a circle be de- 
scribed, all eqnal angles at the centre viU stand (Enc. ILL 26) on 
eqnal ares of the cirenmference. The 90 eqnal aisles of one d^iree 
each will therefore stand <»i 00 eqnal arcs. The sereral ang^ of 
one minnte each will also stand on ^nal ares ; and so likewise will 
all the angles of ope second each. Tne diyisions thns obtained are 
called degrees, minntes, and seconds of the cirenmference; and it 
is pUun, uiat as many degrees, minutes, and seconds as any angle 
contains of the one kmd, so many of the other kind will the are 
on which it stands contain. 

Thns, if ABC be a right angle^ the are AC will 
contam 90° degrees of the circumference; and if 
ABD be an angle of 38° 25', the are AD will consist 
of 38 degrees, 25 minutes of the cireumferenoe. 

It is plain, conversely (Euc. IIL 27), that as many 
degrees, &c. as are in any circular are, so many degrees, &c. are 
there in the angle at the centre, which stands on mat are. On 
this account a cireular arc is often called the meciaure of the angle 
which stands on it at the centre. 

Hence, the arc of a semicircle contains 180 degrees, and the 
entire cirenmference 360 degrees. 

4. The difference between an angle and a right angle, or between 



* PUne Trlgonometiy, in its primitive meaning, is that branch of mathematical 
science which determines bj computation, certain sides or angles of a plane tri« 
angle, by means of others that are given in numbers. In its extended and improved 
state, it is a powerftal instrument of investigation in many of the higher specuUktions 
in mathematics. The short tract here given will be confined to the former ol||eot. 

t As the circumlierenoe of^circle is sometimes called the circle, so the are of a 
quadrant is often called a quAtait. 

% In several modem French works, the right angle is divided fanto 1 00 equal parts 
called deffrees, each degree into 100 equal parts called minutes, and each minute into 
100 equal parts called seconds. 
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an arc and a quadrant^ is called the complement of tbalt angle or 
arc. 

5. The straight line drawn from one extremity of aa arc» }»r- 
pendicolar to the diameter passing through the other extr^nity, 
18 called the sine of that arc. or of the angle measured by it: and 
the part of that diameter Intercepted between the sine ana the arc, 
is ciuled the versed sine of the arc, or of the angle which it mea- 
sures. - < 

6. If a straight line touch a circle at one extremity of an arcj 
the part of it intercepted between that el±remity and the diameter 
produced, which passes through the other, is called the Uxaaent of 
the arc, or of the angle which it measures; and the straight line 
drawn frcaa the centre to the remote extremity of the tangent, is 
(Balled the secant of ihe arc or angle. . 

Y. The cosine of an arc or angle is the sine of its complement. 
In like manner, the coversed sine, cdkxnpent^ and cosecant of an arc 
or angle, are respectively the versed sm^ tangent, and secant of 
its complement. 

The sine, versed sine, tangent, and secant may be denoted by the abbreviated 
expressions, fin, vertin (or t».)» tauy and tecs uid the cotiae, coversed sine, cotan- 
gent, and cosecant, by cm, amertm (or com), eotan, and eatec. For the sake of sim- 
plicity, the radius of tiie circle employed for comparing different angles, is generally 
taken in investigations as unity : when this is not done, it ia denoted by its initial 
letter R. 

The sides of a triangle are often convenientiy denoted by the small letters cor- 
responding to the capital ones placed at the opposite angles. Thus, a denotes the 
side appoAte to the angle A, &c. To prevent ambiguitgr, we magr read A, B^ C, 
angle A, angle B, angle C : while a, b, c, may be called side a, side b, side c, \ 

To illustrate the foregoing definitions, let C be the centre of a 
cirde, and AB, DE two diameters perpendicular to each other. 
Through any point F in the circumference dratw the diameter FL ; 
draw FQ- perpendicular to AB, and FI to DE ; through A draw 
AH perpendicular to AB, and therefore (IIL 16, cor.) touching the 
circle in A ; and let it meet LF produced in H ; and, lastly, draw 
DK perpendicular to DE meeting FL produced in K. Then the 
arc AF contains the same numMr of. degrees, &Ck as the angle 





/" 


I 

1 


) 


K/ 




^A. 




/ 


V 


.(■ 




c 


/l 


^ 


\ 


V 


7 


6 





E 




A,CF; and FG- is the sine of this arc and an^e; FI, or its equal 
CG, their cosine; AG- their versed sine, and DI their coversed 
sine; AH their tangent, and CH their secant; DK their eotan* 
gent, atid CK their cosecant. 

From these definitions we derive the following corollaries. 
' Cot, 1. The sine of an arc AF is half the chord of its double^ 
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For if FQ- be prodnoed to meet the enenmfereiice in K, FN is 
bisected (IIL 3) in G, and (lU. 30) the arc FAN in A. 

(kr. 2. The sine of the qoadrantal arc AD, or of the right angle 
ACD, is the radios OD. 

C<yr. 3. If AF be half of AD, and consequently ACF half a 
right angle, the tangent AH is equal to the radius. For A beins 
a right angle, H must be half a right angle, and (L 6) AH equal 
to AC. 

Cor. 4. Put the arc AF= A, and the radius = 1. Then (L 47) 
FO»4-CG«= 0F»; that is, 8in»A+ co8»A= 1. In like manner, we 
find m>m the right-angled triangles CAH, ODK, that 0H'= 
CA^AH», and CK^D*4-DK*; that is, sec»A=l+tan»A, and 
cosec^A=14- cot^A, 




Cor. 5. In the similar triangles CGF, CAH, CG : CF, or 
CA :: CA : CH ; that is, the cosine of an arc is to the radius, as 
the radius to its secant Hence also (VI. 17) CG.CH=CA^ 
that is, cos A sec A=rl. It would be found in like manner from 
the triangles CIF, CDK, that sin A cosec A=l, CI being equal to 
the sine FG. 

Cw, 6. In the same triandes CGF, CAH, the cosme CG is to 
the sine GF, as the radius CA to the tangent AH; whence (VI. 
16) cos A tan As= sin A. The triangles ClF, CDK give m l^se 
manner sin A cot A= cos A. 

CcT, 7. The radius is a meanproportional between the timgent 
of an arc and its cotansent. For the triangles CAH, CDK are 
similar; and therefore HA : AC : : CD, or CA ; DK. Hence 
(VI. 17) tanA cotA=l. 

Cor, 8. The sine of an arc or an^le, and the sine of its supple- 
ment are equal. So likewise are their cosines, 
tangents, cotangents, secants, and cosecants. 

I^t AF be an arc, FG, AH its sine and 
tangent, and CG, DK its cosine and cotan- 
gent Make tibe iuigle BCM equal to ACF ; 
draw the perpendicular MO ; and produce ^| 
MC both wavs to meet HA, KD produced in 
P and Q. l^hen (L def. 38, and 1. 133 the 
angles BCM, ACM, or ACF, ACM are 
supplements of each other; as are also l^e 
arcs HM, AM, or AR AM, since (lU. 26) 
BM, AF are equaL Now the triangles CGF, COM are equiangu- 
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lar, and have the sides OF, CM equal; therefore (I. 26) MO is 
equal to FG, and 00 to OG; and MO, FG are the sines of AM, 
AF, and 00, OG- their cosines. Again, the trian^es AOP, AOH 
are equiangular, and have AO common ; therefore (I. 26) AF is 
equal to AH, and OP to OH; and AP, A.H are the tangents, and 
VP, OH the secants of AM, AF. m like manner it would be 
proved, by means of the triangles ODQ, ODK, that DQ, the 
cotangent of AM, is equal to DK, the cotangent of AF, and that 
their cosecants OQ, OK are equal 

PROPOSITIONS. 

Prop. I. Theob. — In a right-angled triangle, the hypo- 
tenuse is to either of the legs, as the radius to the sine of 
the angle opposite to that leg, or to the cosine of the adja- 
cent angle: (2) either of the legs is to the other, as the 
radius to the tangent of the angle opposite to the latter: and 
(3) either of the legs is to the hypotenuse, as the radius to 
the secant of the contained angle. 

Let ABO be a triangle, right-angled at ; then (l)c : 6 : : B : 
fiinB, or cosA; (2) a ;b :: fC : tanB; and (3) a :c :: U : secB. 

From B as centare, with any radius, describe an arc cutting AB, 
BO in D, E : and through D, E draw (I. 12, 
and 11) BF, EG perpendicular to BO. 
Then (Trig. def. 5 and 6) FD, EG, and *, 

BG axe respectivelv the sine, tangent, and 
secant of the arc DE, or of the angle B : 
and, since O is a ri^ht angle, A and B 
(Trig. de£ 4) are complements of each other; 
and therefore (Trig. def. 7) BinB=cosA. 
Asnin, since the angle B is common to the triangles ABO, DBF, 
GBE, and the anp^les at 0, F, E right angles, these triangles (I. 
32, cor. 5) are equiangular. 

Hence (VI. 4) in the triangles ABO, DBF, 
BA : AO : : BD : DF ; that is, c : 6 : : R : ednB, or cos A. 

Again, (VL 4) in the triangles ABO, GBE, 

BO : OA : : BE : EG; that is, a : 6 :: R : tanB; and 
BO : BA : : BE : BG; that is, a : c :: R : secB. 

Cor, Hence (VI. 16) R6=c sinB^c cosA; that is, the product 
of ekher leg cmd the radius ie equal to the product of the hypc/te- 
tiuae and the sine of the angle opposite to that leg^ or of the mfpote- 
nuse and the cosine of the adjacent angle. When R=rl, this be« 
comes simply 6=c 8inB=c cos A. 

Prof. II. Theor. — The sides of a plane triangle are pro- 
portional to the sines of the opposite angles. 

Let ABO be any triangle; then a :b :: sin A : sin B; a : c :: 
sinA : 8inO;aad6 :c :: smB : sinO. 
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Drsw AD peipendicalar to BG : then AD is a leg of eadi of 
the right-aoglea trian^es ADB, ADC ; and 
therefi)re (TRta. l.cor.) K.AD==:AB smB, and 
E.AD=ACfiinG. Henoe(Laz. 1) ABainB 
=:AC sinC, or e 8inB=& nnU: whence 
(VL 16) 6 : c : : smB : smO ; and, by drawing 
perpendicukure from B and to the oppoeite 
sides, it would be proved in a similar manner, 
that a : c : : sin A : sin 0, and a :b : sinA : sinB. See tiie Nolear 
at the end of the work. 

Schol, From one of the foregoing analogies, we hare, by in- 
version, e :b :: sinO : sinB. If C be a rignt ande, this (TRia. 
def. cor. 2) becomes « : 6 :: B : sinB, as in Prop. 1. The 
first part, therefore, of that proposition is a particular case of this 
one. 

Prop. III. Theor. — The sum of any two sides o£ a tri- 
angle is to their difference, as the tangent of half the sum 
of the angles opposite to those sides, is to the taogent of half 
their difference. 

Let ABC be a triangle, a, b any two of its sides, of which a is 
the greater, and A, B the angles opposite to them : then a+b : 
a—b : : tan i(A+B); ton i(A— B). 

From C as centre, with the greater side a as radius, describe 
the circle DBE, cutting AC produced in 
D and E, and B A prwiuced in F ; ioin 
BtD, BE, CF ; and draw EG parallel to 
AB, meeting DB produced in G-. 

Then because DC and CE are each 
equal to a, DA is equal to a+h, and AE 
to a — 6. 

Also (L 32)the exterior angle DCB is 
equal to A4-B : and DEB, which is at 
the circumierence, is (III. 20) half of 
DCA, which is at the centre; therefwe DEB=KA+B). 

Agam, (L 5) the angle F is equal to B; and, (I. 32) m the tri- 
angle ACF, the exterior angle A=ACF+F = ACF-f.B; and 
consequently, ACF = A—B; and (III. 20) ABE, or (L 29) its 
equal BEG =H A—B). 

' Now, since ( llL 31 ) EBD, being in a semicircle, is a right angH 
as also (1. 13) EBG; if a circle were described from E as centce, 
with EB as radius, DBG (III. 16, cor.) would touch it, and (Tkio. 
def. 6) DB would be the tangent of DEB, and BG of BEG; 
and therefore DB, BG will evidently be proportional to the tan- 
gents of those angles to any other radius.* 




* Or Btrietly, EB : BD : : 1 : tanDEB (Thio. 1) and (inver.) BD : EB^ :: 
UoDEB : Iv Abo'CTRie. 1)EB : BO ; : 1 : tan BEG, Hence, ex ceq^o, B& : KG 
: : tMn DER : t&n BEG. . ^ . . . . . . i- 
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Lastly, since BA (const.) is parallel to GE, we have (VI. 2) 
DA : AE :: DB : BG; that is 
a-^-hia — & :: tani(A-f'B) : tanJ(A — B). 

Prop. IV. Theor. — In a plane triangle, the cosine of 
haJf the difference of any two angles, is to the cosine of half 
their sum, as the sum of the opposite sides to the third side: 
and (2) the sine of half the difference of any two angles is 
to the sine of half their sum, as the difference of the oppo- 
site sides to the third side. 

Let ABC (see the last proposition) be any plane triangle : 
then cos ^ (A — B) : cosJ(A*4-B) :: a+6. ; c; 
and sin I (A — B) : sin|<A4-B) :: a — hic. 

For it was shown in the preceding proposition, that BED = 
^(A-f B), and ABE = i(A^B); and since DBE is a right 
angle, DBA is the complement of ABE, and D of BED. But 
(Trig. 2) in the triangle ABD, sin ABD : sinD : : AD : AB ; that 
is, (Trig. def. 7) cos J (A— -B) :cosJ(A-fB) wa+h : c. Again, 
(Trig. 2) m the tnangle ABE, sinABE : sinAEB : : AE : 
AB; thati5,sini(A--B):sini(A + B) :: a—h.c. 

Prop. V. Theor. — In any plane triangle, the sum of the 
segments of the base made by a perpendicular from the 
vertex, is to the sum of the other sides, as the difference of 
those sides to the difference of the segments. , 

Let ABO be a triangle, and AD a perpendicular from the vertex 
to the base ; the sum <? the segments BD, DC is to the smn of the 
sides AB, AC, as the difference of AB, 
AC to the difference of BD, DC. 

For (XL 5, cor. 4) the rectangle under 
the sum and difference of aS, AC is 
equal to the rectangle under tibe sam 
and difference of BD, DC ; and tiiere- ^ ^ ^ 

foro ( VL 16) the sum of BD, DC is to the sum of AB, AC, as the 
difference of AB, AC to the difference of BD, DC. 

SchoL If the perpendicular fall within the triangle, the segments 
make up the base, and their difEeneoee is less than tiie base; but 
if the perpendicular fUl without the triangle, as it does (second 
fi^ when one of the angles at the base is obtuse, tibie base is the 
difference of the segmento, and their sum is greater than the base. 

Lemma. — Let 2$ be put to denote the sum of any three 
magnitudes a, 6, c; then s — a=J(6 + c — a), s — 6=; 
^(a+c — 6), and* — o=:^(a4- 6 — c). 

For, since 2«=a4-54-<j, by subtractmg successively 2a, 26, 2c, 
and halving the remainders, we obtain those expressions. 
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Prop. VI. Tasos.* — ^The rectangle under two sides of a tri- 
angle is to the rectangle under the excesses of half the perimeter 
above those sides, as the square of the radius to the square of 
the sine of half the contained angle. 

Lat ABC beatriangle,Midlet«=s|(a+A+e): then Ae : («— 6) («--c) :: K« : 
•ina|A. 

Produoe the less side AC throagh C, mBking AD equal to AB ; join BD ; and 
draw AE, CF perpendicular, and CO parallel, to 
BD: fhem (I. 47, cor. 5) AB bisects BD and the 
angle A. Mow (II. 5, cor. 4) the rectangle under 
the sum and difference of BC, CD, is equal to the 
rectangle under the sum and difference of BF, FD, 
that is, under BD and twice EF: therefore the rect- 
angle under half the sum and half the difference of 
BC, CD is equal to the rectangle BE.EF. But (Trio. 1) 

AB : BE :: B : sin|A, and 
AC : CO or £F :: R ; sin^ A; whence (Y. Sup. 15) 
AC.AB : BE.EF, or |(BC+ CD). |(BC — CD) :: Rs : sini|A; or 
*c ? j (a + c— 6). J(a + ft—c) :: R» : 8in«| A, 
because CD=e— 6 : and, faj the lemma, this becomes be : («— 6) (»-<) : : R« s 
8ina|A. 

(kft. Henoe^ taking R=l, dividing the product of the means by the first extreme. 

and extracting the square root, we find Bin|AarV ^'"" il'~ *^^ itis plain 




that we should find in a similar manner, siniB:^/^ 
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Prop. VIL Theor. — The rectangle under two sides of a triangle 
is to the rectangle under half the perimeter and its excess above 
the third side, as the square of the radius, to the square of the co- 
sine of half the angle contained by the two sides. 

Let ABC be a txiangle, and let <= } (a-f 6-f-e): then be : » («— o) :: R> : 
cos a (A. 

Produce the less side CA, through A, making AD equal to 
AB; Join BD; draw AE, CF perpendicular, and AO paral- 
lel to BD. Then BD (I. 47, cor. 6) is bisected in E ; and the 
angle BAC b^g (L 82) equal to the two equal angles D and 
ABD, each of them is equal to half the angle BAC, that is, 
half the angle A in the triangle ABC : and (I. S9) OAC Is 
equal to D. Now, it would be shown, as in the preceding 
proposition, that the rectangle under half the sum and half 
the difference of DC, CB is equal to tlie rectangle BE.EF. 
AB : BE : : R : cos ABE, or C08|A; and AC : AG, or EF 
cosJA ; whence (V. Sup. 16). 




But (App. III. 1> 
: R ; cos G AC, or 



* For this proposition and the next, much easier proofli than the ones here given 
^•ill be found in the Author's Elements of Trigonometry, pages 19 and 20. Thow 
prooft are inadmlssiUe here, as they require the use of pHnci^es not established by 

Euclid. 
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AC.AB : BE.EF, or i (DC + CB). J<DC — CB) : ; E» : ooaajA ; 
orftc: J(a + ft + c). 1(6+ c— a) :: Ra : cosSJA, 
because DC = 6 + c. Hence, by the lemma, 

be : s (*—a) : : R> : cos9|A. 
Cor. 1. Hence we find, as in the corollary to the preceding proposition, that 

cos* A = V '^*^^^ ; and it would be proved in a similar manner, that 
be 

cosJB = V^^^ . «nd cosiC = V ^^^'• 

Cor. 2. From the sixth corollary to the definitions of this book, it is plain, that 
when the radius is unity, if the sine of an arc be divided by its cosine, the quotient 
is its tangent. Hence, by dividing the expression for the sine of JA in the corollary 
to the preceding proposition, by the value of its coshie in the last corollary, we 

obtain tanlA=V ('~^)^*~*^\ and we should obviously find in a similar man. 

nor, ttat t^^B^^^^=£h^t^C= V^^V^- 

Cor, 3. By dividing the values of tan^B, taniC, in the preceding coroUary, each 
, ^ - . . .-^ I tan4B *— a, , tanJC t — a 

by that of tan JA.WB obtain .^= J^*^^ t^^^fH^T:^' 

Prop. VIIL Prob*— Given the radius of a circle, and the co-^ 
sine of an arc, less than a quadrant; to compute the cosiae of half 
the arc. 

Let CD, the cosine of the arc AEB, less than a quadrant, be given ; it is required 
to compute the cosine of Its half. 

Draw the chord AB, and perpendicular to it draw CFE ; 
draw also FG parallel to BD: then (III. 3, and Tbio. de&. 
5 and 7) AF or FB is the sine, and CF the cosine of AE, 
the half of AEB. Also, (VI. 2) D6 is equal to 6A, since 
BF is equal to FA; and DA =■ 2D6 ; to each of these add 
2CDi then CA-f-CD=2C6, and consequently CG^ 
l(CA-f CD); or, if the radius be taken as unity, and the arc 
AEB be denoted by A, CG = J ( 1 + cos A). Again in the 
similar triangles ACF, CFG, AC ; CF :: CF : CG; whence (VI. 17) CFa=: 
AG.CG ; that is, coss^A = 1(1-1- cos A). Hence, to conqnUe coslA, cidd 1 to cosA, 
take htdjthe sum, emd extract the square root* 

Prop. IX. Thbor, — If A and B be any two arcs, R : cosB : : 
sinA : Jsin (A— B)+Jsin (A+B). 

Bfake AC equal to A, and BC, CD each equal to B ; draw BE, CF, DH, the sines 
of AB, AC, AD ; Join BD, and through the centre K draw 
KNC: then KK is evidently the cosine of BC. Draw also 
BML, NMG paraUel to AK, DH. Now, In the similar tri- 
angles DLB, NMB, rinoe DB is double of NB, DL (VI. 4) 
Is double of NM ; to DL add LH, BE, and to 2NM add what 
is equivalent, 2MG; then DH-fBE=2NG; wherefbre 
NG is equal to half the sum of BE and DH, that is, to 
lsin(A — B)-f- Isin (A + B). Again, in the similar tri- 
angles CFK, NGK, we have (VI. 4, and alternately) CK : 
NK :: CF : NG; thatis,R : cosB : : sinA : lsin(A — B)-f- 
isla(A-f-B;. 

. > * , This proposition and the two following afford means by which trigonometrical 
tables may be calculated. Much easier methods, however, will be found in the 
Author's Introduction to the Differential and Integral Calculus, Section V. 
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Cor, I. HeDoe,ifK=sl, wehfltvv^lijdaabBntllie aeoond aiiAlbqrfkt«aM,aiid 
faytaUnfftlMprodaetaortlM eztecoMi and meui^ iin(A— B) + BinCA+Bi = 
SeotBiliiA; wlMDoe^rin(A+B)=2owBrinA— iia(A— B). 

Cor.i, If B=sA« tii»lMt<aq>iWiliw becomw rimply Bin2A = 2iinAc<wA. 



Prof. X Pbob. — To inyestigate a method of compatmg tables 
of sines, taogents, and secants. 

The chord of 6QP (IV. IS, eor.) is eqail totfae ndins 1, andtlMRciDre (Tu«. dfl&. 
oor. 1) the rine of 30^ is 0-»; and (Tue. deA. cor. 4) eoe3SP=i^ (1 -^ahi'ao^); 

tdieDoe ooa3(f may be conqmted. Tlien,(Tuo. 8)frointheoosi]ie of 30% wecaa 
oompate that of 15°; from the cosine of 15% that of 7° acK ; and thns we maj 
yrooeed as ikr as we please, by coaturaal Ulaectlons of the arc. By eteven emch 
operatioos» we should find the cosine of 52" '734375 : and Its dne would then 
becompiitedliynieapsofttefomtfacotollarytoaiedeftnitiopaoftiiisbook. Now 
(as will be proved, App. I. 40, schoL) a polygon may be inscribed in a circle with 
so many sidesr that its perimeter will diftr from the droamteeaoa bgr * i |u>utt t y 
as small as we please; and henoe it f<dlows, that a Teiy small arc and its sine will 
have to one anotfwr Teiy neatly the ratio of eqnattty, and co n ee q o en By that the 
rines of very small arcs are Teiy neariy as the arcs Hmmaelves. Heoo^ thevefHe, 
as 52"-734375 to eo", so is the sine of 52"-734375 to the sine of 60", or one minute. 
The sine of 1' beii^r thns obt^ned, take B, in the last formnla in the first corol- 
Isry to tiie preceding proposition, constantly equal to 1', and A snecessiTely equal 
to 1', f , a', ftc. and there will be obtained the foDowing eaqmsslMis, by means of 
whidi the rines of the succeeding minutes may be computed: -^ 

sin2'=2oosrsln]', 

sin 3'= 2 cos 1' sin 2' — sin 1% 

sin 4'=: 2 cos 1' sin 8' — sin 2^, 

sin 5^= 2 cos 1' sin 4'— sin S', 
ftc* &c. &e. 

By this method the sines of all the sncce s sive minutm tA the quadrant, may be 
computed: and they comprehend also tiie cosines; sin 1', sin 2^, ftc. being cos 89^ 
59^, cos 89° 58', ftc. Then, (Tkio. deft. cor. 5 and 6) the tangents of \\ 2', S', ftc. 
win be found fay dividiqg the sine of each by its corine, and thdr secants by ttHd- 
ing 1 by their cosines. 

The numb ers which are computed in the manner now ezplalaed, are caEed nofti • 
rof rfnes, tangents, ftc. to distinguish them from their logarithms, whidi are called 
logarithmic sines, tangents, ftc* By the nature of logarithms, tiie sum of the 
logarithms of two numbers is equal to the logarithm of their product; and, con- 
versely, if the logariflmi of one number be taken from the logarithm of another, the 
remainder is the logarithm of the quotient obtained by Priding the latter number 
by the finmsr. Heooe^ the logarithmic sines, ftc. are ganerally employed in ptmc- 
tioe; as by their means multiplication and division are CKCfaanged Cor the easier 
openMotu at addition and subtraction. In these tables, tihe radius is taken for 
convenience, as 10,000«000,000; and therefore all the sines, tangents, fto. to the 
radius I, are multiplied by this nundier, and the logarithm of the radius is 10. 



* In trigonometrical taMes, tike aines arc generally placed. Cor oomreoienoe, in 
one o<dumn, and the cosines in the adjoining one^ or at least in the same page. 
Now it is plain that the sine is one leg, and the cosine another, of a rigfaVaBgkd 
triangle, of which the radius is the hypotenuse ; and hence the radius, rine, and 
cosine, may be regarded merely as numbers propor ti onal to the three ididss of a 
right-angled triangle, having one of its angles equal to that to which the siasund 
cosine belong; and the same is the case renecting the radius, tangent* and seoaot. 
Henoe trigonometrical tables msy be regarded as a register, ezhlliMBg the nitloe of 
the sides of a great number of rigfat-an^ed triangles, m oonneadoa with tiie ina fl i | i« 
tudes of their obliqne angles. 



TMGONOMETRr. 



ICO 



SehoiL 1. The principles that have been thus established, enable 
us to solve all the elementary cases of plane trigonometry. Now, 
of l^e three sides and three andes of a triangle, some three^ and 
those not the three angles, must be given to determine the triangle f 
and the resolution of plane triangfes may therefore be redact to 
the three following cases : — 

I. When a side and the opposite angle, and either another side, 
or another angle, are given : 
' II. When two sides and the contained angle are given : 

III. When the three sides are given. 

The FIRST CASE is solved on the principle (Trig. 2) that the 
sides are proportional to the sines of the opposite angles. Thus, 
if A, B, a be given, add A and B together, and take the sum from 
180°; the remainder (I. 32) is C. Then b and c will be found by 
the following analogies : sin A : sinB : : a : 5; and sinA : sinC : : 



a : e* 




If, again, a, 6, A be given, we compute B by the analogy, 
a : 6 : : sinA : sinB. Then, is found by subtracting the sum 
of A and B from 180*^, and c by the analogy, sin A : sinC : : a : c. 

When in this case two uneipal sides, ana the angle opposite to 
the less, are given, the angle opposite to the greater (Trig. defs. 
cor. 8) may "Sd either that which is found in the 
table of smes or its supplement; and thuB the 

Sroblem admits of two solutions. To illustrate 
biis, suppose the angle B, the side BA, and the 
side AG^less than BA, to be given : tiien, AB 
and the angle B being made of the given magni- 
tude, if an arc described from A as centre, with the other given 
side as radius, cut the side opposite to the angle A, in one point 
C, it will cut it also in another C; therefore each of the triangles 
ABO, ABC answers equally to the data, and (I. 13) the angle 
ACB is the supplement of ACC, or (I. 6) its equal AC'C. 

If in this case one of the angles be a right angle, the solution, is 
rather easier ; as, by the second corollary to the definitions, the 
sine of that angle is eaual to the radius. The same conclusion 
may also be obtained oy means of the first proposition of this 
booK.t 



* See the note to the 26th proposition of tiie first book. 

t To exemplify the solution of this case, let a=13 yards, 6=15 yards, and A= 
53° 8',— to resolve the triangle ; and the operation by means of logarithms will be 
aa follows: — 



Asa 13 1*1 13943 

lb 15 IM7li09l 

::tlnA 53o 8' 9-9<)3108 



or ua» sr 



At sin A 
:siDC 69*29' 



e 14 



9903108 
9-935846 
1*113943 

1 146081 



A«sinA 9-903108 

:«inC II'M' 9-391»W 

t : a 1 -1 13913 



e 4 



0002041 



< In these operations, to find the fourth term, the second and third terms are added 
Mgether, and the first is taken from the sum. This mi^ be done very- easily, in a 
rffl^le operation, by adding the figures of the second and third terms succesrivdy to 
Kirhait yemains after takhig the right hand figure of the first term from 10, and each 
«fr1t» rest from 9, and rejecting 10 from the final result. Thus, in the first opera- 
tion, we have 8 and 1 are 9, and 7 are IG; then 1 and 9 are 10 and 5 are 15, &c. It ia 

H 
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The SECOND CASE IB solved hj means of the third and fourth 
propositions of this book. Thus, if a. 6, C be taken, take C from 
180^ and (I. 32) the remainder is A^-B. Take the half of this, and 
then, by the third proposition, as a-)- 6 : a — h :; tanJ(A4-B) : 
tan i( A — B). This analogy gives half the difference of A and B ; 
and* by adding this and |(A-[-B) together. A, the greater angle, 
is obtained, wlme B is found by taking }(A — B) from ^(A4-B). 
The remaining side will be calculated ( Tbiq. 4) by means of either of 
the following analogies ; and by employing both, an easy verificaf- 
tion of the process is obtained : 

as C08i(A — B) : cos4(A-|-B) :: a-{-h : c; and 
sin}(A — B) : sin J(A+B) :: a — b : c. 

When the given angle is a right angle, the solution is most 
easily effected oy means of the first proposition of this book ; the 
oblique angles being obtained by the analogy, a : b :: R : tanB, or 
cot A ; and the hypotenuse either by the analogy, K : sec B : : a : c, 
or sin A : R :: a : c.f 

The THIRD CASE may be solved bj means of the fifth, sixth, or 
seventh proposition. Thus, assummg a (see the figures for the 
fifth proposition) as base, we have a to b4-c as b — c, or c — b to a 
fom'tn proportional. If this be less than BO, it is the difference of 
the segments BD, DO, in the first figure; and if half of it and half 
of the oase be added together, the sum will be the greater segment, 
while the less will be found by taking half that proportional from 
half the base. If the fourth proportional be greater than the base, 
it is the sum of the segments in the second figure, and, as before^ 
the segments are the sum and difference of half the proportiaiiai 
and half the base. Then, by resolving, by the first case, the two 
right-angled triangles ABB, ADO, in which there are given the 



still easier, however, when the quantity to be subtracted is a sine, to use the cose- 
cant, and when it is a cosine, to use the secant, each diminidied by 10, and then to 
add all the terms together. The reason of this is evident ft-om the nature of loga- 
rithms, and from the fifth corollary to the definitions of this book. In like man- 
ner, when the number to be subtracted is a tangent, or cotangent, we may use in 
the former case a cotangent — in the latter a tangent, subtracting in each case 10, 
either at first or afterwards. 

This example evidently belongs to the doubtAil case ; and hence we have two 
values for eadi of the quantities B, C, and e ; and therefore two analogies are requi- 
site for finding the values of c. 

* See the note to the 13th proposition of the second book. 

t As an example, let a = 57.38 miles, 6=42*6 miles, and 0=56° 45'; to resolve 
the triangle. 

A«et>f}(A— B) 150 18'i 9-99431 1 
: : o'^b 1 S0!>& 3 



A*a+b 99-98 1-999913 

:a—b 14.78 1-168674 

: : tui i (A+B) ei»87'i 10-267498 



As ail ^ (A— R) 9-4:n<lt:6 
a — b llfiP6:« 



s n I 



e 49-96 l-e924i9 



tun} (A—B) \6oW\ 9-4372&9 le 49*36 1-69251.-^ 

time* A= 76» bff, nnd B= <&> \V 

Half the difference of A and B is here taken as 15° 18'^. 'When determined 
accurately, however, it is found to be 15° 18' 23". Hence the cause of the slight 
difference in the logarithm of c, as obtained by the two different analogies. It is 
plain, that after A and B are computed, c might also be found by means of the fint 
case, by either of the analogies; sinA : sinC ; : a : c, and sinB ; siitC ; : 6 : c. The 
foregoing method, however, ia much preferable. 
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k^otenuses AB, AC, and the legs BD, CD, the angled B, and 
ACD will be obtained, which, in the first figui'e are twQ of the 
required angles ; while in the second, the angle C is the supplement 
of ACD. 

Again, by adding the three sides together, and taking half the 
BURij the value of a is obtained : and, in applying the siioh propo- 
sition, the sides containing the required angle are to be separately 
taken irom s; but, in applying the seventh, only the side opposite 
to the required angle is to be subtracted; while if all the three sides 
be subtracted successively, another mode of solution is furnished 
by the second and third corollaries to the seventh proposition. 
This last method is preferable to any of the others, when it is neces- 
sary to determine all the angles ; and if they be all computed by 
means of it, the coirectness of the operation is ascertained by 
trying whether their sum is 180°.* 

SchoL 2. The following problems exhibit some easy and useful 
applications of plane trigonometry. 

Prob. I. — Let it be required to find the height of an 
accessible object AB, standing on a horizontal plane. 

On the horizontal plane take a station C, and measure with a 
line, a chain, or any such instrument, the distance CB to the base 
of the object ; and with a quadrant, a theodolite, 
or other angular instrument, measure the angle 
BCA, called the angU of elevation. Then, 
since B is a right angle, the height AB will be 
found (Twa. 1) by the analogy, R : tanC :: 
CB : BA. 

This gives the height of A above CB, the 
horizontal line passing through the eye of the 
observer: and therefore to find the entire height, 
AB must be increased by the height of his eye a.bove the base of 
the object. The like addition must be made in every problem 



* To exemplify tbe last of these methods, let a = 679, b = 537, and c = 429 ; to 
compute the angles. 

Here, by adding the three sides together, we obtain 1645, the half of which, 
832*5 is s. Then, by taking firom this the three sides successively, we find * — a — 
1 43-5, * — 6 = 285*5, and s—c = 393*5. The rest of the operation, the subtraction 
in the first part of which may be performed in the manner pointed out in the ex- 
ample for the first case, is as follows :— 




$ 882*5 S-OLMSei .„w 

f-« 148*5 S-lfteSSii""** 

•—6 S86*5 S-4&5606 

I— e 898*5 S'S»4M5 



S) 19*978563 
ttnlA44*iri 9*989881 



Jadd 



Un^A 9*989281 

log (t—d) 8*156852 

iFl46l3Sl _-K, 

ivt^BWr^ 9*690587 
B=42«»15' 



lSi46I33-> ... 
lo|(f-e> 2-a94fl455"*''** 

UnlCigoSy 9*551 >38 
Cs 890 10' 



la the first part of this operation, the halving of the logarithm serves for the ex- 
traction of the square root. The remainder of the woik consists in adding together 
tanjA and li>g(i — a>,and subtracting log(*~i), and log(*— c) successively from 
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of this kind, when the taif^ of eleTstion above the hoxizontal Hue 

Pros. II. — To find the height of an object AB, stand- 
ing on a horizontal plane, but inaccessible on account of 
the unevenness of the ground near its base, or the interreu- 
tion of obstacles. 

In a straight line passing throniH^ the base of the object take 
two stations C, D; and measure Cl>, and the two angles of eleva- 
tion BCA, BDA. Then (L 32) CAD is the 
difference of ACB, ADB; and (App. IU. 2) 
sin CAD : sinD : : DC : CA. Again, (Trig. 1) 
R : sinACB : : AC : AB ; whence AB will be 
found. 

The computation will be rendered rather more 
easy by multiplying together (V. Sup. 15) the 
terms of the two anfQogies, and dividing the third 
and fourth terms of the result b^ AC ; as by this 
means we get the analogy B X sinCAD : sinDx 
sin BCA : : DC : AB. Hence, to find the loga- 
rithm of AB, to the logarithm of DC add the logarithmic sines of 
D and BCA, and from the sum take the sine of CAD and the 
radius. 




Pros. III. — To find the distance of two objects A and B, 
on a horizontal plane. 

This may be effected in different ways according to circum* 
stances. 

1. A base AC may be taken, terminated at one of the objects. 
The angles A and Cf, and the side AC are then measured ; and 
the reqmred distance AB is found by the 
analogy, sinB : sinC : : AC : AB. 

2. Tnis method fails, if the objects A and 
B be not visible from one another, as then 
the angle A cannot be measured. In this 
case, a station C may be taken as before, 
from which both A and B are visible. Then, 
having measured the angle C, and the sides 
AC, 6C, we compute the distance AB by means of the second 
case of trigonomeuy 




the sum. This method of solution is remarkably easy, requiring tor tba entire 
operation only four logarithms to be taken from the tables ; and affording at th«f 
same time a most satisfactory verification by the addition of the three angles, when 
found. The preparatory part of the process also admits- of aa easy verlfleatiDni «i i 
the sum of the three remainders #— o, s — i, « — c is equal to the half sum. 
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3. When, finom inequalities in the groand, or other causes, the 
preceding methods are inapplicable, the solution 
may be effected in the following manner. Mea- 
sure a base CD, such that A and B are both 
visible from each of its extremities : measure also 
the two angles at C, and the two at D. Then, 
>)y the first case in tngcmometrv, we compute 
AC in the triangle ACD, and BC in the triangle 
BCD : from wmch, and from the contained an- 
gle ACB, AB is computed by means of the 
second case. The operation may be verified by 
computing AD, BD, by the first case, and thence AB by the 
second case. 




pROB. IV. — Let AFB be a great circle of the earth, sup- 
posed to be a sphere ; E a point in the diameter B A pro- 
dueed, EF a straight line touching the circle in F, and ED 
a straight line in its plane, perpendicular to AB : it is 
required to compute the angle DEF, and the straight line 
EF. 

Draw the radius CF. Then, since (III. 18) CFE is aright 
angle, we have (hyp. and I. 32, cor. 3) DEC^ 
CEF -I- E CF. Take away CEF, and there re- 
mams DEF = ECF. Now (III. 36) EF^rrr 
BE.EA. Hence EF will be found by addrng 
AE to AB, multiplying the smn by EA, and 
extracting tlte square root. To find CE, add 
AE to the radius AC. Then (Trig. 1) CE : 
EF : : R : sinECF, or sinDEF ; or CE : CF : : 
R : cosECF, or cosDEF. 

SchoL The foregoing solution gives correct results in every case. 
When AE, however, is inconsiderable in comparison of AB, a very 
near approximation to the true results is obtained, in an easy 
manner, by using BA and CA instead of BE and CE, and the 
arc AF instead of EF. In this way, putting n equal to the feet in 
AE, since a mile is equivalent to 6280 feet, we have EF = 
V(BAAE)= V(T912 X 6280XW); or, in miles, EF= 

V (7912 X 5280 Xw) / Y912X w /3n 

""V 5280 "~V 2 ' 




5280 



very nearby, since the sum of 5280 and its half is 7920, which dif- 
fers very little from 7912. Hence, therefore, to find EF in miles, 
to AE in feet, add its half, and extract the square root. 

Again, (App. 1. 40, schol.) the circumference of AFB = 7912 Xcr ; 
and as 7912 Xff : AF, or EF : : 360° : ACP, or DEF; that is, 

y 7912 V n 
as 7912Xcr: ^ \^^ : : 360^ : DEF. Hence, by dividing the 

first and second terms by 7912, reducii^ the third to seconds, and 
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diyiding theprodact of the means by the first term, weget» m Beconds^ 
j^jjp^ 860X3600 / n 

-ar '^V 7912X6280 

very nearly j as is easily shown by substituting (App. I. i^, 

schol.) for ^ its value 8'141g98, and computing ^ 

the multiplier of V2n, which is readily found to 

be 46|, or 901 X i, neaiiy. To find DEF, 

therefore, in seconds, double AE in feet, extract 

the square root, and mutUply half the result by 

90i. 

If E be the position of the eye, the angle DEF 
is called the dip of the horizon, and F is a point 
in the line in which the sky and sea appear to 
meet, and which is called the offing,* 




* Hence, if AE, the height of fhe eye, be dx feet, the dlftanoe of the offing will 
be three miles; if 24 feet, 6 miles; if 32 feet, 7 miles, nearly; if 600 feet, 30 miles ; 
if 3000 feet, 67 miles, neariy, &c. It again, the hdgfat of the ^e be dght feet, the 
dip wUI be^ ISC', or 3', nearly; if 18 feet, 4' 31 'C neaily ; if 1000 feet, 33' 38", 
nearly, &c. ' 



BOOK XI. 



DEFINITIONS. 

1. A STRAIGHT line IS said to be perpendicular to a plane when 
it makes right angles with ail straight lines meeting it in that 
plane. 

2. The inclination of two planes which meet one another is the 
angle contained by two straight Hnes drawn from any point of theii* 
common section at right an^es to it, one upon each plane.* 

3. If that angle be a right angle, the planes are perpendicular 
to one another. 

4. Parallel planes are such as do not meet one another, though 
produced ever so far in every direction. 

5. A solid angle is that which is made by more than two plane 
angles meeting in one point, and not lying m the same plane. 

If the number of plane angles be three, the solid angle is trUie- 
dral; if four, tetrahedral; if more than four, polt/hedraL 

6. A. polyhedron is a solid figure contained oy plane figures. 

If it be contained by four plane figures, it is called a tetrahedron ; 
if by six, a hexahedron; if by eight, an octahedron; if by twelve, a* 
dodecahedron; if by twenty, an icosahedroviy &c. 

7. A regular body, or regular polyhedron is a solid contained by 
plane figures, which are afi equal and similar. 

8. Ot solid figures contained by planes, those are similar^ which 
have all their solid angles equal, each to each, and which are con- 
tained by the same number of similar plane figures, similarly situ- 
ated. 

9. A pyramid is a solid figure contained by one plane figure, 
called its base, and by three or more triangles meeting in a point 
without the plane, called the vertex of the pyramid. 

10. A prism is a solid figure, the ends or bases of which are 
parallel, and are equal and similar plane figures, and its other 
Doundaries are parallelograms. One of these parallelograms also 
is sometimes regarded as tlie base of the prism. 

11. Pyramids and prisms are said to be triangular, when their 
bases are triangles ; quadrangular, when their bases are quadri- 
laterals ; pentagonal, when they are pentagons, &c. 

12. The altitude of a pyramid is tne perpendicular drawn from 
its vertex to its base : ancl the altitude of a prism is either a per- 
pendicular drawn fix)m any point in one of its ends or bases to the 



* The angle which one plane makei with another, is sometimes called a dihedral 
angla. 



17tt THE ELEMENTS [BOOK XU 

other; or a perpendicular to one of its bounding parallelogramft 
from a point in the line opposite. The first of these altitudes is 
sometimes called the length of the prism. 

18. A prism, of which the ends or bases are perpendicular to 
the other sides, is called a right prism: any other is an oblique 
prism, 

14. A parallelepiped is a prism jof-vhich the bases are parallelo- 
grams. 

15. A parallelepiped of which the bases and the other sides are 
rectangles, is said to be rectangvlar, 

16. A cube is a rectai^ular paraUeleinped, which has all its six 
sides squares. 

17. A sphere is a solid figure described by the revolution of a 
semicirele about its diameter, which remains unmoved. 

18. The aais of a sphere is the fixed straight line about which 
the semicircle revolves. 

19. The centre of a sphere is the same as that of the gmierating 
semicircle. 

20. A diameter of a cohere is any straight line which passes 
through the centre, and is terminated, both ways by its surface. 

21. A cone is a solid figure described by the revolution of a right- 
angled tiiangle about one of the legs, which remains fixed. 

if the fixed leg be equal to the other leg, the cone is called a 
right-angled cone : if it be less than the other leg, an obtuse-angled^ 
and if ^OTeater, an acute-angled cone. 

22. The axis of a cone is the fixed straight line about which the 
triangle revolves. 

23. The base of a cone is the circle described by the leg which 
revolves. 

24. A cylinder is a solid figure described by the i*evolution of a 
rectangle about one of its sides, which remains fixed. 

25. The axis of a cylinder is the fixed straight line about which 
the rectangle revolves. 

26. The oa5€5, or ends, of a cylinder are the circles described by 
the two revolving opposite sides of the rectangle. 

27. Similar cones and cyljndeis are those which have their axes 
and the diameters of liieir'bases proportionals. 



PROPOSITIONS. 

Piior. I. Theor. — One part of a straight line cannot be 
in a plane, and another part above it. 

If it be possible, let AB, a part of the straight line ABC, be in 
the plane, and the part BC above it: and (I. post. 2) since AB 
is in the plane, it can be produced in that plane ;* let it be pro- 



« This depeads also on the fifth definition of the first book ; which fiw tlie sidce 
of this proposition ought to be as follows : — A plane surfkce is that in which any 
two points fafltog taken, the straight line .passing tiirough them lies wholly in thiit 
surflice. 
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diiced to D; and let any plane pass throQgh AD, and be 
tamed about on AD, till it pass through 

O ; and (I. def. 6) because the points B, r TZ^-^ ^ 

are in this plane, BC is in it : therefore, \ -csrr:— \ 

there are two straight lines, ABC, ABD, \A___i-\ 

in the same plane, that have a common 

segment AB, which (L def. 3, cor.) is impossible. Therefore, &c. 

Prop. II. Thbor. — Two straight lines which cut one 
another are in one plane : so also are three straight lines 
wbich meet one another, not in the same point. 

Let two straight lines AB, CD, cut one another in E ; AB, CD 
are in one plane : so also are three straight lines EC, CB, BE, 
which meet one another, not in the same point. 

Let any plane pass through EB, produced, if necessary, and let 
it be turned about EB, tiU it pass through the 
point C. Then (I. def. 5) because the points 
E, C are in this plane, the straight line EC 
is in it For the same reason BC is in the 
same; and (hyp.) EB is in it: therefore EC, 
CB, BE are in one plane. But in the plane 
in which EC, EB are, in the same (XL 1) are 
CD, AB. Therefore AB, CD are in one plane. Wherefore, &c. 

Prop. Ill Theor. — If two planes cut one another, their 
common section is a straight line. 

Let two planes AB, BC cut one another, and let the line DB be 
their common section ; DB is a straight line. 

If it be not, from D to B, draw, in the plane 
AB, the straight ^rvd DEB, and in the plane 
BC the straight line DFB. Then two straight 
lines DEB, DFB enclose a space; which 
(I. def. 8, cor.) is impossible: wnerefore BD, 
the common section of the planes AB, BC, 
cannot but be a straight line.* Therefore, &c. 

Prop. IV. Theor. — If a straight line be perpendicular 
to each of two straight lines at their point of intersection, it 
is also perpendiculs^ to the plane in which thej are. 

Let the straight line EF be perpendictdar to each of the straight 
lines AB, CD at their intersection E : EF is also perpendicular to 
the plane passing through AB, CD. 

Take the straight lines EB, EC equal to one another, and Join 
BC : in BC and EF take any points G and F, and join EG, FB, 
FG, FC. Then, in the triangles BEF, CEF, BE is equal to 



* liitTB, when the walb, floor, and ceiling of an apartment are planes, the I!ne» 
In V hieh they cut each other are straight lines. So likewise are the ridge and th« 
earea of a- boose, when the walls and the sloping surCuses at the roof are planes. 

H » 
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CE; EF common; and the andes BEF, CEF are equal, being 
(hyp.) right angles: therefore (I. 4) BF is equal to CF. The 
tnansle BFC is therefore isosceles; and (II. 6, cor. 5) the square 
of BF is equal to the square of FG- and the rectangle BG.G-C. 
For the same reason, because (const. ) the tri- 
angle BEO is isosceles, the square of BE is 
equal to the square GE and the rectangle 
BG.GO. To each of these add the square of 
EF ; then the squares of BE, EF are equal to 
the squares of GE, EF, and the rectande 
BG.GfC. But (1. 47) the squares of BE, 
EF are equal to the square of BF, because 
BEF is a right an^ ; and it has been shown, 
that the square otBF is equal to the square of FG and the rect- 
angle BGT.GG : therefore the square of FG and the rectangle 
BG.GC are equal to the squares of GE, EF, and the rectangle 
BG.GC. Take the rectangle BG.GC from each, and there re- 
mains the square of FG, equal to the squares of GE, EF : where- 
fore (I. 48) FEG is a right angle. In the same manner it would 
be proved, that EF is perpendicular to any other straight line 
drawn through E in the plane passing through AB, CD. But 
(XI. def. 1) a straight line is perpendicular to a plane, when it 
makes right angles with all straight lines meetingit in that plane: 
therefore EF is perpendicular to the plane of AB, CD. Wiierc- 
fore, if a straight line, &c. 

Piiop. V. Theob. — If three straight lines meet all in one 
point, and a straight line be perpendicular to each of them 
at that point ; the three straight lines are in the same plane. 

Let the strai^t line AB be perpendicular to each of the straight 
lines BC, BD,BE, at B, the point in which they meet; BC, BD. 
BE are in one and the same plane. 

If not, let, if possible, BD and BE be in one plane, and BC be 
above it; and let a plane pass through AB, BC, the common sec- 
tion of which with the plane in which BD and 
BE are, is (XI. 8) a straight line; let this be 
BF. Therefore the thi'ee straight lines BA, 
BC, BF are all in one plane, viz. that which 
passes through AB, BC; and (XI. 4) because 
AB is at right angles to each of the straight 
lines BD, BE, it is also at right angles to every ^ 
straight line meeting it in that plane ; therefore 
ABF is a right angle: but (hyp.) ABC is also a right angle : 
therefore the angles ABF, ABC, in the same plane, are eqaal, 
which (I. az. 0) is impossible. Therefore BC is not above the 
plane of BD and BE : wherefore BC, BD, BE are all in the sani» 
plane. Therefore, if three straight lines, &c. 

Prop. VI. Theor. — If two straight lines be at right au- 
glea to the same plane> thej are parallel to one another. . 
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Let the straight lines AB, CD be at ri^ht angles to the same 
plane BDE ; AB is parallel to CD. 

Let them meet the plane in the points B, D ; join BD, and 
draw DE perpendicular to BD, in the plane BDE; make DE 
equal to AB, and join BE, AE, AD. Then, because AB is per- 
pendicular to the plane, each of the angles ABD, ABE is (XL 
def. 1) a right angle. For the same reason, 
CDB, ODE are right angles. And because AB 
is equal to DE, BD common, and the angle ABD 
equal to BDE, AD is equal (I. 4) to BE. Again, 
in the triangles ABE, ADE, AB is equal to 
DE, BE to AD, and AE common ; therefore 
(I. 8) the angle ABE is equal to EDA: but 
ABE is a right angle ; therefore EDA is also a 
right angle, and ED perpendicular to DA : it is also perpendicular 
to each of the two BD, DO ; therefore (XI. 6) these three straight 
lines DA, DB, DC, are all in the same plane. But (XL 2) AB is 
in the plane in which are BD, DA : therefore AB,. BD, DO are in 
one plane. Now (hyp.) each of the angles ABD, BDO is a right 
angle ; therefore (L 28) AB is parallel to CD. Wherefore, &c. 

Prop. VII. Theor. — If two straight lines be parallel, the 
straight line drawn from any point in the one to any point 
in the other, is in the same plane with the parallels. 

Let AB, CD be parallel straight lines : the straight line which 
joins any points E and F in those lines, is in the same plane with 
the parallels. 

If not, let it be, if possible, above the plane, 
as EGF ; and in the plane ABDO, in which 
the parallels are, draw (I. post 2) the straight 
line EHF from E to F; and since EGF also is 
a straight line, the two straight lines EHF, 
EGF include a space between them, which (L def. 3, cor.) is im- 
possible. Thererore, the straight line joining E, F, is not without 
the plane in which the parallels AB, CD are : it is therefore in 
that plane. Wherefore, if two straight lines, &c. 

Prop* VIII. Theor. — If one of two parallel straight 
lines be perpendicular to a plane, the other is also perpen- 
dicular to it. 

Let AB, CD be parallel, and let one of them AB be perpendi- 
cular to the plane BDE ; the other is also per- 
pendicular to BDE. 

Let AB, CD meet the plane in thepoints B, 
D, and join BD ; then (XI. 7) AB, CD, BD ai-e 
in one plane. In the plane BDE draw DE per- 
pendicular to BD, and equal to AB, and join JiE, 
AE, AD. Then, because AB is perpendicular 
to' the plane, the angles ABD, ABE are (XL 
def. 1) right angles. Again, the angles ABD, 
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CDB are togedier equal (L 29) to two right aogfes: bat ABD 
is a rifrht ai^;ie ; therefore also CDB is a right an^, and CD 
perpendicular to BD. Then it would be pro^d, as in the sixth 
proposition of tbis book, that £D is perpendicolar to DA : and 
being also (const.) perpendicolar to BD, it is perpendicolar (XL 4) 
to the plane passing throogh DA, DB. Bat (XL 2) AB is like- 
wise in this plane; and so also is CD : D£, therefore (XL de£ 1) 
is perpendicular to CD. Therefore, since CD is perpoidiealar to 
each of the two straight lines DB, DE, it is perpendicalar (XL 4) 
to the plane BD£ in which those lines are. Wherefine, if one, &c. 

Prop. IX Thbor. — Two straight lines which are each 
of them parallel to the same straight line, and are not both 
in the same plane with it, are parallel to one another. 

Let AB, CD be each of them parallel to £F, and not both in 
the same plane with it ; AB is parallel to CD. 

From any point G- in £F, draw G£[, in the plane pasauig 
through £F, AB, at right ancles to £F ; luid in the plane passing 
throngh £F, CD, draw G-K also at right 
angles to £F. Then, because EF is perpen- 
dicular both to GH and GK, it is perpendi- 
cular (XI. 4) to the plane UGK passing 
through them. But £F is parallel to AB ; 
therefore AB is at right angles (XL 8) to 
HGK. For the same reason, CD is likewise 
at right angles to HGK. Therefore, since 
AB, CD are each of them at right angles to HGK, AB is parallel 
(XL 6) to CD. Wherefore, two straight lines, &c. 

Sckd, The same has been proved (L 80) res|)ectinj^ straight lines 
in the same plane : therefore, uniTersaliy, straight mies v^ch are 
parallel to the same straight line, are parallel to one another. 

Prop. X. Theor. — If two straight lines meeting one 
another, be parallel to two others that meet one another, 
and are not in the same plane with the first two ; the first 
two and the other two contain equal angles.* 

Let the straight lines AB, BC, which meet one another, be 

Earallel to D£, £F, which also meet one another, 
ut are not in the same plane with AB, BC : the 
angle ABC is equal to DEF. 

Take B A, BC, £D, EF all equal to one another; 
and lorn AD, CF, BE, AC, DF. Because BA is 
equal and parallel to ED, therefore AD is (L 33) 
both equal and parallel to BE. For the same rea- 
son, CF is equ^ and parallel to BE. Therefore 
AD and CF being each of them parallel to BE, 

* Or supplemental ones; as will be plain After the demonstration here given, if 
AB be produced through B. Thi« generalnes the 4th corollary to the 34th propo- 
aUion of the first book. 
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ar« (XL 9) parallel to one tmother. They are also (I. ax. 1) 
eqaal; and AG, DF join them towards the same parts ; and there- 
fore (L 33) AG is egnal and parallel to DF. And hecaase AB, 
BG are equal to DE, EF, and AG to DF; the ande ABG is equal 
(I. 8) to D£F. Therefore, if two straight tines, £c. 

Prop. XI. Pros. — To draw»a straight line perpendicu- 
lar to a plane, from a given point above it. 

Let A be the given point above the plane BH ; it is required to 
draw from A a perpendicular to BH. 

In the plane draw any straight line BG, and (L 12) from A 
draw AD perpendicular to BG. Then, if AD be also perpendi- 
cular to the piane BH, the thing required is done. But it' it be 
not, from D (L 11) draw DE, in the plane 
BH, at right angles to BG ; fi'om A draw 
AF perpendicular to DE ; and through F 
draw (1. 31) GH parallel to BG. Then, 
because BG is at nght angles to ED and 
DA, BG is at right angles (XL 4) to the 
plane passing through ED, DA : and GH 
Doing parallel to BG, is also (XL 8) at 
right angles to the plane through ED, DA ; 
and it is therefore perpendicular (XL def. 1) to every straight line 
meeting it in that plane : GH is consequently perpendicular to AF. 
Therefore AF is perpendicular to eacn of the straight lines GH, 
DE ; and consequently (XL 4) to the plane BH : wherefore AF is 
the perpendicular requii>ed. 

Prop. XIL Prob. — To draw a straight line perpendicu- 
lar to a given plane, from a point given in the plane. 

Let A be the point giyen in the plane ; it is required to draw a 
perpendicular iix>m A to the plane. 

From any point B, above the plane, draw ( XL 11) ^ ^ 
BG perpen'dicular to it : if this pass through A, it is r 
the perpendicular required. If not, from A draw / 
(L 31) AD paraUel to BG. Then, because AD, L 
GB are parallel, and one of them BG is at right 
angles to the given plane, the otiber AD is also (XL 8) at right 
angles to it. 

Prop. XIII. Theor. — From the same point in a given 
plane, there cannot be two straight lines drawn perpendicu- 
lar to the plane, upon the same side of it: and there can 
be but one perpendicular to a plane from a point above it. 

For, if it be possible, let AB, AG, be at risht angles to a given 
plane from the same point A in the plane, ,a)Dd upon the same side 
of it ; and let a plane pass through B A, AG ; DAE, the common 
section of thi^ with the given plane is (XL 3) a straight line 
passing through A. Then (XL def. 1) because BA is at right 
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angles to file g^fentilaiie,BA£ k a ri^ta^^ For liie same 
reacon CA£ is a ligbt ai^lle. TherefamBAE 
is equal to CA£; wliich (Lax.9)iBinipoaEifale. 
Also, from a point abore a plane, there can be 
bat one perpendienlar to that' plane; for, if _ ^ _^ 
there eoold be tvo, iher would be paraOd (XL i> ▲ £ 

6)tooneanother, wlucn(LdeCll)isab60id. Therefore, fitMn the 
same pointy &c. 

Prop. XIV. Theob. — Flanes to vhich the Bame straight 
line is perpendicular, are parallel to one another. 

Let the straight line AB be perpendiCQlar.to each of the planes 
CD, £F; th^ planes are parallel to one 
another. 

If not, they will meet when prodaoed; let 
them meet; their common section will be a 
straight line GH, in which take any point K, 
and lofn AK, BK. Then because AB is per- 
penaicnlar to the plane EF, it is perpendicular 
(XL de£ 1) to the stra^ht line bE^ which is 
in that plane. Thererore ABR is a right 
angle. For the same reason, BAK is a right 
angle; wherefore, in the triangle ABK, the 
two angles ABK« BAK are eqi^ to two right 
angles, which (L 17) is impossible. Therefore the planes CD, £F, 
though produced, do not meet one another; that is, (XL det 4) 
they are paraUeL Therefore planes, &c. 

Prop. XV. Theob. — Two planes are parallel, if two 
straight lines which meet one another on one of them, he 
paraUel to two which meet on the other. 

Let the straight lines AB, BC meet on the plane AC, and DK, 
EF, on the phme DF : if AB, BC be parallel to DE, EF, the 
plane AC is parallel to DF. 

From B oraw (XL 11) BG perpendicular to the plane DF, 
and let it meet that plane in G; and through G draw (I. 31) 
GH parallel to ED, and GK to EF. Then, because BG is per. 
pendicular to the plane DF, each of the angles 
BGH, BGK is (XL def. 1) a right angle: 
and because (XL 9) BA is parallel to GU, 
each of them being parallel to DE, the angles 
GBA, BGH are together ec^ual (I. 20) to 
two right angles. But BGH is a right angle; 
therefore also GBA is a right angle, and GB 
perpendicular to BA. For the same reason, 
Go is perpendicular to BC. Since therefore 
GB is perpendicular to BA, BC, it is perpendicular (XL 4) to the 
plane AC : and (const) it is perpendicular to the plane DF. But 
(XL 14) planes to which the same straight line is perpendiculai' 
are paraUel to one another: therefore tne planes AC, DF are 
parallel. Wherefore, two planes, &c. 
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Pbop. XVI, Thbor. — If two parallel planes be cut by 
another plane, their common sections with it are parallels. 

Let the parallel planes, AB, CD, he cut by the plane EFHG, 
and let then- common sections with it be EF, GH ; JEF is parallel 
toGH. 

For, if it be not, EF, GH will meet if produced, either towai-ds 
FH or EG. First, let them be produced to- 
wards FH, and meet in the point K. Then, 
since EFK is in the plane Ai3, K is in AB. 
^Fbr the same reason, K is also in CB : where- 
fore the planes AB, CD produced meet one 
another; but they do not meet, since (hyp.) 
they are parallel. Therefore EF, GH do not 
meet when produced through F, H: and it 
may be proved in the same manner, that they 
do not meet when produced through E, G; they are therefore 
(I. def. 11) parallel. Wherefore, if two parallel planes, &c. 

Prop. XVII. Theor. — If two straight lines be cut by 
parallel planes, they are cut in the same ratio. 

Let the straight lines AB, CD be cut by the parallel planes 
GH, KL, MN, m the points A, E, B ; C, F, D; as AE : EB : : 
CF : FD. 

Join AC, BD, AD, and let AD meet KL 
in X; join also EX, XF. Because the two 
parallel planes KL, MN are cut by the plane 
EBDX, the common sections EX, BD are 
(XI. 16) parallel. For the same reason, 
because GfH, KL are cat by the plane 
AXFC, the common sections AC, XF are 
parallel. Then, (VI. 2) because EX is pa- 
rallel to BD, a side of the triangle ABD, 
AE J EB : : AX : XD ; and because XF 
is parallel to AC, a side of the triangle AD C, 
AX : XD : : CF : FD; and it was proved 
that AX : XD : : AE : EB; therefore (V. 11) AE : EB :: CF : 
FD. Wherefore, if two straight lines, &c. 

Prop. XVIII. Theor. — If a straight line be perpendi- 
cular to a plane, every plane which passes through it is 
perpendicular to that plane. 

Let AB be perpendiciiar to the plane CK ; every plane whicli 
passes through AB is perpendicular to CK. 

Let any plane DE pass through AB, and 
let CE be its common section with CK ; 
take any point F in CE, from which draw 
JPG in tiie plane DE perpendicular to CE. 
Then, because AB is perpendicular to CK, 
it is perpendicular (XL def. 1) to CE, which 
meets it in that plane. Therefore ABF is a right angle; but 
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(oonst) GFB is likewiae a ri^t a^le: therefore (L 2S) AB is 

pvaOel to FCh Now AB is at riffbt anoftes to the plaoe CR : 

therefore (XL 8 FG- is aLso at ri^^t angfes to the same plane. 

Bat (XL del 3) one plane is at nght angfes 

to another, when the straight lines drawn 

in one of the planes, at right anglra to their 

common section, are also at right angles to 

the other plane ; and any straight line F(t 

in the plane D£, which is at right angles to 

CE, toe common section of the planes, has 

been prored to be perpendicular to the other plane CK ; therefore 

DE is at risht angles to CK. In like manner, it may be proved, 

that any omer pUme passing tfaroogh AB is perpendicular to CK« 

Therefore, if a itraigfitW&c. i--i™ 

Prop. XIX. Theob. — If two planes cutting one another, 
be each perpendicular to a third ^ane, their common sec- 
tion is perpendicular to the same plane. 

Let the two planes AB, BC be each perpendicular to a third 
plane ADC, and let BD be the eonunoa section ci the first two; 
BD is perpendicular to ADC. 

If it De not, from D draw, in AB, the stmight line DE peipen- 
dicular to AD, the common section of AB with ADC ; and iu 
BC draw DF perpendicular to CD, the common 
section of BC with ADC. Then, because AB is 
perpendicular to ADC, and D£ is drawn in AB at 
right angles to AD their common section, DE (XL 
def. 3) is perpendicular to ADC. In the same 
manner it may be proved that DF is nerpendicular 
to ADC. Therefore, from the point D two straight 
lines are drawn at right angles to the third plane, 
upon the same side of it, which (XL 13) is impos- 
sible : from D, therefore, there cannot be any perpendicular to the 
third plane, except BD the common section of the planes AB, 
BC ; BD, therefore, is perpendicular to the third plane. Wheiv- 
fore, if two planes, &c. 

Prop. XX. Theor. — If a solid angle be contained by three 
plane angles, any two of them are greater than the third. 

Let the solid angle at A be contained by the three plane angles 
BAC, CAD, DAB : any two of these are greater than the 
third. 

If the angles be all equal, it is evident that any two of them bi» 
greater than the third. Butif they be not, let BAC be that angle 
which is not less than either of the otilier two, and is greater 
than one of them DAB ; and make in the phme of B A, AC, the 
angle B AE equal (L 23) to DAB ; make AE equal to AD ; tfaxougii 
E draw BEC cutting AB, AC, in the pomts B, C, and join DB, 
DC. Then, in the trianffles BAD, BAE, because DA is eoual to 
AE, AB common, and ttie angle DAB is equal to E AB ; DB is 
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equal (X 4) to BE. AsaiQ, because (L 20) BD, DC are greater 

than GB, and one of tnem BD has been proved equal to B£ a 

part of CB, therefore the other DC is greater 

(1. ax. 5) than the remaining part EC. Then 

because DA is equal (const.) to AE, and AC 

common, but the base DC greater than the base 

EC ; therefore (I. 25) the angle DAC is greater 

than EAC; and (const.) the angles DAB, 

BAE are equal ; wherefore (I. ax. 4) the an^s 

DAB, DAC are together greater than BAE, EAC, that is, than 

BAC. But BACTis not less than either of the angles DAB, 

DAC ; therefore BAC, with either of them, is greater than the 

other. AVherefore, if a solid angle, &c. 

Prop. XXI. Theor. — Ererj solid angle is contained bj 
plane angles, which are together less than four right angles. 

Let the solid angle at A be contained by any number of plane 
angles, BAC, CAD, DAE, EAF, FAB; these together are less 
than four right angles. 

Let the planes in which the angles are, be cut by a plane, and 
let the common sections of it with those planes be BC, CD, DE, 
EF, FB. Then, because the solid angle at B is contained by 
three plane angles CBA, ABF, FBC, of which (XI. 20) anv two 
are greater than the third, CBA, ABF are greater than J'BC. 
For the same reason, the two plane angles at each of the points 
C, D, E, F, viz. the angles which are at the bases of tiie tiiangles 
having the common vertex A, are greater than 
the third angle at the same point, which is one 
of the angles of the figure BCDEF. There- 
fore all the angles at me bases of the triangles 
are together greater than all the angles of that 
figure : and because (I. 32) all the angles of the 
triangles are together equal to twice as many 
right angles as there are trianjdes ; that is, as 
there are sides in the figure BCDEF ; and that 
(I. 32, cor. 1) all the angles of the figure, together with four' right 
angles, are likewise equal to twice as many right angles as there 
are sides in the figure ; therefore all the angles of the triangle are 
equal to all the angles of the figure, together with four right 
angles. But all the angles at the bases of the triangles are greater 
than all the angles of the figure, as has been proved : wherefore 
the remaining angles of the triangles, viz., those at the vertex, 
which contain the solid angle at A, are less than four right angles. 
Therefore every solid angle, &c. 

Sehol. This proposition does not necessarily hold, if any of the 
angles of the rectuineal figure BCDEF be re-entrant; or, which 
is the same, if any of the planes forming the solid angle at A, 
being produced, pass tbrougn that angle.* 




* Hie rMson of iftiis is plain fnam the note to the ceoond corollary to tiie 32d 
propofdtion of the first book. 






18G THE ELEMENTS [BOOK. XI. 

Prop. XXII. Theor. — If ever j two of diree plaae ang^s 
be greater than the third, and if the straight lines which 
contain them be all equal ; a triangle may bd made, having 
its sides equal, each to each, to the straight lines that join 
the extremities of those equal straight lines. 

Let ABC, DEF, GHK be three plane ancles, every two of 
which are greater than the third: then, if aB, BC, DE, EF, 
GH, HK be all equal, and if AC, DF, GK be joined ; a triangle 
may be made of AC, DF, GK ; that is, every two of these lines are 
together greater than the third. 

If the angles at B, E, H be equal, AC, DF, GK are also (I 4) 
equal ; and any two of them are greater than the third. 

But if these angles be not all equal, let ABC be not less than 
either of tibe two at E, H; therefore (I. 4 and 24) the straight 
line AC is not less than either of the other two DF, GK ; ana it 
is plain that AC, together with either of the other two, must be 
greater than the 

thu^ AlsoDF K H 

and GK are ^ 

freaterthanAC, 
'or, make the 
angle A B L 
equal to the 
angle H, and 
make BL equal 

to AB, or GU ; and join AL, LC. Then, because AB, BL are 
equal to GH, UK, and the angle ABL to H, the base AL is equal 
to GK. And, because (hyp.) the angles E, H are greater uian 
the angle ABC, of which II is equal to ABL, therefore the remain- 
ing angle E is greater than LBC. Then, because the two sides 
LB, BC are equal to the two DE, EF, but the angle DEF greater 
than LBC, DF is greater (1. 24) than LC : and it nas been proved 
that GK is equal to AL : therefore DF and GK are greater than 
AL and LC. But AL and LC are greater (I. 30) than AC : 
much more then are DF and GK greater than AC. Wherefore 
any two of these straight lines AC, DF, GK are CTeater than the 
thu*d; and, therefore, a triangle may be made (1. 22) the sides 
of which will be equal to AC, DF, GK. If every two, thefre- 
tbre, &c. 

Lemma. — If a solid angle be contained by three planes, 
and if on the intersections of those planes, three equal lines 
be taken, terminated in the vertex of the solid angle; 
each of these lines is ^eater than the radius of the circle 
described about the triangle formed by joining their other 
extremities. 

Let the solid angle at A be contained by the three plane Bngks, 
BAC, CAD DAB, and let AB, AC, AD be taken ail equiOTj^iu 
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BG, CD, DB; aboat the triangle BCD describe (IV. 6) a circle, 
jQiid draw the radius EG : EC is less than AC. 

Let BC, CB, two sides of the triande BCD, which do not pass 
through the centre E, be bisected in G and F, and join EA, ED, 
EF, EG, AF, AG. Then, since the triangles CAl), CED (hyp. 
and I. def. 30) are isosceles, and since 
AF, EF are drawn from their vertices 
bisecting their common base CD, 
AFC, EFG are (III. 3, cor. 1) right 
angles; and therefore (XL 4) CFis 
perpendicular to the plane AFE. 
Bat the plane BCD passes through 
CF, therefore (XL 18) the plane 
BCD is perpendicular to AEF ; and 
consequently the plane AEF is per- 
pendicular to BCD. It would be 
proved in the same manner, that the 
plane AEG is also perpendicular to 

the plane BCD. Now AE is the common section of the planes 
AEF, AEG; and since each of these planes is perpendicular to 
the plane BCD, AE is also (XL 19) perpendicular to BCD ; and 
therefore (XL def 1) AEG is aright angle, and (L 19) AC is 
greater than GE. Therefore, if a s^id angle, &c. 

Cor. Hence, if there be three plane angles B, E, H (see the 
figures for the next proposition), wnich are such that a solid angle 
may be contamed by them, and if BA, BC, ED, EF, HG, HK 
be taken all equal, and AC, DF, GK be drawn : AB is greater 
than the radius of the circle described about a triangle havmg its 
three sides equal to AC, DF, GK, each to each. 

Prop. XXIII. Prob. — To make a solid angle having 
the angles containing it, equal to three given plane angles, 
any two of which are greater than tlie third, and all three 
together less than four right angles. . 

Let B, E, H be &;iven plane angles, any two of which are greater 
than the tbird, ana all of them together less than four right angles : 
it is required to make a solid angte contained by plane angles equal 
to B, E, H, each to each. 

From the lines containing the angles, cut off BA, BC, ED, 
EF, HG, HK, all equal to one another ; and join AC, DF, GK : 
then (XL 22) a triangle may be made of three straight hnes equal 
to AC, DF, GK. Let this ( 1. 22 ) be the triangle LMN, AC bemg 
oijual to LM, DF to MN, and GK to LN. 
' About LMN describe (IV. 6) a circle, and draw the radii, LO, 
MO, NO; draw also OP (XL 12) perpendicular to the plane 
l^MN. Then, by the oorollajj to the lemma, any of the radii LO, 
MO, NO is less than AB. Find (I. 47, cor. 3) the side of a square 
equal to the difference of the squares of AB and LO ; make OP 
eaaal to that side ; and join PL, PM, FN : the plane angles LPM, 
\&IFN, and NPL form the solid angle required. 
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For, since OP is (oonst) perpendicular to the plane LMN, the. 
angles, LOP, MOP. NOP, are (XI. def. 1) right angles: and 
tfafflefore, since, in the triangles OLP, OMP, ONP, the sides 
OL, OM, ON are eqoal, OP common, and the coatamed angles 






equal, the bases LP, MP, NP are (L 4) all equal. Also (const) 
the square of AB is equal to the squares of LO, OP ; and {I. 47) 
the square of LP is also eaual to the squares of LO, OP, because 
LOP is a right angle. Tnerefore (I. ax. 1) the sqnare of AB is 
equal to the square of PL, and (I. 46, cor. 3) AB to PL: and 
hence all the straight lines LP, MP, NP, BA, BC, ED, &c. are 
equal. Then, in the triangles LPM, ABC, the sides AB, BO 
are equal to LP, PM, each to each ; and (const.) AC is equal to 
LM: therefore (L 8) the angles ABC, LPM are equal ; and it 
would he shown in a similar manner, that the angle E is equal .to 
MPN, and H to NPL. The solid angle at P, therefore, being 
contahied by three plane ansles, which are equal to the thi^e given 
angles, B, £2, H, each to eacn, is such as was required. 

Prop. A. Theor. — If two solid angles be each con- 
tained by three plane angles, equal to one another, each to 
each : the planes in which the equal angles are, have the 
same inclination. 

Let there be two solid angles at A and B ; and let the an^e at A 
be contained by the three plane angles CAD, CAE, EAD ; and 
the angle at B by the three FBG, FBH, HBG, which are equal 
to the other three, each to each : the planes in which the equal 
angles are, have the same inclination to one another. 

fii AC take any point K, and in the plane CAD, from K draw 
KD at r^ht angles to AC ; and in 
the plane CAE draw RL at right 
imgfes to the same AC ; there&re 
(Xl. def. 2) the angle DKL is the 
inclination of the planes CAD, 
CAE. In BF take BM equal to 
AK, and from M draw m the 
planes FBO, FBH, MG, MN, 
perpendicular to BF ; therefore 

the angle GMN is tiie inclination of the planes FBG, FBH. 
Join LD, NG ; and because (hyp.) in the triangles KAD, MBG, 
the angles KAD, MBG are equal, as also the right angles AKI>« 





BObX tL\ OF EUCLID. 189 

BMG, and that the sides AK, BM, adjacent to the equal andes, 
are equal to one anothei*; therefore (L 26) KD is equal to MG, 
and AD to BG-. For the same reason, in the triangles KAL, 
MBN, KL is equal to MN, and AL to BN : and in the triangles 
LAD, NBGr, LA, AD are equal to NB, BG-, and (hyp.) they con- 
tain ei^ual angles ; therefore (I. 4) LD is equal to NG-. Lastly, in 
the triangles K.LD, MNGr, the sides DK, KL are equal to GM, 
MN, and LD to NG ; therefore (I. 8) the angle DKL is equal to 
GMN. But DKL is the incUnation of the planes CAD, CAE, 
and GMN is the inclination of the planes FBG, FBH, which 
planes (XI. def. 2) ha^e therefore the same inclination. In the 
same manner also, it may he demonstrated, that the other planes 
in which the equal angles are, have the same inclination to one 
another. Therefore, iftwo solid on^les^ &c. 

Pbop. B. Theob. — Two solid angles, contained each by 
three plane angles which are equal to one another, each to 
each, and alike sitaated, are equal to one another. 

Let there be two solid aoeles at A and B, of which the solid 
ande at A is contained by me three plane angles CAD, CA£, 
EAD ; and that at B, by the three plane angles FBG, FBH, 
HBG, which are equal to the other three, each to each : tlie solid 
angles at A and B are equal. 

Let the soUd angle at A be applied to the solid angle at B : and, 
first, the plane angle CAD being applied to FBG, so that the 
point A may coincide with B, and 
AC with BF; then AD coincides 
with BG, because the angle CAD 
is equal to FBG. And, because 
(XI. A) the inclination of the planes 
CAE, CAD is equal to the inclina- 
tion of the planes FBH, FBG, the 
plane CAE coincides with FBH, 
occause the planes CAD, FBG coincide with one another. Also, 
because AC, BF coincide, and the angle CAE is equal to FBH ; 
therefore AE coincides with BH, and AD with BG ; wherefore 
the plane EAD coincides with HBG. Therefore the solid angle 
A coincides with the solid angle B; and consequently (I. ax. 8) 
they are eoual to one another. Two solid angles, therefore, &c. 

Cor, If AE, BH be taken equal to each other ; and EK be drawn 
perpendicular to the plane CAD, and HL to FBG; and if AK, 
BL be joined, EK is equal to HL, and the ande E AK to HBL. 
For, since the soUd angles coincide, the points £, H coincide, be- 
cause AE, BH are eqiud : also, since the planes C AD^ FBG coin- 
cide, the perpendiculars EK, HL (XL 13) coincide, and are equal : 
and since AE, AK coincide with BH, BL, the angles E AK, HBL 
are equal* 



* This corollary is transferred to this propoaition from the 35th of this book, for 
the porpoee of fkcilitatlDg the demooatration of the latter. 
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Prop. C. Thbor. — Solid figures contained by the sani« 
number of equal and similar planes, alike situated, and* 
having none of their solid angles contained by mora, 
than three plane angles, are equal and similar to one au« 
other. 

Let AG, KQ be tiro atAida contained by the same namber of 
similar and equal planes, alike situated; viz. let the plane AC bo 
simUar and equal to KM; AFtoKP; BO toLQ; 6D toQN; 
DE to NO ; and FH to PR; AG is equal and similar to KQ. 

Because the plane angles BAD, BA£, EAD are (hyp.) eooal 
to the pluie an^i^les LKN, LRO, CRN, each to each ; therefoi*. 
(XL B) the solid angles at A and R are equal. In the same 
manner, the other solid angles of the figures are proved to be 
equal. If then AG be appli^ 
to RQ, firat, the plane figure h o 

AC being applied to RM ; AB 
coinciding with RL, AC must , 
coincide with RM, because 
they are equal and similar: 
therefore the straight lines AD, a b 

DC. CB comci& with RN, 
NM, ML, each with each ; and the points A, D, C, B, with K, 
N, M, L. Also the solid angles at A and R coincide : wherefore 
the plane AF coincides with RP, and the figure AF with RP, 
because they are equal and similar. Therefore tiie straight lines 
AE. EF, FB, coincide with RO, OP, PL ; and the points E, F, 
with 0, P. In the same manner, the figure AH comcides witli 
RR, the straight line DH with NR, and the point II with R. 
Also because the solid %ngles at B and L are equal, it may be 
proved, in the same manner, that the figure BG coincides with 
LiQ, the straight line CG with MQ, and the point G with Q. 
Since, therefore, all the planes and sides of AG coincide with those 
of RQ, AG is equal and sunilar (XL def. 8) to RQ. And, in the 
same manner, any other solid figures whatever, contained by the 
same numb^ of equal and similar planes, alike situated, and having 
none of their sohd anc^les contamed by more than three plane 
angles, may be proved to be equal ana similar to one another. 
Therefore, soUd figures, &c. 




Prop. XXIV. Theor. — If a solid be contained by six 
planes, two and two of which are parallel, the opposito 
planes are similar and eqoal parallelograms. 

Let the solid BE be contained by the parallel planes AC, GF : 
BG, CE ; BF, AE ; its opposite planes are similar and equal 
paraUelogramfl. 

Because the parallel planes BG, CE are cut by the plane AC, 
their common sections AB, CD are (XL 16) paralleL Alaob 
because the parallel planes BF, AE are cat by the plane ACr 
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their common sections AD, BC are parallel : and AB, CD are 

{)aral1el; therefore AC is a paraUelogram. In 
ike manner, it may be proved, that CE, FG, GB, 
BF, AE are parallelograms. Join AH, DF; 
and because AB is parallel to DC, and BU to 
CF, the angle ABH is equal (XI. 10) to DCF. 
Then, because AB, BH are equal to DC, CF, 
and the angle ABH to DCF ; the triangle AB H 
iseqiial (L 4) to DCF. But (1.34) the parallelogram BG is 
double of the triangle ABH, and CE is double of DCF ; therefore 
the parallelogram BG is equal and similar to the parallelogram 
CE. In the same manner, it may be proved, that AC is equal 
aad simUar to GF, and AE to BF. Therefore, if a solid, &c. 

Prop. XXV. Theor. — A plane cutting a pan^Uelepiped, 
and parallel to two of its opposite planes, divides the whole 
into two solids, the base of one of which is to the base of 
the other, as the one solid is to the other. 

Let the parallelepiped ABCD be cut by the nlane EV, which 
is parallel to the opposite planes AR, HD, and aivides the whole 
into the two solids AV, ED ; as the base AEF Y of the first 
is to the base EHCF of the other, so is AV to ED. 

Produce AH both ways, and take any number of straight lines 
KM, MN, each equal to EH, and any number AK, KL, each 
equal to EA, and complete the parallelograms LO, KY, HQ, 
MS, and the solids LP, KR, HU, MT. Then, because LK, KA, 
AE are all equal, the parallelograms LO, KY, AF (I. 30) are 
equal: and likewise the parallelograms KX, KB, AG; as also 
(il. 24) the parallelograms LZ, KP, AB^ because they are op- 
posite planes. For the same reason, the parallelograms EC, HQ, 
MS, are equal ; and the parallelograms HG, HI, IN, as also HD, 
MU, NT. There- 
fore three planes of b g i 
the solid LP, are 
equal and similar 
to three planes of 
KR, as also to three 
planes of A V. But 
(XL 24) the three 
planes opposite to these three are equal and similar to them in 
the severm solids, and none of their solid angles are contained l»v 
more than three plane angles; therefore (aI. C) the solids LP, 
KR, AV are equal to one another. For the same reason, ED, 
HU, MT are equal to one another. Therefore whatever multiple 
the base LF is of AF, the same multiple is the solid LV of AV. 
For the same reason, whatever multiple the base NF is of HF, the 
some multiple is the solid TE of ED. And if the base LV be 
equal to NF, the solid LV is equal (XL C) to ET; if greater, 
greater; and if less, less. Therefore (V. dcrfl 5) as the base AF 
is to the base FH, so is the solid AV to the solid ED : wherefore 
a plftne, &o. 
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Prop. XXVI. Prob. — At a given point in a given 
straight line, to make a solid angle eqiuu to a given solid 
angle contained bj three plane angles. 

Let A be a pven point in a given straight line AB, and D a 
s:iyen solid angle contained by the three plane angles EDO, EDF, 
FDC ; it is required to make at A in the straight hue AB a solid 
angle equal to the solid angle D. 

In DF take any point P, from which draw (XL 11) FG- per- 
pendicular to the plane EDO, meeting that plane in Q; join DCr, 
and (I. 23) make the angle BAL equal to EDO, and in the 
plane BAL make the angle BAK equal to EDG ; then make 
AK eoual to DG, and {XL 12) draw KH perpendicular to iAxe 
plane BAL, and enqual to GF, and join AH. Then the solid 
angle at A, which is contained by the plane angles, BAL, BAH, 
HAL, is equal to the d^ven soUd angle at D. 

Take AB, DE equal to one another ; and join HB» KB, F£, 
GE: and (XL def. 1) because FG is perpendicular to the plane 
EDO, FGD, FGE are right angles. For the same reason, HKA, 
HKB are right angles: and because RA, AB are equal to OD, 
DE, each to each, and contain equal angles, BR is equal (I. 4) to 
EG : alBO RH is equal to GF, and HRB, FGE ai^ nght ai^es ; 
therefore HB is equal to FE. Again, because AR, RH are 
equal to DG, GF, and contain right angles, AH is equal to DF* ; 
also AB is equal to DE, and HB to FE; therefoiis (L 8) the 
angles BAH, EDF are equal. Again, 
since (const.) the angle BAL is equal 
to EDO, and BAR to EDG, the re- 
maining anglesRAL,GDO are(L ax.3) 
equal to one another; and, by taking 
AXi and DC equal, and joinmg LH, 
LR, OF, CG, it would be proved, as 
in the foregoing part, that the angle 
HAL is equal (I. 8) to FDC. Therefore, because the three plane 
angles BAL, BAH, HAL, which contain the solid angle at A. 
are equal to the three EDC, EDF, FDC, which contain the solid 
angle at D, each to each, and are situated in the same order, the 
solid angle at A is equal (XL B) to the soUd angle at D. There- 
fore what was required has been done. 

Prop. XXVIL Prob. — To describe from a given straight 
line a parallelepiped similar, and similaiij situated to one 
given. 

Let AB be the ^ven straight line, and CD the given parallele- 
piped. It is re(]|uired from AB to describe a parallelepiped similar 
and similarly situated to CD. 

At the point A of the straight line AB, make (XL 36) a 
solid angle equal to the solid angle at C, and let BAR, RAH4 
HAB be the plane angles which contain it, so that BAR is equal 
to ECG, RAH to GCF, and HAB to FCE; also as EC to CG, 
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SO make (VL 12) BA to AK; and as GO to OF, so make KA to 
AH ; wherefore, tsz cequo, as EC : OF : : BA : AH. CompJfite 
the paraJHelogram BH, and the 
solid AL. Then, because EC : ,r \ 



H 



H 







Ca : : BA : AK, the sides 
abont the eqoal angles ECO, 
B AK are proportiomds ; there- 
fore the parallel^ain BK is 
similar to EG. For the same ^ * 

reason, KH is similar to GF, 

and HB to FE. Therefore threeparallel^rams of 1^ solid AL 
are similar to three of the solid CD ; and (XL 24) the tiiree oppo- 
site cmes in each are equal and similar to these, each to each. 
Also, because the plane angles which contain the solid angles of 
the fiffures are equal, each to each, and situated in the same order, 
1^ s^id angles (XI B) are equal, each to each. Therefore (XL 
def. 8) AL IS similar to CD. Wherefore, from a given straight 
Hiie AB a paralle]epif>ed AL has been described simuar, and simi- 
larly situated to the given one CD ; which was to be done. 

Peop. XXVIII. Theor.— If a parallelepiped be cut by 
a plane passing through the diagouaJs of two of the opposite 
planes ; it is bisected by that plane. 

Let AB be a parallelepiped, and DE, CF the diagonals of the 
opposite parallelograms Ail, QB, viz. those which join the equal 
angles in each. Then (XL 9) CD, FE are parallels, because each 
of them is parallel to GA; wherefore (XL 7) the diagonals CF, 
DE are in tne plane in which the parallels are, and (XL 16) are 
themselves parallels. Again, because (L 34) the triangle CGF 
IS equal to CBF, and DAE to DHE ; and that 
(XL 24) the parallelogram C A is equal and simi- 
lar to the opposite one BE ; and GE to CH : ^. 
therefore the prism contained by the two triangles 




CGF, DAE, and the three parallelograms CA, i y 
0iE, EC, is equal (XI. C) to the prism contiuned ^ 
by ttte two triangles CBF, DHEi, and the three 
parallelograms BE, CH, EC ; because they are contained by the 
same number of equal and similar planes, alike situated, and none 
of their solid angles are contained by more than three plane angles. 
Therefore, if a parallelepiped, &c. 

' ** K.B. The insisting lines of a parallelepiped, mentioned in some 
loUowing propositions, are the siaes of the parallelograms between 
the base and the opposite plane." 

Pbop. XXIX. Theor. — Parallelepipeds upon the same 
base, and of the same altitude, the insisting Lnes of which 
are terminated in the same straight lines of the plane op- 
posite to the base, are equal to one another. 

Let the parallelepipeds AH, AK (2d fig.) be upon the same base 

I 
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AB, and of the same altitude; and let their maatrng lines AP;- 
AG, LM, LN, be terminated in the same straight bne FN, an* 
CD, CE, BH, BK in the same DK ; AH is equal to AK. 

First, let the parallelograms DG, HN, which are opposite to 
the base AB, have a common side HG 
Then because AH, is cut by the plane 
AGHC passing through the dia^nals 
AG, CH, of the opposite planes ALGF, 
CBHD, AH is bisected (XL 28) by the 
plane AGHC. For the same reason, 
AK is bisected by the plane LGHB 
through the diagonals LG, BH. There- 
fore the solids £S^ AK are equal, each of them beinff double ot 
the prism contained between the triandes ALG, CBH. 

But let the parallelograms DM, EN, opnosite to the base, have 
no common side. Then, because CH, CK are parallelograms, 
CB is equal (L 34) to each of the opposite sides DH7 EK; 
wherefore DH is equal to EK. From DK take separately, EK, 
DH ; then DE is equal to HK : wherefore also (I. 38) the tri- 
angles CDE, BHK are equal : and (I. 36) the parallelogram 
DG is equal to HN. For the same reason, 
the triangle AFG is equal to LMN ; and 
(XL 24) the parallelogram CF is equal to 
BM, and CG to BN ; for they are opposite. 
Therefore (XL C) the prism which is con- 
tained by thetwo triangles AFG, CDE, and 
the three parallelograms AD, DG, GC, is ^ ,, 

equal to tne prism contained by the two 
tnangles LMN, BHK, and the three parallelograms BM, MK, 
KL. If therefore the prism LMNBHK be taken from the solid 
of which the base is the parallelogram AB, and iff which FDKN 
is the one opposite to it ; and if from the same soKd there be taken 
the prism AFGCDE ; the remaining parallelepipeds AH, AK are 
equal Therefore, parallelepipeds, &c. 

Prop. XXX. Theor. — Parallelepipeds upon the saine 
base and of the same altitude, the insisting lines of which 
are not terminated in the same straight lines in the plane 
opposite to the base, are equal to one another. 

Let the parallelepipeds CM, CK, be upon the same base AB, 
and of tiie same altitude, but their insistmg lines AF, AG, liVt, 
LN, CD, CE, BH, BK, not terminated in the same straight lines': 
CM, CN are equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one another 
in O, P, Q, R ; and join AG, LP, BQ, CR. Then, becauw tin 
plane LBHM is parallel to the opposite plane ACDF, and tftiat 
LbHM is the plane in which are theparallels LB, MHPQ, in whi^ 
also is the figure BLPQ ; and ACDF is the plane in which areihe 
paraUels AC, FDOR, in which also is the figure CAOR; thewJi- 
lore the figm-es BLPQ, CAOR are m par^lel planes. la Bte 
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majtner, beoause the plane ALNG is parallel to the opposite plane 
€BK£, and that ALNG is the plane in which are the parallels 
AL, OPQ-N, in which also 
it the figure ALPO; and 
CBKE is the plane in 
whidi are the parallels OB, 
KQEK^ in which also is 
the figure OBQB; there- 
fore the figures ALPO, 
OBQR are in parallel 
planes; and the planes 
AGBL, ORQP are paral- 
lel : therefore the solid CP ' 
is a parallelepiped. But 
the solid CM, of which the 
base is ACBL, to which 
FDHM is the opposite 
parallelognun, is equal 
<XI. 20) to the solid OP, 
of which the base is the 
parallelogram AOBL, to which ORQP is the one opposite ; be- 
cause they are upon the same base, and their insisting straight 
lines AF, AG, OD, OR ; LM, LP, BH, BQ are in the same 
Btisight lines FR, MQ. For the same reason the solid OP is 
equal to ON ; for they are upon the same base AOBL, and their 
insistmg straight lines AG, AG, LP, LN ; OR, OE, BQ, BK 
are in we same straight lines GN, RK ; therefore (L ax. 1) OM 
is equal to ON. Wherefore, parallelepipeds, &c. 

Pros. XXXL Theor. — Parallelepipedfl which are upon 
equal bases, and of the same altitude, are equal to one 
another. 

Let the parallelepipeds AE, OF, be upon equal basies AB, OD, 
and be of the same altitude ; AE is equal to CF, 

First, let the insisting lines be at right angles to the bases AB, 
CD, and let the bases be placed in the same plane, and so that the 
d^des OL, LB may be in a straight line ; therefore (XL 13) the 
straight line LM, which is at right angles to the plane in which 
the bases are, in the point L, is common to the two soliUs AE, 
OF. Let the other insisting lines of the solids be AG, UK, BE ; 
DF, OP, ON; and, first, let the angle ALB be equal to OLD ; 
then (L 14, cor.) AL, LD are in a straight line. Produce OD, 
HBf and let them meet in Q ; complete also the parallelepiped LR, 
the base of which is the paraUelogram LQ, and of which LM is 
one of its insisting lines. Therefore, (V. l] because the parallelo- 
leram AB is equal to OD, as AB : LQ : : OD : LQ ; and because 
tib6 parallelepiped ARis cut by the plane LMEB, which is parallel 
4fa tne opposite planes AK, DR ; as the base AB is to the base 
XX^ so IS (XL 26) the soUd AE to the solid LR. For the same 
reaaoD, because the parallelepiped OR is cut by the plane LMFD, 
wii&oiL is parallel to the opposite planes OP, BK; as the base OD 
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LQ, to M the niid CF tD the nlid LR. B«fc AB : 

ptoT«d; thmlbfe (V. 11) as tlw 
i the solid CF to the solid hBi 




totiie 

LQ : : CD : LQ, as has 
•olid A£ tothe solid LB, 
and tfaerefere (Y. d) the 
solid A£ is equal to the 
solid CF. 

Bol let tfaejMvalMepi- 
peds S£, CF be iq>oD 
equal bases SB, CD, and 
be of the same altitnde, 
and let their insistiiig tines 
beat right ai^^ to the 
bases; and place the bates 
SB, CD intiie same plane, 
so that Ch, LB may be in a straii^ line ; and lei tiie anries 
SLB, CLD be nneqaal; tiie scJid SE is also in this case eqmdto 
the solid CF. Produce DL, TS, tiU they meet in A, and inm 
B draw BU paraOel to DA; and let HB, CD prodneed meet in 
Q, and compteto the solids AJS, LR. Therelbffe (XL S9) the sofid 
A£, of which the base is the parallelogram L£, and A& tibe one 
opposite to it, is equal to tiie s<did SE, of wbkh the base is L£, 
andtowliieh SXisojyposite; for they are i^pm the same base LE, 
and of the same ahatade, and their insisting lines, Tiz. LA, US, 
BH, BT; MO, MY, EK, EX ans in the same stnugfat lines AT, 
6X Also, because (L 35) the parallelogram AB is equal to SB^ 
for they are upon the same base LB, and between the same panri- 
lels LB, AT, and thai the base SB is equal toCD; thereforeihe 
base AB is equal to the base CD, and the angle ALB to CLD. 
Therefore, by the first case, the solid AE is equal to the solid CF ; 
but AE is equal to SE, as was demonstrated; therefoce S£ is 
equal to CF. 

Bui, if the insisting str^sht lines AG, HK, BE ; CN, &c. be 
not at right angles to the bases AB, CD ; in this case likewise 
the solid AE is equal to 
the solid CF. 

For if pandlelepipeds 
be deseri oed oo thebases 
AB, CD, of the saoie 
altitude as the solids 
AE, CF, and haying 
their insisting lines per- 
pendicular to theirbases, 
they will be respectively 
equal (XI. 29, or 30) to AE, CF; and by the first case of thispio- 
poaition they are eaual to one another. Therefore (1. ax. 1) AE, 
CF are equal Wherefore, parallelq>iped8, &e. 





Prop. XXXIL Theor.— Parallelepipjeds which hare ihe 
same altitude, are to one another as their bases. 

Let AB, CD be paraDelepipeda of the same attitude; theyateto 
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one aoother as their bases; that is, as the base A£ to the base 
CF. so ia the solid AB to the soM CD. 

To the straight line FG apply (L 45, cor.) the parallelogram 
FU equal to AE, so that the angle FG-H may be equal to the 
angle LOG ; and complete the parallelepiped GK on the base FH, 
one of whose insisting lines is 
FD, the BoHds CD; GK being 
thus ofthe same latitude. There- 
fore (Xi. 31) the solids AB, GK 
are equal, because they are upon 
equal bases AE, FH, and are of 
the same altitude. Now, the 
parallelepiped GK is cut by the 
I^ane DG, which is parallel u> its 
opposite planes; therefore (XL 26) the base HF is to GL, as the 
solid HD to DC. But HF is equal to AE, and the soUd GK to 
AB; therefore, as the base AE to the base GL, so is the solid AB 
to the solid CD. Wherefore, parallelepipeds, &c. 

Cor, From this it is manifost that triangular prisms of the same 
altitude, are to one another as their bases. 

Let the nrisms, the bases of which are the triangles AEM, 
CFG, and NBO, PDQ the triangles opposite to them, have the 
same altitude; and complete the panulelograms A^, CF, and 
the parallelepipeds AB, CD, in the first of which let MO, and in 
"fbe other let GQ be one of the insisting lines. And because the 
parallelepipeds AB, CD have the same altitude, they are to one 
another as the base AE is to GL ; wherefore the prisms, which 
fZL 28) are their halves, are to one another, as the base AF. to 
GL ; that is» (V. 15) as the triangle AEM to CFG. 

Prop. XXXIIL Theor. — Similar parallelepipeds are one 
t6 another in the triplicate ratio of their homologous sides. 

Let AB, CD be similar parallelepipeds, and the side AE homo- 
logous to CF; AB has to CD the 
tnplicate ratio of that which AE has 
toCF. 

Produce AE, GE, HE, and in these 
produced take £K equal to CF, EL 
equal to FN, and EM equal to FR ; 
and complete the parallelogram KL, 
and the solid KG. Because KE, EL 
aae equal to CF, FN, and the angle 
KEL equal to the angle CFN, since 
it is equal to the angfe AEG, which 
iff equal to CFN, because the solids 
AB, CD are similar; therefore the 
parallelofiram KL is similar and 
equal to CN. For the same reason, 
the parallelogram MK is simOar and 
«Qual to CK, and also GE to FD. 
Therefore three parallelogriuns of the solid KG are equal and 
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Bimilar to three paraUelogramB of the solid CD : and (XI, 24 > 
the three opm>site ones in each solid are equal and similar to these.' 
Therefore (XI. O) the solid KO is equal and similar to CD. 
Complete tiie parallelogram GK, and the solids £Z, LP upon 
the bases GK, KL, so uiat £H may be an insisting line in each 
of them ; and thus they are of the same altitude with tiie s^ld 
AB. Then, because the solids AB, CD are similar (XL def. &»■ 
and altematdy) as A£ is to CF, so is EG to FN, and so is EH 
to FR; and FC is equal to EK, and FN to EL, and FB to EMs 
therefore, as AE to EK, so is EG to EL; and so is HE to mL 
But (VL 1) as AE to ER, so is the 
parallelogram AG to GK; and as 
GEtoEL,soisGKtoKL; and as 
HE to EM, so isBE to KM: there- 
fore ( V. 1 1 ) as the parallelogram AG 
tp GK, so is GK to KL, and PE to 
KM. But (XL 25) as AG to GK, 
so is the solid AB to EX ; and aa 
GK to KL, so is the soUd EX to 
PL; and as PE to KM, so is the 
solid PL to KG: and therefore 
(V. 11) as the solid AB to EX, 
so is EX to PL, and PL to KO. 
But if four magnitudes be continual 
proportionals^ the first is said to 
nave to the fourth the triplicate 
ratio of that which it has to the 
second : thwefore the solid AB has 

to KO the triplicate ratio of that which AB has to EX But 
as AB is to EX, so is the parallelogram AG to GEL, and the 
straight line AE to EK. Wherefore the solid AB has to the 
solid KO^e triplicate ratio of that which AE has to EK ; and 
the solid KG is equal to CD, and the straight line EK to CF* 
Therefore the solid AB has to CD the triplicate ratio of that which 
the side AE has to the homologous side 6F. Wherefore, similar 
parallelepipeds, &c. 

Cor. From this it is manifest, that, if four straight lines be con- 
tinual proportionals, as the first is to the fourth, so is the parallde- 
piped aescribed firom the first to the similar solid fdmilarly described 
m>m the second; because the first straight line has to the fourth 
tiie triplicate ratio of that which it has to the second. 



Prcp. D. Theor. — Parallelepipeds contained bj paral- 
lelogprams equiangular to one another, each to each, that is, 
of which the soUd angles are equal, each to each, hare to 
one another the ratio which is the same with the tatio com- 
pounded of the ratios of their sides. 

Let AB, CD be parallelepipeds, of which AB is contained by 
the parallelograms AE, AF, AG, equiangular, each to each, to 
CH, CK, CU, which contain CD. The ratio which AB has to 
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CD is the same with that which is compounded of the ratios of 
£be aides AM to DL, AN to DK, and AG to DH. 

Produce MA, NA, OA to P, Q, R, making AP equal to DL, 
AQ to DK, and AR to DH ; and complete the parallelepiped 
AZ contained by the parallelofin'ams AS, AT, AV^ similar and 
equal to CH, CK, CL, each to each. Therefore (XI. 0) AX is 
equal to CD. Complete likewise the solid AY, the base of which 
IB AS, and of which AO is one of 
itainsisting lines. Take any straight 
line a, ana ( VI. 12) find b, e, d, such 
that MA : AP ; : a : b; NA : 
AQ :: b iCf and AO : AR :: c : 
d. Then, (VI. 23} because the 
parallelogram AE is equiangular 
to AS, aK is to AS, as a to c: and 
the solids AB, AY, being between 
the parallel planes B0Y,1QAS, are 
of the same altitude : therefore (XL 
32) the solid AB is to the solid AY, 
as AE to AS ; that is, as a to c. 
Also (XI. 25) the solid AY is to 
AX as the base OQ is to QR ; that 
Is, (VL 1) as OA to AR; that is, 
as c to d. And because the solid 
AB is to AY as a is to c, and AY 
to AX, as c is to d; ea obquo, AB is to AX or CD, which is equal 
to it, as a is tod. But (V. def. 10) the ratio of a to d is saia to 
be compounded of the ratios of a to 5, 5 to c, and e tod, which 
Are the same with the ratios of the sides MA to AP, NA to AQ, 
«nd OA to AR, each to each : and the sides AP, AQ, AR are 
equal to the sides DL, DK, DH, each to each. Therefore, AB 
luui to CD the ratio which is the same with that which is com- 
pounded of the ratios of the sides AM to DL, AN to DK, and AO 
10 DkL Parallelepipeds, therefore, &c. 




Prop. XXXIV. Theor. — The bases and altitudes of 
equal parallelepipeds are reciprocallj proportional: and 
(2) if the bases and altitudes be reciprocallj proportional, 
the parallelepipeds are equal. 

1. Let AB, CD be equal parallelepipeds ; their bases are reci- 
procally proportional to their altitudes ; that is, as the base EH 
IS to the Dase NP, so is the altitude of CD to the altitude of AB. 

First, let the insisting lines AG, CM, &c. be at right angles to 
the bases. As the base EH to NP, so is CM to AG. If EH 
be equal to NP, then because AB is likewise equal to CD, CM 
is equal to AO. For, if EH, NP be equal, but AO, CM be not 
equal, neither is AB equal to CD. But (hyp.) the solids are 
equaL Therefore CM is not unequal to AG; that is, they are 
•quaL Wherefore, as EH to NP, so is CM to AG» 



(1 




I 

i 

F - 


i D 

T 



N«|]^ ki tlw iMMft EH, NP Dot be eqaO, iMl £H greater tiun 
tfaeotiier. Sinee then the solid AB 
Ifl eoMl to the tobd CD, CM k 
greater than A&. For, if it be not. 
j fj i Wr eiio, ill this nnr, w<iiild the 
vlids AJ^ CD be eooal, which (hyp.) 
areequaL Make then CT egoal to 
AG, Mid eonn^ete the paralldepiped 
CV, of vfai2 the baae is NP and 
altitiide CT. Beeaose AB is eonal 
to CD, therefore (Y. 7) AB is to CV, 
as CD to CV. But (XL 32) as AB 
toCy,sois£HtoNP; fortbesoUds 
AB. CV are of the same altitode; and (XL 25) as CD to CV, so 
is the base MP to PT, and (VL 1) so is the straight line MC to 
CT; and CT is equal to AG. Therefore, as £H to NP, so is MC 
to AG : idierefore (VL de£ 2) the bases of the parallelepipeds AB. 
CD are reciprocallj proportional to their altitades. 

2. Let now the bases of the parallelepipeds AB, CD be recipro- 
eafly proportional to their altitudes : viz. as EH to NP, so let the 
altitodeofCDbetothealtitadeof AB; ABiseqaaltoCD. Let 
the insisting lines be, as before, at right an^es to the bases. Th^ 
if £H be equal to NP, since £H is to NP, as the attitude of CD 
is to the attitude of AB, therefore (V. A) the altitude of CD is 
equal to the altitude of AB. But (XL 31) parallelepipeds tmon 
equal bases, and of the same altitude, are equal to one another; 
therefore AB is equal to CD. 

But let the bases EH, NP be unequal, and let EH be the 
greater. Therefore, since EH is to NP as CM, the altitude of 
CD, is to AG, the altitude of AB, CM is greater (V. A) than 
AG. Take CT equal to AG, and complete, as before, the solid 
CV. Then, because EH is to NP, as CM to AG, and that AG 
is equal to CT, therefore EH is to NP, as MC to CT. But as 
EH is to NP, soisABtoCV: for AB, C V are of the same alti^ 
tude; and as MC to CT, so (VL 1) is the base MP to PT, and 
(XL 25) the soUd CD to CV ; and therefore as AB to CV, so is 
CD to CV; wherefore (V. 9) AB is equal to CD. 

Second general case. 1. Let the insisting lines F£, XN, &c. 

not be at right angles to the bases 
of the solids. Then, if a parallele- 
piped be described on thel)ase EH 
naving the same altitude as AB, 





and having its insisting lines per- h< 
pendicular to its base, it will (XL 
29, or30)bee9ualtoAB. For the 
same reason, if a parallelepiped be described on the base NP of 
the same altitude as CD, and having its insisting linos perpendi* 
cukir to its base, it will be equal to CD. These parallelepipeds, 
therefore, are equal, if AB, CD be equal : and, by the first general 
case, their bases and altitudes, whicn are also tiie bases and alti- 
tudes of AB, CD, are reciprocally proportional 
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2. Next, let the bases EH, NP be reciprocally proportional to 
the altitudes; AB is equal to CD. For, if the same constroetioii 
were made, the bases and altitudes of the parallelepipeds so con- 
structed would be reciprocaUy fnxyportional to one another, beine 
the same as those of AB, CD : and, tiierefore, by the first general 
case, those parallelepipeds are equal ; and so also are aS, CD, 
which are equal to tnenL Therefore the bases, &c 

Prop. XXXV. Theor. — If, from the vertices of two 
equal plane angles, there be drawn two straight lines ele- 
vated above the planes in which the angles are, and con- 
taining equal angles with the sides of those angles, each to 
each ; and if from anj points in the lines above the planes 
perpendiculars be drawn to those planes ; and if from the 
points in which they meet the planes, straight lines be drawn 
to the vertices of the first-mentioned angles ; these straight 
lines make equal angles with the straight lines above the 
planes. 

Let BAC, EDF be two equal plane angles; and from A, D let 
the straight lines AG, DH oe elevated above the planes of the 
angles, making the ang^le CrAB e^ual to HDE, and GAC to HDF; 
from any points Qt, H, in those hues let perpendiculars GL, HK 
be drawn (XL 11) to the planes BAC, EDF meeting those planes 
in L, K, and join LA, KD : the 
angles GAL, HDK, are equal. 

If AG, DH be equal, then 
the angle GAL is equal to 
HDK, as was shovm in the 
corollary to proposition B of 
this book. 

But if AG, DH be unequal, 
make AM equal to DH, and 
(I. 31) diaw MN parallel to GL, meeting AL, the common sec^ 
tion of the planes BAC, GAL, m N. Then (XL 8) MN is per- 
pendicular to the plane BAC, because GL, which is parallel to 
MN, is perpendicular to BAC ; and, therefore, by the first case, 
the angle MAN, that is, GAL, is equal to HDK.* If, therefore, &c. 

Prop. XXXVI. Thbor. — If three straight lines be pro- 
portionals, any parallelepiped described from aSl three as its 
sides, is equal to the equilateral parallelepiped described 
from the mean proportional, one of the soUd angles of which 
is contained by three plane angles equal, each to each, to 
the three plane angles containing one of the solid angles of 
the other figure. 

* Thb short flouleafjddiaonstrationbBrtwtfliitodlitirfheTerfte^ 
bj Euclid. 
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Let A : B : : B : G ; any parallelepiped described from A, B, 
C, is equal to the equilateral parallelepiped described from B, 
equiangular to tbe other. 

Take a solid angle D contained by three plane angles EPF, 
FBGt, GD£ ; and make ED, 
DF, DO, each eaual to B, and 
complete the parallelepiped DH. 
Make LK egual to A, and ^XL 
2§ ) at the pomt K in the straight 
line LK make a solid angle 
contained by the three plane 
angles LKM, MKN, NKL 
equal to the angles EDF,FDG, " * u 

GKDE, each to each; make also RN equal to B, and KM equal to 
; and complete the parallelepiped KO. Then, because A : B : : 
B : 0, and tnat A is equal to LK, and B to each of the lines DE, 
DF, and C to KM; therefore LK : ED : : DF : KM ; that is, 
the sides about the equal angles are reciprocaUr proportiomil ; 
therefore (VL U) the parallelogram LM is equal to EF. AIsq, 
because EDF, LKM are two equal plane angles, and the two 
equal straight lines DG, EIN are drawn from their vertices above 
their planes, and contain equal angles with their sides ; therefore 
(XL B, cor.) the peipendiculars from Qt, N, to the plaiies EDF, 
LKM, are equaL Tne solids KO, DH, therefDre, are of the same 
altitude; and since they are upon equal bases LM, EF, they are 
equal (XL 31) to one another. li^ therefiore, &c. 

Prop. XXXVIL Theor. — If four straight lines be pro- 
portionals, the similar parallelepipeds similarly described 
from them are also proportionals: and (2) if the similar 
parallelepipeds similarly described from four straight lines 
be proportionals, the lines are proportionals. 

1. Let the four straigiit lines AB, CD, EF, GH be propor- 
tionals, viz. as AB to CD, so EF to GH; and let the similar 
paridlelepipeds AK, CL. EM, GN be similarly described from 
them : AK is to CL, as EM to GN. 

Make (VX 11) AB, CO, 0, P continual proportionals, as also 
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EF, GH, a,B. Them, because AB: CD ::EF:GH: and that 
(V. 11) CD : O :: GH : Q, and O : P :: Q : R; therefore, tx 
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4equo, AB : P : : EF : E. Bat (XL 83, cor.) as AB to P, so is 
AKtoCL; and 849 EF to R, so is £M toGN: therefore (V. 11) 
as AK to GL, so is EM to QN. 

2. Nezt^ let A£ be to CL, as EM to GN: the straight line AB 
is to CD as EF to G^. 

Take (VI. 12) AB to CD, as EF to ST, and (XL 27) from 
ST describe a parallelepiped bV similar and similarly situated to 
either EM or GN. Then, by the preceding part» AK : CL : : 
EM : SV. But (hyp.) AK : CL :: EM TgN : therefore (V. 9) 
GN IS equal to S V : it is likewise similar and similarly situated 
to SV; therefore tiie planes which contain the solids GN, SV 
are similar and equal, and their homologous sides GH, ST equal 
to one another: and because AB : CD :; EF : ST, and that ST 
i0equaltoGH;AB :CD ::EF:GU. I^ therefore, &c. 

Peop. XXXVIIL Theob. — If one plane be perpendicu- 
lar to another, a straight line drawn from a point in one 
of them perpendicular to the other, falls on their common 
section. 

Let the plane CD be perpendicular to AB, and let AD be their 
common section ; if any point E be taken in CD, 
the perpendicular drawn from E to AB will fall 
on AD. 

From E draw EG in the plane CD perpendi- 
cular to AD, and in AB draw GF also perpendi- 
enlar to AD. Then (XL def. 3) EG is perpen- 
dicular to GF; and (const.) it is perpendicular 
to AD : it is therefore (XL 4) peipendicular to the plane AB : and 
(XL 13) through E no other straight line can be drawn perpendi- 
■cnlar to AB. Therefore the perpendicular from E to AB falls on 
AD. Wherefore, if one plane, &c. 

Prop. XXXIX. Theob. — In a parallelepiped, if the 
sides of two of the opposite planes be each bisected, the 
common section of the planes passing through the points, of 
division, and any diagonal of tiie parallelepiped bisect each 
other. 

Let tiie sides of the opposite planes CF, AH of the parallele- 
piped AF, be bisected in toe points K, L, M, N ; X, O, F, B ; and 
Join KL, MN JCO, PR. Then (L 33) because DK, CL are equal 
and parallel, KL is parallel to DC. For the same reason, MN 
is parallel to BA. But BA is parallel to DC ; therefore (XL 9) 
RL is parallel to BA. Also (XL 9) because KL, MN are each 
t)f them parallel to BA, KL is parallel to MN ; wherefore (L def. 11) 
l^f MN are in one plane. In like manner, it may be proved, 
that XO, PR are in one plane. Let YS be the common section 
of theplanes KN, XR ; and DG a diagonal of the parallelepiped 
AF: YS and DG meet and bisect one another. 
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Join DY, YE, B8, so. Becanae DX is equal to OE, and XY 
to YO, and (L 29) the eontained 
angles DXY, YOE are equal ; D Y is 
e qSd (L 4) to YE, and the angle 
XTDtoOYE; and therefore DYE 
(L 14, cor.) u a straight line. For the 
Bame reason, BSG- u a straight line, 
and BS egnal to SO-. Asain, be- 
cause G A is equal and paralfel to DB, 
and also to EG-; therefore (L ax. 1, 
and XL 9) DB is equal and parallel 
to EG-; and DE, BGIoin their ex- 
tremities; therefore (L 33) DE is 
equal and parallel to BG- ; also DG, 
YB are drawn from points in the one 
to points in the other ; the j are there- 
fore in one plane, and must meet one 
another : let them meet in T. Then, 

because DE is parallel to BG, the alternate angles EDT, BGT are 
(L S9) equal; also (I. 15)the ansles DTY, GTS are ^ual; and 
therefore in the triangles DTY, GTS, since the sides DY, GS are 
eqiDua, being halves of DE, BG: DT is equal (L 26) toTG, and 
YT equal to TS. Wherefore, in a paralluepiped, &c. 

Prop. XL. Theob. — If there be two triangular prisms of 
the same altitude, the base of one of which is a parallelo- 
gram, and that of the other a triangle ; if the parallelogram 
be douUe of the triangle, the prisms are equal 

Let the prisms ABGDEF, GHKLMN be of the same altitude, 
the first ot which is contained by the two triangles ABE, CDF, 
and the three parallelograms AD, DE, EG ; ana ibe other by the 
two triangles GHE, LMN and the three parallelograms LH, 
HN, NG ; and let the par- 
alleiogram AF be taken as 
the base of one of them, and 
the triangle GHE, as base 
of the other; if AF bedouble 
of GHK, the prisms are 
equal 

Complete the paraMe- 
pipeds AX, GO; and be- 
cause the parallelogram AF is double of the triangle GHK; and 
(L 34) the parallelogram HE douUe of the same triangle ; tiiere- 
fore the bases AF, HE are equal.' But (XL 31) parallelepipeds 
upon equal bases, and of the same altitude are c^iual to one an- 
other. Therefore AX is equal to GO; and (XL 28) the prism 
ABCDEFishalfof AX;andtheotherpi8mhal£ofGO. There- 
fore (I. ax. 7) the prisms are equal Wnerefore, &c. 
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Lemma 1.* — If from the ^eater of two unequal magni- 
tudes, there be taken more than its half, and from the re- 
mainder more than its half ; and so on : tiiere will at length 
remain a magnitude less than the least of the proposed 
magnitudes. 

Let AB and C be two unequal magnitades, of which AB is 
the greater. If from AB there be taken more than its half, and 
from the remainder more than its hal^ and so on ; there will at 
length remam a magnitude less than 0. 

For C may be multiplied so as at length to become greater 
than AB. Let it be so multiplied, till DE, its multi- 
ple, is greater than AB, and let DE be divided into t 
I)F, F&, GE, each equal to C. From AB take BH 
greater tiian its hal( and from the remainder AH |^. 
take HK greater than its half, and so on, until there 
be as many divisions in AB as there are in DE : and h 
let the divisions in AB be AK, KH, HB ; and the 
divisions in ED be DF, FG, GE. Then, because 
DE is greater than AB, and that EG taken from DE 
is not greater than its half; but BH taken from AB b c E 
is greater than its half; therefore the remainder 
GD is greater than ^e remainder HA. Again, because GD is 
greater than HA, and that GF is not greater than the half of GD, 
but HK is greater than the half of ILV; therefore the remainder 
FD is greater liian the remainder AK. And FD is equal to C, 
therefore AK is less than 0. 

And, if only the halves be taken away, the same thing may in 
the same way be demonstrated. If, therefore, &c. 

PROPOSITIONS. 

Prop. I. THEOB.-^Similar polygons inscribed in circles, 
are to one another as the squares of the diameters. 

In the cupcles Adij, FHL, let there be the similar polygons 
ABCDE, FGHKL; and let BM, GN be the diameters of the 



* This, which U the first prqposilloii of the tenth book, is necessary for the do- 
BionstnKtion of some of the propositicnas of this book. 
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circles : the sqaare of BM ia to the bqnaie of GN as the polygon 
AC is to the polygon FH. 

Jom BE, AM, &L, FN. Then, because the polygons are simi- 
lar, and ( Vl 30)sunilar polyjjrons are divided into similar triangleti ; 
the triangles ABE, FGL are similar, and (VI. def. IJequiangolar; 
the angle AEB therefore is equal to FLG. But (ILL 21) AEB is 
equal to AMB, because they 
stand on the same arc ; and 
for the same reason, the angles 
FLG, FNG are equal : there- 
fore also the angles AMB, 
FNG are equal: and the 
rifirht angles (IILdl) BAM, 
GFN are equal: therefore 
(VI. 4, schol. and alternately) BM : GN : : BA : GF; and there- 
fore {ex cBguo, and V. def. II) the duplicate ratio of BM to GN, is 
the same with the duplicate ratio of BA to GF. But (VI. 20) %h4 
ratio of the square oi BM to the square of GN, is the duplicate 
ratio of that which BM has to GN ; and the ratio of the polygon 
AC to the polygon FH, is the duplicate of that which BA has to 
GF. Therefore ( V. Il| the square of BM is to the square of GN, 
as tiie polygon AC to the polygon FH. Wlierefore, similar poly- 
gons, &c. 

Pbof. II. T&EOR. — Circles are to one another as the 
squares of their diameters. 

Let AC, EG be two circles, and BD, FH their diameters: as 
the square of BD to the square of FH, so is AC to EG. 

For if it be not so, the square of BD will be to the square of 
FH, as the circle AC is to some space either less than the circle 
EG, or greater than it First, let it be to a space S less than EG ; 
and in EG describe the square EFGH. This square is greater 
t^an half the circle EG; because, if through the points E, F, 
G, H, there be drawn tangents to the circle, the square EFGH 
is half (L 41) of the square described about the circle; and the 
cirde is less than the square described about it; therefore the 
square EFGH is greater than half the circle. Bisect the arcs 
EF, FG, GH, HE, in the pomts K, L, M, N, and join EK, KF, 
&c. Then each of the triangles EKF. FLG, &e. is greater thap 
half of the segment of the circle in which it stands ; because, if 
straight lines fonching the circle be drawn through the points K, 
L, M, N, and parallelograms upon the straight lines EF, FG, 
&c be completed, each of the triangles EKF, FLG, ^o. is half 
(L 41) of the parallelogram in which it is : but every segment is 
less than theparallelogram in which it is: wherefore ea^ of th6 
triangles !EEF. FLG, &c. is greater than half the segment of 
the cuvle whicn contains it. And if each of the arcs EK, KF« 
&c. be bisected, and their extremities be joined by straight liQei» 
by continuing to do this, there will at length remain segments of 
the circle which, by the preceding lemma, will be together less 
than the excess of the curcle EFGH above the space 3. Let 
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then the flegments EK, KF, FL, LG, GM, MH, HN, N£ be 
those that remain and are together less than the excess of the 
cizcie £FGH above S ; tiien the rest of the circle, viz. the poly- 
gwi EKFLGMHN, is greater than S. Describe likewise in the 
cixde AC the polygon AXBOGPDB similar to the polygon 
EKFLGMHN: then (XII. 1) as the square of BD is to the 
square of FH, so is the first of these polygons to the second. 






But the square of BD is also to the square of FH, as the 
dopcle AG IS to S: therefore (V. 11) as tlie circle AC is to S, 
so is the i>olygon AXBOOPDR to the polygon EKFLGMHN. 
But the circle AC is greater than tiie polygon contained in it; 
wherefore (V. 14) the space S is greater than the polygon 
EKFLGMHN : but it is bkewise less, as has been demonstrated ; 
which is impossible. Therefore the square of BD is not to the 
square of FU, as the circle AC is to any space less than the 
cnrcle EG. In the same manner, it may oe demonstrated, that 
neither is the square of FH to the sauare of BD, as the circle 
EG is to any space less than the circle AC. Nor is the square 
of BD to the square of FH, as the circle AC is to any space 
greater than the circle EG. For, if possible, let it be so to T, 
a space greater than the circle EG : therefore inversely as the 
square or FH to the square of BD, so is the space T to the circle 
AC. But as T is to the circle AC, so is the circle EG to some 
space, which (V. 14) must be less than the circle AC, because T 
is greater, by hypothesis, than the circle EG. Therefore as the 
square of FH is to the square of BD, so is the circle EG to a 
space less than the circle AC, which has been demonstrated to be 
impossible. Therefore the square of BD is not to the square of 
FH, as the circle AC is to any space greater than the circle EG; 
and it has been demonstrated, that neither is the square of BD to 
the square of FH, as the circle AC to any space less than the 
circle EG: wherefore, as the square of BD to the square of FH, 
so is the circle AC to the circle JSG. Circles, therefore, &c. 

Prop. III. Theor. — A triangiilar pyramid may be di- 
vided into two eqoai and similar triangular pyramids, which 
are similar to the whole pyramid: and into two equal 
prisms, which together are greater than half of the whole 
pyramid. 

Let there be a pyramid, of which the base is the triangle ABC, 
and the yertex D : the pyramid ABCD may be diyidea into two 
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equal and Bimilar triangular pyramids, which are similar to the 
whole ; and into two equal prisms which together are greater than 
half of the whole pyramid. 

Bisect AB, BC, CA, AD, DB, DC, in the points E, F, G, H, 
K, L, and Join EH, EG, GH, HK, KL, LH, EK, KF, FG. 
Because AE is equal to EB, and AH to HD, 
HE is paraUel ( vL 2) to DB. For the same 
reas on, HK is parallel to AB ; and therefore 
HEBK is a paralleloflTam, and (L 34) HK is 
equal to EB. But EB is equal to AE ; there- 
fore also AE is equal to HK; and AH is 
equal to HD; also (L 29) the angle EAH is 
equal to KHD; therefore (L 4) in the tri- 
angles HAE, DHK, EH is equal to KD, and 
the trianele AEH is equal and similar to the 
triangle HKD. For the same reason, the tri- 
ande AGH is equal and similar to HLD : ^ 
and (XI. 10) because the two straight lines ' 
EH, HG are parallel to KD, DL, the angles EHG, KDL are 
equal: also EH, HG are equal to KD, DL, each to each; and 
therefore (I. 4) EG is equal to KL, and the triangle EHG equal 
and similar to KDL. For the same reason, the tnande AEG is 
also equal and similar to HElL. Therefore (XL G) uie pyramid 
AEGH, of which the base is the triangle AEG, and the vertex 
H, is equal and similar to the pyramid HEXD, the base of which 
is the mangle KHL, and the vertex D. Also, because HK is 
parallel to AB, a side of the triangle ADB, the triangle ADB is 
equiangular to the triangle HDK, and (VT. 4) their sides are pro- 
portionals : they are therefore similar. For the same reason, the 
triangles DBC, DKL are similar : so also are the trianzles ADC, 
HDL; and ABC, AEG. But the triangles AEG, HKL have 
been proved to be similar : therefore (VL 21) the triangle ABC is 
similar to HKL. The pyramid ABCD is tiiereiore similar 
(XL B, and de£ 8) to the pyramid HKLD. But the pyramid 
HKLD is similar, as has been proved, to the pyramid AEGH ; 
wherefore the pyramid ABCD is similar to the pyramid AEGH* 
Therefore each of the pyramids AEGH, HKLD is similar to the 
whole pyramid ABCD. Again, because BF is equal to FC, the 
parallelogram EBFG is double (L 41 ) of the triangle GFC. But 
(XL 40) when there are two prisms of the same altitude, of which 
one has a parallek^^ram for its base, and the other a triangle that 
is half of tne paralfelogram, these prisms are e^ual ; therefore the 
prism having the parallelogram EBFG for its base, and thfi 
straight line KH opposite to it, is equal to the prism having the 
triangles GFC, HKL for its bases; for they are of the same aXiU 
tude, Decause mey are between the paraUel planes (XL 15) ABC, 
HELL. It is also manifost, that each of tneae prisms is greater 
than either of the p^punids AEGH, HKLD, because, if £F be 
joined, the prism havmg the parallelogram EBFG for its base, and 
KH the tine opposite to it, is greater than thepvramid EBFK; 
but this pyranua (XL C) is equal to the pyramia ABGH, because 
Uiey are contained by equal and similar planes. Therefore the 
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prism hATing GBFQ for its base, and opposite side KH, is ereator 
dian tlie pyramid A£C(H: and the pium of.wliicb the base is 
EBFG, ana opposite side KH, is equal to tlie prism liarine for 
its bates the tnangles GFC, HKL : and tie pyramids AEGH, 



HKLD are equal ; therefore the two prisms belbre-meDtioned ai 
greyer thMi fliese two pyramidB. Ttierefore the whole pyramid 
IBCD is divided into two equal pyramids umilar to one another. 



angolw pyramid, therefore, &c. 

Prop. rv. Theoh. — If two triangular p^rramidg of the 
same altjtade be each divided into two equal pyramids, 
similar to the vhole pyramid, and also into two equal 
prisma; and if each of theae pyramids be divided in tlm 
same mamier as the first two, aad so oa: as the base of one 
of the first two pyramids is to the base of the other, bo are 
all the prisms in one of them to e^ the prisms in the other, 
that are produced by the same number of divisions. 

_., _ , each of them be divid^ into two equal pyramids 

rirnJIar to the whole, and into two equal prismi ; and let each of 
the pyramids thus made be conceived to be divided in like man- 
npr. and BO on : as ABC is to D£F, so are aU the prieme in the 
a the pyramid DEFH, made 

Make the same construction at 
because BX, XC are equal, and aisu a-u, uv, uicrtnuic i • 1. 1; 
XL is paraUel to AB, and the triangle ABC is similar to LXO. 
For the same reason, UEP is simflar to IIVF. Now, because 
BC is double of OX, and EF of FV, therefore BC : CX : : EF -. 
FV; and upon BC, OX are described the similar and similarly 
ntaatcd rectilineal fignrea ABO, LXC ; and npon EF, FV, in 
lite manner, are described 

the similar figures DEF, f. h 

RVF: therefore (VI. 22) 
as tie triangle ABO is 
to LXC, 80 is the triangle 
DEF to RVF, and, alter- 
nately, aa the triande 
ABC to DEF, »o is tte 
triangle LXO to RVF. 
Airain, because (XI. 15) 
the planes ABC. OMN, 
as also DEF, STY are 



e^ramid ABOG to all the prisms u 
y the same number of divisions. 




be Mch biseeted (XI. 17) by the planes OMN, STY, becaoM the 
Btr^ht lines GC, HF«re bisMted in the point " '''"'- - 
tame pUnet, Therefore the priBm* LXCOMN, 
of the same altitude ; and therefore (XL 33, cor,) a 
to the base RVF, that is. (V. U) at the trianKle 
M IB the prism hating the triiuiKleA LXC, OMN 



. BVF8TV 
,) futhe base LXC 



'of whioh th* bases aie"the triangles BVF^ STY. And 

be two prisms in "' " ^^'"'• 

IB also the two ii 

e base is tbe 
_„Mm KBXL. 
and opposite dde MO to 
tiie pnsra haviuE the 
triaugle* LXC, OMN 



becaiue the two prisms in the pyramid ABCG are equal to 
another, as also the two in the pyramid D£FH : as t£e prisi 
which the base is tbe 
parallelogram KBXL, 




logram PEVR, and op- 
posite side TS, to tb< 
prism of which the 
bases are the trianirlei 
EVF, STY. _ ThereGre, 
by composition, as the 
prisms K.BXLMO, LXCOMN t^ether are to the prism 
LXCOMN; so aro the prisms PE^VRTS, RVFSTY to the 

Eism HVFSTY: and, aftemat^, as the prisms KBXLMO, 
XCOMN are to the prums FEVRTS, RVFSTY; so is the 
prism LXCOMN, to the prism RVFSTY. But as the prism 
LXCOMN t4) the prism RVFSTY, so is, as has been proved, 
ABC to DEF: therefore (V, 11) as ABU to DEF, so are the 
two prisms in tbe pyramid ABCG to the two in the pyramid 
DEFH. In like manner, if the pyramids now mode, for example, 
ttie two OMNG. STYH. be divided eimUarlv; as the base OSIN 
is to the base STY, so will the two prisms in the pyramid OMNG 
be to the two in the pyramid STYU. But OMN : STY :; 
ABC : DEF; therefore (V. 11) u ABO to DEF, so are th» 
two prisms in tbe pyramid ABCG to the two in the pyramid 
DEFH ; and so are the two prisms m the pyramid OMNG to tba 
two in the pyramid STYU : and so are all four to all four : and 
the uune may be shown of the prisms made hj dividrng the 
pyramidi AELO and DPRS, and of all wade by tbe same nnm- 
Der of dinsioDS, Therefore, if two triangular pjrmmida, &o. 
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into two equal pyramids Bimilar to the whole, and; into two eaual 
prisms : ^ese two prisms (XII. 3) are greater than the half of the 
whole pyramid. Again, let the pyramids made by this division be 
in like manner divided, and so on, until the pyramids which remain 
undivided in DEFH, are ail of them together, less than the excess 
of DEFH above Q; which (XII. lem. 1) it is possible to do. 
Jjet these, for example, be the pyramids DPRS, ST iH. Therefore 
the prisms, which make the rest of the pyramid DEFH, are greater 
&an Q. Divide likewise the pyramid ABCG in the same manner, 
and into as many parts as DEFH. Therefore (XII. 4) as the base 
ABC is to the base DEF, so are the prisms in ABCQ- to those in 
DEFH. But as ABC to DEF, so, by hypothesis, is the pyramid 







ABCG to Q ; and therefore, as ABCG is to Q, bo are the prisms 
in ABCG to those in DEFG. But ABCG is greater than the 
prisms contained in it; wherefore also (V. 14) Q is greater than 
the prisms in DEFH. But it is also less, which is impossible. 
Therefore ABC is not to DEF, as ABCG to any solid which is 
less than DEFH. In the same manner, it may be demonstrated, 
that DEF is not to ABC, as DEFH to any solid which is less 
than ABCG. Nor can ABC be to DEF, as ABCG to any solid 
which is greater than DEFH. For, if it be possible, let it be so 
to a greater, Z. Then, because ABC is to DEF, as ABCG to Z; 
by inversion, as DEF to ABC, so is Z to ABCG. But as Z is 
to ABCG, so is DEFH to some solid, which (V. 14) must be 
less than ABCG, because Z is ^ater than DEFH. Ajid, there- 
fore, as DEF to ABC, so is DEFH to a soUd less than ABCG; 
the contrary to which has been proved. Therefore ABC is not 
to DEF, as ABCG to any solid which is greater ^an DEFH. 
And it has been proved, l^at neither is ABC to DEF, as ABCG 
tp any solid which is less than DEFH. Therefore, as ABC is to 
DEF, so is ABCG to DEFH. Wherefore, &c. 

Puop. VI. Theor. — Pyramids of the same altitude 
which have polygons for their bases, are to one another as 
their bases. 

Let the pyramids which have the polygons ABCDE, FGHKL 
for their bases, and their vertices in the points M, N, be of the 
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Banie altitude : aa the base ABODE to the base FQ-HKL, flo 
is the pyramid ABCDEM to the pyramid FGHKLN. 

Divide the base ABODE into the triangles ABO. AOD, ADE ; 
and the other base into the triangles FGH,FHK, FKL; and upon 
the bases ABO, AOD, ADE let there be as many pyramids having 
the common yertez M, and upon the remaining bases as many 
pyramids having the common vertex N. Then, since (XIL 5) the 
triangle ABO is to FGU, as the pyramid ABOM to FGHN ; and 
the tnangle AOD to FGH, as the pyramid AODM to FGHN; 
and also the triangle ADE to FGH, as the pyramid ADEM to 
FGHN ; as all the first antecedents to their common consequent, 
80 (Y. 24, cor. 2) are all the other antecedents to their common 
consequent; that is, as the 
base ABODE to the base M 

FGH, so is the pyramid 
ABODEM to the pyramid 
FGHN; and, for the same 
reason, as the base FGHK L 
to the base FGH, so is the 
pyramid FGHKLN, to the 
pyramid FGHN ; aad, by in- 
version, as the base FGH to the base FGHKL, so is the pyramid 
FGHN to the pyramid FGHKLN. Then, because the base 
ABODE is to the base FGH, as the pyramid ABODEM to t^e 
pyramid FGHN ; and the base FGH to the base FGHKL, as 
tne pyramid FGHN to the pyramid FGHKLN; therefore, €X 
eequo, as the base ABODE to the base FGHKL, so is the pyri^ 
mid ABODEM to the pyramid FGHKLN. Therefore, &c. 




Prop. VIL Theor. — Every triangular prism may be 
dirided into three triangular pyramids, equal to one another. 

Let there be a prism of which the bases are the triangles ABC, 
DEF: the prism may be divided into three equal triangular 
pyramids. 

Join BD, EO, OD ; and because ABED is a parallelogram, 
and BD its diagonal, the triansrles ABD, EBD are (L 34) equal ; 
therefore (XII. 5) the pyramicT of which the base is ABD, and 
vertex 0, is equal to the pyramid of which the base 
is EBD and vertex 0. But EBO may be taken as 
the base of this p^n-amid, and D as its vertex. It is 
therefore equal (All. 6) to the pyramid of which 
EOF is the base, and D the vertex ; for they have 
the same altitude, and (I. 34) equal bases EOF, 
EOB; and it has been already proved to be equal 
to the pyramid ABDO. Therefore the pnsm 
ABODEF is divided into three equal pyramids 
having triangular bases, viz. into the pyramids ABDO, EBDC, 
EOFB. Therefore, every triangular prism, &c. 

C&r, 1. From this it is manifest, that every pyramid is the third 
part of a prism which has the same base, and an equal altitude ; 
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for if the base of tiie prism be any other reetUineal fieare than a 
triaai^e, it may be diyided into prisms baring triangular bases. 

Ci)r, 2. Prisms of equal altitudes are to one another as their 
bases ; because the pyramids upon the same bases, and of the same 
altitude; are (XII. 6) to one another as their bases. 

Prop. VIII. Theor. — Similar triangular pyramids ire 
one to another in the triplicate ratio of their homologous 
sides. 

Let the pyramids of which ABC, DEF are the bases, and G, H 
the yertices,l)e similar, and similarly situated ; the pyramid ABCG 
has to DEFH, the triplicate ratio of that which the side BO has 
to the homologous side EF. 

OoDiplete the parallelograms BM, BN, BEL, and the parallele- 
piped BGML contained by these planes and those opposite to 
them : and, in like manner, complete the parallelepiped EHPO 
contained by the three parallelograms EP, ER, EiL, and those 
opposite to thenu Then, because the pyramids ABGG, DEFH 
are similar, the angle ABO is equal {XL def. 8) to DEF, GBO 
to HEF, aad ABG to DEH : and (VI. def. 1) AB :B0 : : DE : 
£F ; that is, the sides about the equal angles of the parallelograms 
BM, EP are proportionals: 
wherefore BM is similar to E P. '^ 

For the same reason, BJS^ is >s^^ k-^w 

similar to ER, and BK to EX 
Therefore the tiiree parallelo- 

Eams BM, BN, BK are simi- 
r to the three EP, EB, EX : 
and (XL 24) the three BM, B 

BN, BK. are equal and similar 

to the three whch are opposite to them, and the three EP, EB, 
EX equal and similar to the three opposite to them : wherefore 
the sohds BGML, EHPO are contained by the same number of 
similar plimes ; and (XL B) their solid angles are equal ; the solid 
BGML is therefore similar (XL def. 8) to EHPO. But (XL 33) 
similar parallelepipeds have the triplicate ratio of tiiat which their 
homologous sides naye : therefore BGML has to EHPO the tri- 
plicate ratio of that which BO has to the homologous side EF. 
But (V. 15) as BGML is to EHPO, so is the pyramid ABOG to 
the pyrai^ DEFH ; because the pyramids are the sixth parts of 
the solids, since the prism, which (XL 28) is half of the parallele- 
piped, is triple (XIL 7) of the pyramid. Therefore also the pyra* 
mid ABOG has to tiie pyramid DEFH, the triplicate ratio of that 
which BO has to the homologous side EF. Therefore, &;c. 

Cor, From this it is evident that similar pyramids which faaye 
bases of more sides than three, are likewise to one another in 
^e triplicate ratio of their homologous sides. For they may be 
^▼idedinto similar triangular pyramids, because the similar figures 
which are their bases, may be divided into the same num&r of 
similar triangles, homologous to the whole bases ; therefore as one 
«f thue triangular pyramids in the first pyramid is to one of the 



IN 




N 


; 


\ 


^'^ 


^ 




^ 




I 



9H 

triaii|;;ii]ar pyramids in the otber, so are an llie tri^^ 
mtiiefinttoallmliieotlier; tliaiia»soiiliielinfewliok|i9nanBd 
totbec^bfor^ BotoDetriaDgiilar pyramid U to a wmflartningniar 
pTranddy in the tnpbeate ratio of their homoloeDas adea ; and 
tiaeSare the first whole pyramid has to the other, the triplirato 
ratio of thai which a ode oc the first has to the homologooi a«to 
of the other. 







Pbop. IX« Theor. — The baaes and altitades of equal 
triangular pyramids are recipiocallj proportioQal : and (2) 
triangular pyramids haying their bases and altitudes red- 
procallj proportional, are equal to one another. 

1. Let the pyramids of whidi the triandes ABC, DEF are ttie 
baees, and 6, H, the rertioefl, be eqojal: &eir bases and altitodes 
are reaproeally proportional, Tiz. AJBC is to DEF, as the altitade 
of the pyramid DEFH to the altitdde of ABCG. 

Complete the panil]elo|;rams AC, AG, GC, DF, DH, HF; and 
the parallelepipeds BGLM, EHOP contained by these planes and 
those opposite to them. Then, because the pyramid ABCG ia 
equal to DEFH, and that 
(L 34, and XIL 7, cor. 1) the 
solid BGLM is sextoMe of 
ABCG, and EHOP of DEFH ; 
therefore (V. ax. 1) BGLM is 
equal to EHOP. But (XL 34) 
the bases and altitades of 
eqnal paralleleinpeds are red- 
procaine proportional ; therefore 
as BM to EP, so is the altitade of EHPO to the altitade of 
SGML. Bat (V. 15) BM is to EP as the triangle ABC to DEF ; 
therefore as ABC to DEF, so is the altitade of EHOP to the 
altitade of BGLM. But the altitade of EHOP is the same witii 
the altitade of the pyramid DEFH ; and the altitade of BGLM 
is the same with tne altitude of the pyramid ABCG : therefore, 
as ABC to DEF, so is the altitade of the pyramid DEFH to 
the altitade of the pyramid ABCG : whereiore the bases and 
altitudes of the pyramids ABCG, DEFH are redprocally pro- 
portional. 

2. Aeain, let the bases and altitudes of the pyrandds ABCG, 
DEFH be reciprocally proportional, viz. ABC to DEF, as the 
altitade of the pyramid DEFH to the altitade of the pyramid 
ABCG: ABCG is equal to DEFH. 

The same construction beinff made, because as ABC to DEF, so 
is the altitude of the pyramid DEFH to the altitade of ABCG: 
and as ABC to DEF, so is BM to EP; therefore BM is to £F, 
as the altitude of the pyramid DEFH to the altitude of ABCG. 
But the altitude of DEFH is the same with the altitude of the 
parallelepiped EHOP : and the altitude of ABCG is the same 
with the altitude of theparallelepiped BGLM. As, therefore^ 
the baseBMtotiiebasd EP, so is the altitude of theparallelepiped 
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BHOP to the altitade of the parallelepiped BOLM. But 
(XI. 34) parallelepipedB haTing: their bases and altitudes recipro- 
eally proportionsd, are e^oaL Therefore the parallelepiped BGrLM 
b equal to the parallelepiped EHOP. Ana the pyramid ABCG- 
18 the sixth part of BGLiM, and DEHF is the sixth part of EUOP. 
Therefore the pyramid ABCG is equal to the pyramid DEFH : 
wherefore the bases^ &c. 

Prop. X, Thbor. — A cone is a third part of a cylinder 
on the same base, and of equal altitude. 

Let a cone have the same base with a cylinder, viz. the circle 
ABOD, and the same altitude. The cone is the third part of the 
eylinder; that is, l^e cylinder is triple of the cone. 

If the cylinder be not triple of the cone, it must either be greater 
than the triple or less than it First, let it be greater tlian the 
triple; and describe the square ABCD in 
the circle; this square is ^ater than the 
half of the circle AC, as was shown in the 
second proposition of this book. Upon the 
square ABOD form a prism of the same 
altitude with the cylinder; this prism is 
greater than half of me cylinder ; because if 
a square be described about the circle, and 
a prism formed on the square, of the same 
altitude with the cyHnaer, the inscribed 
square is half of the circumscribed; and upon these square bases 
are erected parallelepipeds, viz. the prisms of the same altitude ; 
therefore (XI. 32) the prism upon the Muare ABCD is the half of 
the prism upon the square described about the circle. But 
(L ax. 9) the cylinder is less than the prism upon the square de- 
scribed about the circle AC : therefore the prism upon tae square 
ABCD of the same altitude with the cylinder, is neater than half 
<»f the cylinder. Bisect the arcs AB, fiC, CD, DA, in the points 
E, F, GF, U; and Join AE, EB, &c. Then each of the triangles 
AEB, BFC, CGD, DHA is greater than the half of the segment 
of the drcle in which it stands, as was shown in the second propo- 
sition of this book. Describe prisms upon each of these triangles 
of the same altitude with the cylinder ; each of these prisms is 
greater t^an half of the segment of the cylinder in which it is ; be- 
eause if, through the points E, F, G, H, parallels be drawn to AB, 
BC, CD, DA, and paralleloerams be completed upon the same 
AB, BC, CD, DA, and parallelepipeds be formed upon the par- 
allelograms: the prisms upon the triangles AEB, BFC, CbD, 
DHA are (XIL 7, cor. 2) the halves of the parallelepipeds: and 
(L ax. 9) the segments of the cylinder which are upon tne segments 
of 1^ circle cut off by AB, BC, CD, DA are less tiian the paral- 
lelepipeds which contain them. Therefore the prisms upon the 
triples AEB, BFC, CGD, DHA, are greater than half of the 
segments of the cylinder in which they are. If, therefore, each of 
the arcs be bisected, and straight lines be drawn from the points of 
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division to the extremities of the arcs, and upon the triangles thus 
made, prisms be formed of the same altitude with tiiie cylinder, and 
so on, there must at length remain some s^- 
ments of the cylinder, which together (XU. 
lem. 1) are less than the excess of the cylin- 
der al)OTe the triple of the cone. Let tnem 
be those upon the segments of the circle AE, 
EB, BF, &c. Therefore the rest of the 






the cylinder, is greater than the triple of the 
cone : but (XIL 7, cor. 1) this prism is triple of the pyramid upon 
the same base, of which the yertex is the same with Ihe vertex of 
the cone: therefore the p^amid upon the base AEBFCGDH, 
having the same vertex with the cone, is greater than the coue, 
of which the base is the circle ABOD : wMch (L ax. 9) is impos- 
sible. 

Nor can the cylinder be less than the triple of the cone. ^Let it 
be less, if possiole, and consequentiy the cone greater than the 
third part of the cylinder. In the circle AC 
descrioe a square ; this square is greater than 
the half of the circle : and upon the square 
ABCD form a pyramid having the same ver- 
tex with the cone ; this pyramid is greater 
than the half of the cone ; because, as was 
before demonstrated, if a square be described 
about the circle, the square ABCD is the 
half of it ; and i^ upon these squares there 
be erected parallelepipeds of the same alti- 
tude with the cone, which are also prisms, the prism upon the 
square ABOD will be the half of tiiat which is upon the square 
described about the circle; for (XI. 32) they are to one another as 
their bases ; as are also the third parts of them. Therefore the 
pyramid, the base of which is the sauare ABCD, is hfdf of the 
pyramid upon the square described aoout the cirde. But this last 
pyramid is greater than the cone which it contains ; therefore the 
pyramid upon the square ABCD, having the same vertex with the 
cone, isgreater than the half of the cone. Bisect the arcs AB, 
BC, CD, DA, m the points E, F, G, H, and join AE, EB, &c. 
Then each of the triangles, AEB, BFC, CGD, DHA, is greater 
than half of the segment of the circle in which it is. Upon each 
of these triangles form pyramids having the same vertex with ttke 
cone. Therefore each of these pyramids is greater than the half 
of the segment of the cone in wnich it is, as was before demon- 
strated of the prisms and segments of the cylinder; and thus 
bisecting each of the arcs and joining the points of division and 
their extremities by straight lines, and upon the triangles erecting 
pyramids having their vertices the same with that of the eoae, and 
so on, there must at length remain some segments of the oone, 
which together shall be less than the excess of the cone above the 
third part of the cylinder. Let these be tiie segments upon A£, 
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BB, BF, FC, Ca, GD, DH, HA. Therefore the rest of the cone, 
that is, the pyramid, of which the base is the polygon AEBFO GDH, 
and of which the vertex is the same with tiiat of the cone, is greater 
than the third part of the cylinder. Bat thispyramid is the third 
part of the prism npon the same base AEBFOGDH, and of the 
same altituae with the cylinder. Therefore this prism is greater 
than the cylinder of which the base is the circle AC ; which (I. 
ax. 9) is impossible. Therefore the cylinder is not less than the 
triple of the cone : neither, as has been demonstrated, is it greater 
than the triple. Therefore the cylinder is triple of the cone, or the 
cone is the third part of the cylinder. A cone, therefore, ^c. 

Fbop. XI. Theou. — Cones and cylinders of the same 
altitude, are to one another as their bases. 

Let the cones and cylinders, of which the bases are the circles 
ABCD, EFGH, and the axes KL, MN, and AC, EG, the diame- 
.ters of their bases, be of the same altitude. As the circle BD to 
the circle FH, so is tiie cone AL to the cone EN. 

If it be not so, let BD be to FH, as the cone AL to some solid 
either less than the cone EN, or greater than it. First, let it be 
to X, a solid less than EN ; and fet Z be the solid which is eauaX 
to the excess of EN aboye X ; therefore the cone EN is equal to 
X, Z together. In the circle FH describe the square EFGH: 
this square is greats than the half of the circle. 'Upon the square 
FH form a pyramid of the same altitude with the cone: this 
pyramid is greater than half of the cone. For, if a square be 
described a^ut tiie circle, and a pyramid be formed upon i1^ 
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having the same vertex with the cone, the pyramid inscribed in 
the cone is (XII. 6) half of the pyramid circumscribed about it. 
But the cone is less than the circumscribed pyramid ; therefore 
the pyramid of which the base is the square EFGH, and its vertex 
the same with that of the cone, is greater than haif of tiie cone. 
Bisect the arcs EF, FG, GH, HE, m the points O, P, R, S, and 
loin EO, OF, &c. Then each of the triangles EOF, FPG, GRH, 
HSE, is greater than half of the segment of the circle in which it 
is. Upon each of these triangles form a pyramid having the same 
vertex with the cone ; each of these pyramids is greater than the 
half of the segment of the cone m which it is : and thus dividing 
each of these arcs into two equal parts, and from the points ^ 
division drawing straight lines to the extremities of the arcs, and 

K 



318 



THS SLEMENTS 



[BOOEZn. 



upon each of the triangles thus made, describing pyramids haviiiic 
the same vertex with the cone, and so on, there must at lengtii 
remain (XII. lem. 1) some se^ents of the cone which are 
together less than Z. Let these oe the segments upon EO, OF, 
FP, PG, GR, BH, HS, SE: therefore the remainder of the oone, 
viz. the pyramid of which the base is the polygon E0FPGRH8, 
and its vertex the same witji that of the cone, is greater than X 
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In the circle BD describe the polygon ATBYCVDQ similar to 
EOFPGBHS,and upon it form a pyramid having the same vertex 
with the cone AL. Then, because (XIL 1) the square of AC 
is to the square of EG, as the polygon ATBYCvDQ to the 
polygon EOFPGRHS; and (XIL 2) as the square of AC to 
the square of EG, so is the circle BD to the circle FH; therefore 
(V. 11) ihe circle BD is to the circle FH; as the polygon 
ATBYCVDQ to the polygon EOFPGRHS. But as the circle 
BD to the circle FH, so is the cone AL to X ; and (XII. 6) 
the polygon ATBYCVDQ to the polygon EOFPGRHS, as the 
pyramid of which the base is the first of these polygons, and vertex 
L, to the pyramid of which the base is the other polygon, and Ito 
vertex N : therefore, as the cone AL to X, so is the pyramid of 
which the base is iJie polygon ATBYCVDQ, and vertex L, te 
the pyramid the base of which is the polygon EOFPGRHS, and 
vertex N. But the cone AL is greater than the pyramid con^- 
tained in it; therefore (V. 14) the solid X is greater than the 
pyramid in the cone EN ; but it is less, as was shown ; which is 
absurd. Therefore BD is not to FH, as the cone AL to any 
solid which is less than the cone EN. In the same manner, it may 
be demonstrated that FH is not to BD, as the cone EN to any 
solid less than the cone AL. Nor can BD be to FH, as AL to 
any solid greater than EN. For, if it be possible, let it be so to 
the solid I, which is greater than EN. Therefore, by inversion, 
as FH to BD, so is I to AL. But as I to AL, so is EN to some 
solid, which (V. 14) must be less than AL, because I is greater 
than EN. Therefore, as FH is to BD, so is EN to a solid iesS 
than AL, which was shown to be impossible. BD, therefore, is 
not to FH, as AL is to any solid greater than EN : and it has 
been demonstrated that neither is BD to FH, as AL to any solid 
less than EN. Therefore BD is to FH, as the cone AL to the 
cone EN. But (V. 15) as the cone is to the cone, so is the 
cylinder to the cylinder, because the cylinders are triple (XII. 10) 
oi^ the cones, each of each. Therefore, as the cii*cle BD to the 
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4^1e FH, 80 are the cylinden upon them of tiie same altitade. 
Cooes and cylinders, thwefore, &e« 

Prop. XII. Theor. — Similar cones and cylinders have 
to one another the triplicate ratio of that which the diame- 
ters of their bases have. 

If there be similar cones and cylinders of which the bases are 
the circles ABCD, EFGH; the diameters of the bases AC, EG; 
and the axes of the cones and cylinders KL, MN : the first cone 
has to the second, and the first cylinder to the second, the triplicate 
ratio of that which AC has to EG. 

For if the cone ABCDL have not to the cone EFGHN the 
triplicate ratio of that which AC has to EG, ABCDL will have 
the triplicate of that ratio to some solid which is less or greater 
tiian EFGHN. First, let it have it to a less, viz. to the solid X. 
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Make the same oonstmotion as in the preceding proposition, and 
it may be demonstrated in the same manner as m that proposi- 
tion, that the pyramid, of which th^ base is the polygon 
EOFPGRUS, and yertez N, is greater than X. Describe also 
in .the drcle BD the polygon ATBYCVDQ similar to 
EOFPGRHS, npon which form a pyramid haying the same 
yertez with the cone; and let LAQ, NeS be two of 8ie triangles 
eontaininff those jpyramids ; and join KQ, MS. Then, in the tri- 
angles AK.L, QkL, KA, KQ are eqnal, KL common, and the 
angles ARL, QKL egoal, being (Al. de£ 21) right angles: 
therefore (L 4) LA, LQ are equu. For the same reason, rfE« 
!NS are equal ; and therefore AL : LQ : : EN : NS. Also (XI. 
def. 27) becaase the cones are similar, AC : EG : : KL : MN ; 
whence (V. 15) AK : EM : : KL : MN, and, alternately, AK : 
£L : : EM : MN ; therefore (VL 6) since the angles AKL, 
£MN are eqaal« the triangles ABLL, EMN are equiangular ; and 
( VL 4) LA : AK : : NE : EM. A^ain, the aogtes AKQ, EMS, 
being each the same part of four right angles at the centres K, 
U, are equal; and AK. : KQ :: EM : MS; therefore <VL 6) 
the triangles AKQ, EMS are equiangular; and (VL 4) AK : 
AQ : : EM : ES. But, as has been proyed, LA : AK : : NE : 
BM; therefore, ex otouo, I4A : AQ : : NE : ES ; or since QL is 
egaaX to AL, and NS to NE, QL : QA : : SN : SE. Hence, 
( vL 5) the triangles LQA, NSE, haying the sides about all their 
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angles pn>portioQal& are eqaiangUkr and similar: and therefore 
the pyramids AKQL, EMSN are similar, becaose (XI. B) their 
solid angles are equal to one another, and they are contained by 
the same number of similar planes: and (XIL 8) AKQL has to 
EMSN the triplicate ratio of that which AK has to EM. In the 
same manner, if straight lines be drawn from D, V, C, &c. to K 
and from H, R, G, &c, to M, and pyramids be described on the 
triangles having iJie same vertices with the cones, it may be 
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demonstrated that each pyramid in the first cone has to each in 
the other, taking them m the same order, the triplicate ratio of 
that which AK has to EM ; that is, which AG has to EG. But 
(V. 12) as one antecedent is to its consequent, so are all the ante- 
cedents to all the consequents ; therefore as the pyramid AKQL 
to the pyramid EMSN, so is the whole pyramid DQATBYCVL, 
to the whole HSEOFPGBN: and therefore also the first of 
these two last named pyramids has to the other the triplicate ratio 
of that which AC has to FG. But, by the hppothesis, the cone 
ABCDL has to X, the triplicate ratio of that which AC has to 
EG ; therefore, as the cone ABCDL is to X, so is the pyramid 
DQATBYCVL, to the pyramid HSEOFPGRN., But the 
same cone is greater than the pyramid contained in it ; ther^ore 
(V. 14) X is greater than the pyramid HSEOFPGRN; but it 
is also less; which is impossible. Therefore the cone ABCDL 
has not to any solid which is less than EFGHN, the triplicate 
ratio of that wnich AC has to EG. In the same manner, it may 
be demonsti'ated that neither has the cone EFGHN to any solid 
which is less than ABCDL, the triplicate ratio of that which 
EG has to AC. Nor can ABCDL have to any solid which is 
greater than EFGHN, the tripUcate ratio of that which AC has 
to EG. For, if it be possible, let it have it to a sreater, vi<. to 
the solid Z. Therefore, inversely, Z has to ABCDL, the tripli- 
cate ratio of that which EG has to AC. But as Z is to ABCDL, 
so is EFGHN to some solid, which (V. 14) must be less than 
ABCDL, because Z is mater than EFGHN. Therefore 
EFGHN has to a solid which is less than ABCDL, the triplicate 
ratio of that which EG has to AC, which was demonstrated to be 
impossible. ABCDL, therefore, has not to any solid greater 
than EFGHN, the tripUcate ratio of that which AC has to 
EG ; and it was demonstrated that it could not have that ratio to 
any solid less than EFGHN. Therefore ABCDL has to 
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EFGHN, the triplicate ratio of that which AC has to EG. But 
(Y. 15) as the cone is to the cone, so is the cylinder to the 
cylinder; for (XIL 10) every cone is the third part of the cylinder 
upon the same base, and of the same altitade. Therefore also 
the cylinder has to the cylinder, the triplicate ratio of that which 
AC has to EG : wherefore, similar cones, &c. 

Pbop. XIII. Theor. — If a cylinder be cut by a plane 
parallel to its bases ; the plane mvides the cylinder into two 
cylinders, which are proportional to their axes. 

Let the cylinder AD be cat by the plane GH parallel to the 
bases AB, CD, meeting the axis EF in K, and let the line GH 
be the common section of the plane GH and the 
surface of the cylinder. Let AEFC be the rect- 
angle in any position of it, by the revolution of 
which about EF the cylinder AD is described; 
and let GK be the common section of the plane 
GH, and the plane AF. Then, because the par- 
allel planes AB, GH are cut by tiie plane AEkG, 
AE, KG, their common sections wilii it, are 
(XL 16) parallel ; wherefore AK is a parallelo- 
gram, and GK equal to EA, the radius of the 
circle A6. For the same reason, each of the 
straight lines drawn from the point R to the line 
GH may be proved to be equal to the radius of 
the circle AB : they are tlierefore all equal to 
one another : and (L def. 30) the line GH 
is the circumference of a circle, of which the 
centre is K. Therefore the plane GH divides 
the cylmder AD mto the cylinders AH, GD; 
for they are the same that would be described by 
the revolution of the rectangles AK, GF, about 
EK, KF : and it is now to be shown that the 
cylinder AH is to the cylinder HC, as the axis EK to the 
axisKF. 

Produce EF both ways; and take any number of straight lines 
EN, NL, each equal to EK, and any number FX, XM, each 
equal to FK ; and let planes parallel to AB, CD, pass through 
L, N, X, M. The common sections of these planes with l£e 
cylinder continued, are circles the centres of whicn are the points 
L, N, X. M, as was proved of the plane GH; and these planes 
S'^xT^^Sl® cyMers tR, RB. DT, f Q. Again, because the axes 
LN, NE, EK are all equal: therefore the cylinders PR, RB, 
BG, being to one another (XII. 11) as their bases, are equal. 
But because the axes LN, NE, EK are equal to one another, as 
also the cylinders PR, RB, BG, and that there are as many axes 
as cylinders ; therefore, whatever multiple the axis KL is of the 
axis KE, the same multiple is the cylmder PG of the cylinder 
GB, For the same reason, whatever multiple the axis MK is of 
tte axis KF, the same multiple is the cylmder QG of the cylinder 
GD: and if KL be equal toKM,PG is equal to GQ; if KLbe 
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flMrtertliaaK1f,PGisgiwiertliaaQe:«iidiflflH,leaB. 8m^ 
Sombre, of £K and BG Uiero ha^ tMn tekea any like iniiltq>les 
wluitoTer,Tiz.KLaiidPO: and of KF and OD, aar like mntti- 
pies iriiaterer, tiz. KM and GQ; and anoe it has been d^mon- 
rtrated, that if Kli be gfeater than KM, PG iser^^ 
if equal, equal; and n lees, less: thereibfe (V7 de£ Si) the axle 
EK is to ttie axis KF, as the c^^inderBGto the cylmderGD: 
wfaerefiofe, if a cylinder, &c. 

Prop. XIV. Theor. — Gimes and cylinders npon equal 
Ixues are to one another as their altitodes. 

Let the cylinders EB, FD be opon the equal bases AB, CD, 
£B is to FD, as the axis GH to the axis KL. 

PiodooeKL making LN equal to GH; and let CM be a cylin> 
der of which the base is CD, and axis 
LN. Then, because the cylinders EB, 
CM have the same altitude, they are to 
one another (XIL 11) as their bases: 
but the bases are equal; therefore also 
EB, CM are equal Affain, (XIL 13) 
because the cyhnder FM is cut by the 
plane CD parallel to its bases, CM is to 
FD, as LN to KL. But CM is equal 
to EB, and the axis LN to GH: there- 
fore EB is to FD, as GH to KL: and 
(V. 15) as EB to FD, so is the cone 
ABG to the cone CDK, because (XIL 10) the cylinders are triple 
of the cones. Therefore also GU is to KL, as the cone ABG to 
the cone CDK, and the cylinder EB to the cylinder FD. Where- 
fore, cones, &c. 

Prop. XY. Theob. — The bases and altitudes of eqnal 
cones and cylinders are reciprocallj proportional ; and (2) if 
the bases and altitudes be reciprocauj proportional, the 
cones and cylinders are equal to one another. 

1. Let the eireles BD, FH, the diameters of which are AC, EG, 
be the bases, and KL, MN the axes, as also the altitudes, of equal 
cones and cylinders ; and let ALC, ENG be the cones, and AX, 
EC) the cylinders; the bases and altitudes of the cylinders AX, 
EO are reciprocally proportional ; that i& as BD to FH, so is 
MN to KL. 

The altitudes MN, KL are either equal or not First, let them 
be equal; and the cylinders AX, EO Deinn^ also equal, and (XIL 
11) cones and cylinders of the same altitude bemg to one an* 
other as their bases; therefore (V. A) the base BD is equal to 
the base FH; and as BD is to FH, so is MN to KL. But let 
the altitudes KL, MN be unequal, and MN the greater; from 
MN take MP eanal to KL, ana through P out the cylinder EO 
by the plane Yd parallel to the planes of the circles FH, BO : 
therolore the common section of the plane YS and the cylinder 
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EO in A drcle, tu u shown in the demonrtration of the 13th 

propodtJon of this book : and conseqneati; ES is a cylinder, the 

bam of which is the eii^le EFGH, 

imd Bltdtode MP. Then, (V. 7) 

becanse tiie cylinders AX, 'EO are 

equal, as AX is to the ejlinder ES, 

so is EO to the sr - '"" " ■ 



But 
B the 

.J the base FH; for 

AX, ES are of the same altitude : 

and (XTI. 13) as EO to ES, so is 

MN to MP. besaDse EO is cat l^ 

the plane YS parallel to its bases. 

Therefore (V. 6) as BD to the base 

FH, so is MN to the altitude MP : 

but MP is equal to KL; wherefore as BD to FH, 

KL; that is, the bases ani altitudes of ttie eqnat cylindi 

EO, are reciprooaUj proportionaL 

3. Bat let the bases and altitndes of the cylinders AX, GO, be 
reciprocally proportional, viz, BD to FH, as MN to KL; tlie 
cylinders are e<]uaL 

Firsl^ let BD be equal to FH ; then becaose as BD is to FH. 
so is MN to KL, MN (V. A) is equal to KL, and therefore 
[XIL 11) AX is equal to EO. 

Bat let the bases BD, FH be unequal, and let BD be the 
grealer; and because, as BD is to FH, so is MN to KL ; tiiere- 
fore (V. A) MN is ereater than KL. Then, the same construc- 
tion being made as oefore, because as BD to FH, so is MN to 
EL; aiKTbecause KL is equal to MP; therefore (XIL 11) BD 
U to FH, as AX to ES ; and as MN to MP or KL, so is EO to 
ES : therefore AX is to ES, as EO is to the same ES : whent't; 
the cylinder AX is equal to EO ; and the same reasoDiDg holds 
in cones. Therefore, the bases and altitudes, &C. 




Pbop. XVI. Pbob. — la the greater of two concentric 
circleE, to describe a polygon of an eTen number of equal 
sides, not meeting the less circle.* 

Let ABCD, EFGH b 

centre K ; it is required to 

of an even number of equal sides, not meeting the less circle. 

Through K draw the straJEht line BD, and from G, the point 
in which it meets tie circumKrence of the less circle, draw AGO 
pei^ndicolac to BD: then (IIL 16) AC touches the circle FH. 
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Nov, if the aro BAD be biaeeted, and the half of it be again 
bisected, and bo on, there most at 
lengUi remain (XIL lem. 1) an aro 
less than AD : let this be LD ; and 
from L draw LMN perpendicolar to 
BD ; and join LD, DN. Therefore 
(L 4) LD is equal to DN; and be- 
oauBe LN is parallel to AC, and that 
AC tonchea the circle FH ; therefore 
LN does not meet the circle FH ; and 
mnch less will the straight lines LD, 
DN meet it. If therefore straight 
lines eqaal to LD be applied in the 
circle ABCD from the pomt L aroond to N, there will be described 
in the circle a polygon of an even number of equal sides not meet- 
ing the less drcle : which was to be done. 

Lemma. II — If two trapeziums ABCD, EFGH be in- 
scribed in the circles, the centres of which are K, L ; and if 
the sides AB, DC be parallel, as also EF, HG; and the 
other four sides AD, BC, EH, FG, be all equal ; but the 
side AB greater than EF, and DC greater than HG : the 
radius K A of the circle in which the greater sides are, is 
greater than LE the radius of the other. 

K it be possible, let KA be not greater than LE ; then KA 
must be either equal to it, or less. First, let KA be equal to 
LE. Therefore, l^cause, in two equal circles, AD, BC la the one 
are equal to EH, FG m the other, the ares AD, BC are equal 
(HL 28) to the arcs EH, FG; Imt because the straight hues 
AB, DC are respectively greater than EF, GH, the arcs AB, 
DC are greater tnan EF, BG. Therefore the whole circumfer- 
ence ABCD is greater than the whole EFGH : but it is also 





equal to it, which is impossible. Therefore ELA is not equal 
toLE. 

But let KA be less than LE, and jnake LM equal to KA, and 
irom the centre L at the distance LM, describe the circle MNOP, 
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meeting ihe strai^t lines LE, LF, LG, LH, in M, N, O, P ; and 
join MST, no, or PM, which (VL 2) are respectively parallel 
to EF, FG, GH, HE and less tiian those lines. Then, because 
EH is greater than MP, AD is greater than MP ; and the circles 
ABCD, MNOP are equal ; thmfore the are AD is greater than 
the arc MP. For the same reason, the are BC is greater than 
the arc NO ; and because the straight line AB is greater than 
£F, which is greater than MN, much more is AB greater than 
MN. Therefore the arc AB is greater than the arc MN ; and, 
for the same reason, the arc DC is greater than the are PO. 
Therefore the whole cbcumforence ABGD is ^eater than the 
whole MNOP; but it is likewise equal to it, which is impossible. 
Therefore KA is not less than LE ; nor is it equal to it; it must 
therefore be greater. If two trapeziums, therefore, &c. 

Cor, Also, if there be an isosceles triangle, the sides of which 
are equal to AD, BC, but its base less tluui AB, the greater oi 
t^ parallel sides ; the straight line KA may, in the same manner, 
be demonstrated to be greater than the straight line drawn firom 
the centre to the circumference of the circle described about the 
triangle. 

Prop. XYII. Theor. — In the greater of two concen- 
tric spheres, to describe a polyhedron, the surfia.ce of which 
will not meet the less sphere. 

Let there be two spheres about the same centre A ; it is required 
to describe in the greater a polyhedron, the sur&ce of which will 
not meet the less. 

If the spheres be cut by a plane passing through the centre, the 
common sections of it and the spheres will be circles; because the 
sphere is described by the revolution of a semicircle about the dia- 
meter remaining fixed ; so that in whatover position the semicircle 
is conceived to m, the common section of the plane in which it is,> 
with the surface of the sphere, is the circumference of a circle : 
and this is a great circle* of the sphere, because (III. 16) the dia- 
meter of the sphere, which is likewise the diameter of the circle, is 
greater than any chord in the circle or sphere. Let then the circle 
made by tiie section of the plane with the greater sphere be 
BCDE, and witii the less be FGH ; dnw the perpendicular 
diameters BD, CE : and draw GU pernendicular to AG-, and join 
AU. Then, if the arc BE be bisectea in L, its halves in M, K, 
and BO on, an arc will at length be obtained, less than the arc 
which would have a chord eqiuil to GU. Let BK be this arc : 
then the chord BK is less tlun GU. Draw the diameter KAN, 
and through A draw AX perpendicular to the plane of the circle 
BODE, meetinff the surface of the sphere in X. Let planes pass 
throuffh AX and each of Uie straight lines BD, KN : these, nrom 
what nas been said, will produce great circles on the surface ot 
the sphere ; let BXD, KXN be the semicircles thus made upon 

* 8M Appendix, IT. 10. 
K2 
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the diameters BD, KN. Then (XL 18) becanae XA is at i^t 
angles to the plane of the circle BCD£, the semicircleB BXl)» 
KXN are at nght angles to that plane. And because the semi- 
circles BED, BXD, KXN, upon the equal diameters BD, RN, 
are equal, their halves BE, BX KX axe also equal Therefore, 
as many arcs as are in BE, so many there are in BX, KX equal 




to the arcs BK, RL, LM, ME. Let these arcs be BO, OP, 
PR, RX; RS, ST, TY, YX; draw their chords, and join OS, 
PT, RY : draw also O V, SQ jjerpendiculars to AB, AR : and 
because the plane BOXD is at right angles to the plane BGDE, 
and in one of them BOXD, OV is drawn perpenaicular to AB 
their common section, therefore (XL del 3) OV is perpendicular 
to the plane BGDE. For the same reason, SQ is perpendiecdar 
to BGDE, because the plane RSXN is perpendicular to it Join 
VQ ; and because in the equal semiciretes BXD, RXN, the arcs 
BO, RS are equal, the angles BAO, RAS are equal ; and (const) 
AVO, AQS are right angles; therefore (L 26) OV is equal to 
SQ, and AV equaf to AQ. But the whole BA is equal to the 
whole RA, therefore the remainders BY, RQ are equal. As, 
therefore, BV : VA :: RQ : QA; wherefore (VL 2) VQ is 
parallel to BR. Also (XL 6) because OV, SQ are each perpen^ 
dicular to the plane of the circle BGDE, they are parallel : and 
they have been proved to be equal ; therefore QV, SO are (L S3) 
equal and parallel: and because QV is parallel to SO, ana 
also to RB; OS is paraUel (XL 9) to BR; and BO, R6, 
which join them, are in the same plane in which these paralldfl 
are, and the quadrilateral RBOS is in one plane. Ana if PB, 
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TK be joined, and perpendicalars be drawn iirom the points P, T, 
to the fitraight lines AB, AK, it may be demonstrate^ that TP is 
paraUel to KB, in the same way that SO was shown to be paral- 
lel to the same KB ; wherefore (XI. 9) TP is parallel to SO, and 
the qdadrilateral SOPT is in one plane. For the same reason, 
tibe quadrilateral TPRY is in one plane : and (XL 2) the trian- 
gle X RX is also in one plane. If, therefore, from the points 0, 
S, P, T, B, Y, straight lines be drawn to the centre A, there will be 
formed a polyhedron between the arcs BX, KX, composed of 
pyramids, the oases of which are the quadrilaterals KB OS, SOPT, 
TPBY, and the triangle YBX, and of which the common vertex 
is A : and if the same constiTiction be made upon each of the chords 
of KL, LM, ME, as has been done upon BK, and the like be 
done also in the other three quadrants, and in the other hemi- 
sphere ; there will be formed a polyhedron inscribed in the sphere, 
composed of pyramids, the bases of which are the quadrilaterals 
already mentioned, and the triangle YBX, and tiiose formed in 
the same manner in the rest of the sphere, the common vertex of 
them all being A. 

Also, the surface of this polyhedron does not meet the less sphere. 
For, from A draw (XL 11) AZ perpencQcular to the plane of the 
quadrilateral KBOS, meeting it in Z, and loin BZ, ZK. Then, 
because AZ is perpendicular to the plane KbOS, it is perpendicu- 
lar to BZ and ZK : and (1. 47, cor. 5) because AB is equal to AK, 
and AZ common to the two right-angled triangles AZB, AZK ; ZB 
is equal to ZK, In the same manner it may he demonstrated, that 
the straight lines drawn from Z to 0, S, are equal to BZ or ZK. 
Therefore the circle described from the centre Z, at the distance 
ZB, will pass through the points K, O, S, and KBOS will be a 
quadrilateral in the circle. Now, because KB is greater than Q V, 
and QV equal to SO, therefore KB is greater than SO : but KB 
is equal to each of the shuight lines BQ, KS ; wherefore each of 
the arcs cut off by KB, BO, KS, is greater than that cut off by 
OS : and these tnree arcs, together with a fourth equal to one of 
them, are greater than the same tlu'ee together with that cut off by 
OS ; that is, than the whole circumference of the circle ; therefore 
the arc subtended by KB is ^ater than the fourth part of the 
whole circumference of the circle KBOS, and consequently the 
angle BZK at the centre is obtuse: and (1. 19) BK is greater than 
BZ. But it has been seen ab^eady that GU is greater than BK : 
much more then is GU neater than BZ. Therefore, in the two 
rieht-angled triangles AGU, AZB, the hypotenuses AU, AB are 
(Ldef. 80) equal; but the le^ GU is ^ater than the leg BZ: 
hence <L 47, cor. 5) Hhe remainmg leg AZ is greater than the remain- 
ing leg AG. But AZ is perpendicular to the plane KBOS, and 
is therefore the shortest of aJl the straight lines that can be drawn 
from A, the centre of the sphere, to uat plane. Therefore the 
plane KBOS does not meet the less sphere. 

And that the other planes between the quadrants BX, KX, fall 
without the less sphere, is ^us demonstrated. From the point A 
draw AI perpendictdar to the plane of the quadrilateral SOPT, 
and join 10; oody as was demonstrated of the plane KBOS and 
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the point Z, in the same way it may be shown, that the point I is 
the centre of a circle described aoout SOFT, and that OS ia 
greater than FT : and FT was shown to be parallel to OS. There- 
fore, because the two trapeziums KBOS, SOFT inscribed in 
circles, have their sides KB, OS parallel, as also OS, FT', and 
their other sides BO, KS, OF, ST all eqaal to one another, and 
that BK is greater than OS, and OS than FT; therefore (XIL 
lem. 2) ZB u greater than 10. Join AO, which will be equal to 
AB. Then, in the right-angled triangles AIO, AZB, the hypo- 




tenxues AO, AB are equal, but the les ZB is greater than the 
1^10 : wherefore (L 47, cor. 5) the leg AI is greater than the les 
^L, But it has bisen proved that AZ is greater than AG ; much 
more then is AI greater than AG. Therefore the plane SOFT 
falls wholly without the less sphere. In the same manner it may 
be demonstrated, that th e pla ne TFBY foJls without the same 
sphere, as also the trianjB|le xRZ, yiz. by the corollary to the second 
lemma. And in a shnilar way it may be demonstrated, that all 
the planes which contain the polyhedron, foil without iJie interior 
sphm. Therefore, in the greater of the two concentric spheres, a 
polyhedron is described, the surfoce of which does not meet the 
less: which was to be done. 

Cor, If in the less sphere a polyhedron be described by draw- 
ing straight lines between the points in which the radu of the 
sphere, drawn to all the angles of the polyhedron in the greirter 
sphere, meet the surfoce of uie less ; in the same order in widch 
the points are joined in which the same radii meet ^e surfoce of 
the greater sphere; the polyhedron in the sphere BODE has to 
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this other polyhedron the triplicate ratio of that which the dia- 
meter of the creater sphere has to the diameter of the less. For, 
if these two s^ds be divided into the same number of pyramids, 
and in the same order ; the pyramids will be similar, eacn to each : 
because tiiey hare the solid angles at their common vertex^ the 
centre of the n>here, the same in each pyramid, and (XI. B) 
their other solid angles at the bases equal to one another, each 
to each, because they are contained by three plane angles, equal, 
each to each ; and tne pyramids are contained by the same num- 
ber of similar planes; and (XL def. 8) are therefore similar 
to one another, each to each. ^ But (XII. 8, cor.) similar pyra- 
mids have to one another the triplicate ratio of their homologous 
sides. Therefore the pyramid, of which the base is the quadri- 
lateral KBOS, and the vertex A, has to the pyramid in the otiher 
sphere of the same order the triplicate ratio of their homologous 
sides ; that is, of that ratio which the radius of the ereater s{)nere 
has to the radius of the less. In like manner, each pyramid in 
the greater sphere has to each of the same order in toe less, the 
triplicate ratio now mentioned. And as one antecedent is to its 
consequent^ so are all the antecedents to all the consequents: 
wherefore uie whole polyhedron in the greater sphere has to tiie 
whole polyhedron in the less, the tripficate rauo of that which 
AB, the radius of the first, has to the radius of the other ; that is 
which the diameter BD of the greater has to the diameter HF of 
the less. 

Prop. XV III. Theor. — Spheres hare to one another the 
triplicate ratio of that which tiieir diameters have. 

Let ABC, DEF be two spheres, of which the diameters are BC, 
EF : the sphere ABO has to the sphere DEF the triplicate ratio 
of that which BO has to EF. 

For, if not, the sphere ABO will have to a sphere either less or 
greater than DEF, the triplicate ratio of that which BO has to 
EF. First, let it have that ratio to a less, viz. to the sphere 






GHK; and let DEF have the same centre with GHK; and 
(XII. 17) in the greater DEF describe a polyhedron, the surface 
of whidi does not meet the less, and in ABO describe another 
similar to that in DEF. Therefore (XII. 17, cor.) the polyhe- 
dron in ABO has to the polyhedron in DEF, the tnphcate 
ratio of that which BO has to EF. But ABO has to GHK, the 
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triplicate ratio of that which BG has to £F: therefore (V. 11) 
as ABC to OHK, so is the polyhedron in ABC to the polyhe- 
dron in DEF. But the sph^ ABC is greater than the polyhe- 
dron in it; therefore, also, (V. 14) the sphere G-HK is greater 
than the polyhedron in ibe sphere DEF; but it is alSo less, 
because it is contained within it; which is impossible. There- 
fore ABC has not to any sphere less than DEF, the triplicate 
ratio of that which BC has to EF. In the same manner it may 
De demonstrated, that DEF has not to any sphere less than ABC, 
the triplicate ratio of that which EF has to BC. Not can ABC 






have to any sphere greater than DEF, the triplicate ratio of that 
which BC has to EF. For, if it can, let it have that ratio to a 
greater sphere LMN. Then, by inversion, LMN has to ABC, 
the triplicate ratio of that which EF has to BC. But as LMN 
to ABC, so is DEF to some sphere, which (V. 14) must be less 
than ABC, because LMN is greater than DEF. Therefore DEF 
has to a sphere less than ABC the triplicate ratio of that which 
EF has to BC ; which was shown to be impossible. ABC, there- 
fore, has not to anv sphere greater than DEF, the triplicate ratio 
of that which BC nas to EF : and it was demonstrated, that it has 
not that ratio to any sphere less ihan DEF. Therefore the sphere 
ABC has to DEF, the triplicate ratio of that which BC has to 
EF: wherefore spheres, &c. 
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BOOK I.* 

DEFINITIONS. 



1. Lines f angles, and svaees are said to be given in mamdtadcy 
when they are either eznibited, or when the method of finding 
them is known. 

2. Points f Unes, and spcuses are said to be given in position^ which 
have always the same situation, and which are actually exhibited, 
or can be round. 

3. A eirele is said to be given in moffmtude, when its radius is 
given ; and in poeiUon, when its centreis given. 

Magnitudes, instead of being said to be given in magnitude, or 
given in posUionf are often said simply to be given, when no 
ambiguity arises from the omission. 

4. A ratio is said to be given, when it is the same as that of two 
given magnitudes. 

5. A rec(ilinedlfigtn'e is said to be given in species, when its 
several angles, andTme ratios of its sides are given. 

6. When a series of unequal magnitudes, unlimited in number, 
iu;ree in certain relations, the greatest of them is called a maximum ; 
the least a minimum. 

Thus, of chords in a given circle, the diameter is the maximum ; 
and of straight lines drawn to a given straight line, from a given 
point without it^ the minimum line is the perpendicular. 



* This book contains a number of misodlaneoos propositions, several of which 
are cnrions and important. The first five demonstrate the converses of the 
S4th propoeition in the first book of Euclid, and the Ilth, 12th. 21st, 22d, and 30tli 
propofiitiona, and the corollary to the 36tli, in the third book. They are often used 
in demoDitiiiting oibor propodtions. 
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PROP08inOX& 

Prop. L Taeob If the opposifte sides, or the apposite 

ang^ of a quadrilateral be eqiial, h is a parallelogram. 

1. Let ADbeaqoidrikftena; andfint^let ABbeequaltoCD, 
and AC to BD: AD w a pwralldoeraiiL 

Jim BC. Then in the triang^ ABC, DCB, AB^ AC are 
equal to DC, DB, eaeh to each, and BC ia 
amoDoa: thenifioie (L 8) the ao^ ABC is 
equal taDCB, and ACB to DBC: and (L 27) 
AB is paraDd to CD, and AC to BD. Hence 
(L de£ 24) AD is a paralleJognmi, 

2. Ajram, if the aiude BAC be equal to 
BDC, and ABD to ACD, AD is a paraUelogram. 

For (L ax. 2) the andes CAB, ABD aie equal to BDC, 
DCA; and therefore, all four bein^ equal (L 32, cor. 1) to four 
right angles, CAB, ABD are equal to two zi^t ai^gles^ and (L 28) 
AC, BD are paraJleL In the same manner it would be pio¥ed 
that AB, CIJ are parallel : and therefore (L de£ 24) AD is a 
parallelogram. 

Prop. II. Theos. — If two circles cnt one another, tho 
straight line passing through their centres bisects their 
common chora. 

Let the circles ABCy'ADC cat one another in A and C ; join 
AC, and through the centres E, F, draw 
EFG ; AC is bisected in a 

Join BA, EC, FA, FC. Then the trian- 
gles AEF, CEF have the sides EA, AF 
equal to EC, CF, each to each, and EF 
common : therefore (I. 8) the angles AEF, 
CEF are equal Attain, the triangles AE€r, 
CEG have EA, EC equal, EG common, 
and the contained angles equal: therefore AG, GC are equal. 

Cor, Hence, when the circles cut one another, the straight line 
passing through their centres does not pass thi-ough either point of 
mtersection : and therefore, if the line passmg through the centres 
pass also through a point in which the circumferences meet> the 
circles must touch one another in that point. 

Prop. III. Thbor. — If two triangles on the same base, 
and on the same side of it, have equal vertical angles, the 
vertex of each is in the circumference of the circle described 
about the other. 

Let ABC be a triangle inscribed in the ohrale CAB : any other 
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trianeld on the base AB, and having its veitioal angle eqaal to 
C, w3l have its vertex on the arc ACB. 

If possible, let ADB be a triangle on the 
base AB, and having the angle ADB equal to 
C, bat the vertex D not on the arc ACB. Let 
AX), produced if necessary, meet the circum- 
ference in E, and join BE. Then (IIL 21) 
the angle AEB is equal to C : wherefore ADB 
is equ3 to AEB, which (I. 16) is impossible. 
Therefore, if the angle ADB be equal to C, D 
must fall on the arc ACB. 

Prop. IV. Theor. — If two opposite angles of a quadri- 
lateral be together equal to two nght angles, a circle may 
be described about it. 

Let ADBF (see the figure for thepreoeding proposition) be a 
quadrilateral having the angles ADB, AFB together equal to 
two right angles : a circle described through A, F, B will also pass 
throu^D. 

For, if possible, let D be within the circle passing through 
A, F,. B ; produce AD to E, and jom BE. Then (lU. 22} toe 
angles E, F are equal to two right angles, and therefore to ADB 
and F. Take away F, and there remains ADB equal to E, 
which (L 16) is impossible. In the same manner, if D were 
Bupposed to be without the circle, it would be shown that the 
angle at D would be equal to AEB, which (1. 16) is also impossi- 
ble. Therefore D must be on the cutsumference. 

Prop. V. Theor. — If two straight lines intersect each 
otjier, so that the rectangle under the segments of one of 
them is equal to the rectangle under the segments of the 
other, their extremities lie in the circumference of a circle. 

Let the straight lines BG, AD (see the figure for prop. 3) cut 
one another in G, and let the rectangles AG.GD, ^GKGC be 
equal; a circle described through A, B, C ^dll also pass 
tlurough D. 

For, if possible, let D not fall on the ciroumference; and let 
AD, proauced, if necessary, meet the ciroumference in E. 
Then (III. 35) the rectangle AG.GE is e^ual to BG.GC, and 
therefore to AG.GD; which (VL 1) is unpossible, unless D 
and E coincide : and therefore D must be on the ciroumference. 

Sehol. By means of the corollary to the 36th proposition of the 
third book» it would be shown in a similar manner, that if two 
straight lines meet in a pointy and if they be so divided, Uiat the 
rectangle under one of them and its segment next the common 
point, IS equal to the rectangle under me other, and its corre- 
sponding segment^ the points of section and the extremities remote 
from the common point lie in the ciroumference of the same cirole. 
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Pkop. VL Thbob. — ^From AB, the gmler side of the 
triaoi^ ABC, cut off AD equal to AC, and Join DC: dia«r 
AE bisecting the Tertical angle BAC, and join DE : drav 
ako AF perpendiciilar to BC, and D6 panOd to AE. 
Then (1.) the ma^ DEB is eqptl to the difference of 
the ai^ at the base, ACB, ABC ; or of BAF» CAP, 
or of AEB, AEC : and DE is equal to EC : (2) the 
ao^es BCD, EAF are each equal to half the same differ- 
ence: (3) ADC or ACD is equal to half the sum of the 
ao^es at the base, or to the complement of half the rertical 
as^e: (4) BG is equal to the difference <tf the s^ments 
BE, EC, made bj the line bisecting the vertical angle. 

1. Id the trian^ AED, AEC, AD, AC are eqnal, AE com- 
mon, and the oontamed angles equal: therefore (L 4) D£ is 
equal to EC, the mfde ADE to ACE, 
and AED to AEC. Bat (L 32) becans 
BD is produced, the angle AD£ is eqnal 
to B and BED: therefore BED is the 
di£ferenoe of B and ADE, or of B and 
ACB. Also BED is the difference of ^ 
AEB, AED. or of ABB, AEC. Again, 
ABF, BAF are equal to ACF, CAF, each pair bemg (L 32) 
cor. 8) eqnal to a right angle. Take away ABF : then, because 
tb« difference of ACF, ABF is BED, there remains BAF equal 
U. BED, CAF ; that is, BED is the di^Eerence of BAF, CAF. 

2. The difference BED is equal (L 32) to the two angles ECD, 
EDC, which (L 6) are Mual: therefore ECD is hiJf of BED. 
Again, in the triansles A HP, AHC, because AD, AC are equal, 
AB common, and the containBd angles equal, DH is equal (I. 4) 
to HC, and the angles at H are equal, and are therefore right 
angles. Then, in the triangles AEF, CEH, the angles AFE, 
CHE are e^ual, and AEC common; therefore (L 32, cor. 5) the 
angle EAF is equal to ECH, which has been proved to be equal to 
the half of BED. 

3. Since the angle BAC is common to the triangles ABC, ADC, 
the angles ADC, ACD are (I. 32) equal to ABC, ACB ; and 
therefore, since ADC, ACD are equal, each of them is equal to 
half the sum of ABC, ACB ; also either of them, ADC, is the 
complement of DAH, half the vertical angle, since AHD is a right 
angle. 

4. Because ^ DH, HC are equal, and HE, DG parallel, GE is 



• It is easy to prove without proportion, that if AB (see the flgnre for the next 
proposition) be Useoted in D, the straight line DE parallel to BG bisects AC, and 
that the triangle ADE Is a fourth of ABC. For (I. S7) the triangles BDC, BEC are 
equal. But {l. 38) BDC is half of ABC ; and therefore BEG is half of ABC, and 
is equal to BEA. Henoe the bases AE, EC are equal ; for if they va<e not, the 
triangles ABE, CBE (I. 88. cor. 1) would be unequal. Again, because AD, DB 
aiv equal, the triangle ADE is (I. 88) half of ABE, and therefore a fourth of ABC. 
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equal (VI. 2) to EC ; and therefore BCt, the difierence of BE, 
GE, is also the'difference of BE, BC* 

Prop. VII. Theor. — In a triangle, straight lines drawn 
from the points of bisection of the three sides to the oppo- 
site angles, aU pass through the same point. 

Let D, E, F be the points of bisection of the sides of the tri- 
angle ABC, and draw BE, CD, intersecting in O; bisect BO, 
CG in H, K, and join DE, HK. Then DE, HK are parallel and 
equal, each of them f being parallel to ^ 

dC, and equal to half oiit. Hence, 
the triangles DOE, KOH are equi- 
angular, and (I. 26) HG- is equal to 
GE, and KG to GD: and therefore 
BG is double of GE, and CG of GD. 
Jn the same manner, it would bepro ved, 
that a straight line joining AF would 
diyide BE mto two segments, of which 
the one terminated in B would be 

double of the one terminated in E ; that is, the straight line AF 
would pass through G. 

Schol. It appears from the demonstration, that each of the 
straight lines AF, BE, CD is divided at then* common point into 
two segments, of which the one drawn to the angle of the tonangle 
is double of tiie other. 

Cor. 1. Suppose HC were joined ; then the three triangles CBH, 
CHG, CGE are (I. 38) all equal; and therefore BGC, being two 
thirds of BEC, is one third of BAC, which is double of BEC. 
Straight lines therefore dravm from G to the three angles, trisect 
the tnangle ABC. 

Cor, 2. Hence the problem in which it is required to draw a 
straight line through a eiven point D, so that the part of it 
between two given straight Unes AC, BC may be bisected in D, 
is solved simply by drawing DE parallel to BC, making EA equal 
to EC, and drawing AD&; or snould the ratio of AD to DB not 
be that of equality, the solution will be the same, except that AE 
must have that ratio to EC. 



Convendy, if DE bisect AB, AC. it is parallel to BC. For (I. 38, cor. 2) the 
triangles BDC. BEC are each half of ABC i and these being therefore equal, D& 
ia parallel (I. 39) to BC. 

Hence, it is plain (I. 26), that the straight lines Joining DE, DF, EF, divide the 
triangle ABC into four equal triangles, similar to the whole and to one another ; 
and tihat each of these lines is equal to half the side to which it ia parallel. 

* Instead of cutting off AD equal to AC, AC may be produced through C, and 
bgr cutting off, on AC thus produced, a part terminated at A, and equal to AB, and 
by making a construction similar to that of the foregoing proposition, it will be 
easy to establish the same properties as those above demonstrated, or ones exactly 
analogous. 

t By the note to the preceding proposition ; or by Y I. 3, and 4. 
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Prop. VIII. Theob. — Four times the sum of the squares 
of the three straight Hues drawn from the angles of a tri- 
angle to the points of bisection of the opposite sides, are 
equal to three times the sum of the squares of the sides. 

Let AF, BE, CD bisect the sides of a triangle ABC in the 
points F, E, D: four times tiie sam of the sqaares of AF, BE, CD, 
are equal to three times the sum of the 
squares of AB, BC, AG. 

For (IL A) AB>-f AC«=2BF«-|-2AF'. 
From this, by doubling, and since (II. 4, 
cor. 2) 4BF*=BC*, there arises 2AB*+ 
2AC*=BC*+- 4AF*. For the same rea- 
son, 2AB«+2BC> = AC» + 4BE», and 
2AC*-j-2BC' = AB«+4CD*. Add these equals tosether, and 
from the sums take BC*, AC*, AB*: then 3AB*4-3BC*+3AC*= 
4AF»+4BE*-t-4CD*. 

Cor, Since (App. L 7, schol.) AF is treble of GF, the square of 
AF (I. 46, cor. 4) is equal to nine times the square of GF; and 
therefore the squares ot AF, BE, CD are evidently equal to nine 
times the squares of GF, GE, GD. Hence, by this propoeition, 
thirty-six times the squares of GF, GE, GD are equal to three 
times the squares of AJB, BC, AC ; and consequently the squares, 
of GF, GE, GD, are equal to one twelfth of the squares of the sides 
AB, BC, CA. Hence also, since AGT, BG, CG are double of GF, 
GE, GD, each of each, the squares of the former are quadruple ol 
the squares of the latter ; and hence t?ie sum of the squares of AGr, 
BG, CG is one third of the sum of the squares of the three sides 

ab,bc,ac. 

Prop. IX. Theor. — Let ABC be any triangle, and on 
AB, AC, two of its sides, let any parallelograms ABMD, 
ACEF, be described : produce MD, EF to meet in G, and 
join GA; draw BE, CBl parallel to AG, and meetiug MG, 
EG, in H and K; join HK: HBCK is a parallelogram, 
and is equal to the two ABMD, ACEF. 

Produce GA to L. Then, since (const, and L 84) BH, CK 
are parallel and equal to AG, they are equal and parallel to one 
another: therefore also (I. 33) HK 
is equal and parallel to BC, and 
(L del 24) BCKH is a parallelo- 
gram ; and LH, LR are also paral- 
lelograms. Now (I. 36) the paral- 
lelograms HL, HBAG are eaual, 
because they are on the pame base 
BH, and between the same paral- 
lels BH, LG: and the parallelo- 
^ms HBAG, MBAD are equal, 
because they are on the same base 
AB, and between the parallels BA, MG. Hence (L as. 1) 
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>1BAD is equal to HL. In the same maimer, it would be shown 
that AC£F is equal to LK: and therefore (L ax. 2) the whole 
parallelogram BK is equal to the two MB AD, ECAF. 

Schoil. The 47th proposition of the first book is the case of this 
proposition in which BAG is a right angle, and the parallelograms 
AM, AE squares (for which case the student may make a diagram 
for himself) ; as in that case, UBCK is also a square. For then 
BF is a parallelogram ; and in the triangles GFA, BAG, right- 
angled at F and A, FA is equal to AC^ and G-F to BA, each 
being eaual to DA: therefore (JL 4) BG is equal to AG, or to GK, 
which IS equal to AG: and the angle AGB is equal to FAG, 
or to EGK, which (I. 34, cor. 4) is equal to FAG. To the equal 
angles AGB, EGK, add KG A : then BGK is equal to ACE, 
which is a right angle. Hence the pai*allelogram HBGK is a 
squai'e. • • 

Prop. X. Theor. — From B, G, the extremities of one of 
the sides of any triangle ABG, draw perpendiculars to the 
other sides, meeting tiiose sides, or their continuations, in 
D and E ; and on BG describe the square BG: BG is equal 
to the rectangles AB.BE, AG.GD; that is, to the rect- 
angles contained by the sides and the segments inter- 
cepted on them, between the perpendiculars and the third 
»ae. 

Complete the parallelograms ABFH, ACGH ; produce HF, and 
complete the rectangle AK. Then (I. 34, cor. 4) the triangles 
ABC, HFG are equiangular, and (I. 26) they are equal, since the 
sides BG, FG are equal. Take these 
triandes separately from the figure 
BGGHF, and there remains the square 
BG equal to the parallelograms AF, AG: 
and (1. 35) the pai'allelograms AF, AK 
are equal From the right angles KBE, 
FBG take FBA, and the remaining angles 
KBF, EBG are equal. Hence, smce the 
angles at K and E are right angles, the 
triangles BFK, BGE are equiangmar ; and 
the sides BF, BG are equal: hence (I. 26) 
BK is equal to BE. Therefore the rect- 
angle AK is contahied by AB, BK, or by 

AB, BE ; and it has been proved to be equal to AF. In the same 
manner it would be shown that the rectangle AG.GD is equal to 
the parallelogram AG. Therefore the rectangles AB.BE and 
AG.UD are together equal to the parallelograms AF, AG; that 
is, as has been proved, to the square BG. 

Sehoi, If BAG be a right angle, the perpendiculars coincide 
with Ba, CA, and the rectangles AB.BE, AG.GD become the 
squares of AB, AG : whence it appears that the 47th proposition 
01 the ^imt book, ii also a case of this proposition. 
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Prop. XL Theor. — Let ABC be any triangle ; and from 
one of the angles let straight lines AD, AE be drawn to 
the opposite side, making with the other sides the angles 
BAD, CAE respectively equal to C, B, the remote angles 
at the base: the square of AB is equsd to the rectangle 
GB.BD ; and the square of AG to the rectangle BC.GE. 

For the triangles AEG, ABD have the angle B common and 
the angle G equal to BAD ; therefore (VL 4, 
cor.) BG : BA : : BA : BD. Hence, (VL 11) ^.^^ 

the square of BA is equal to the rectangle ^^^"'^"^ / K 

BG.BJD : and it would be proved in a similar ^ deT 

manner, that the square of AG is equal to ^ 

}he rectangle BG.GE. 

SchxH, 5 BAG he a right angle, the angles B, G being together 
equal to it, AD, AE will coincide, and the segments BD, EC 
will make up BG : and (IL 2) the squares of AB, AG will be equal 
to the square of BG. This, therefore, is another propositLon of 
which the 47th of the first book is a particular case. 

Prop. XII. Theor. — If through two given points two 
straight lines be drawn to meet in a given straight line, and 
to miake equal angles with it, their sum is less than the sum 
of any other straight lines drawn through the given points, 
and meeting in the given line. 

Let A, B be the given points, and GG the given line: draw 
ACE perpendicular to GG, makins GE equal to GA, and draw 
EB cutting GG in F ; join also AP : then 
(1. 4^ FA, FE are equal, and the angle 
AFC is equal to EFG, or (L 16) to BFG, 
so that AF, BF make equal angles with 
GG: AF, FB are together less uian any 
other straight lines AD, DB drawn from A 
and B to meet in GG. Join DE. Then 
(L 4) DE is equal to DA: add DB to each, 
and ED, DB are equal to AD, DB. But (L 20) ED, DB are 
greater than EFB, that is, than AF, FB, because EF, AF are 
equal: therefore also AD, DB are greater than AF, FB: and in 
the same manner it may be shown that AF, F3 are less than two 
straight lines drawn to any otherpoint in GG. 

If the given points be o and E, on the opposite sides of GG, it 
is plain that EF, FB are the shortest lines, and that they make 
equal angles with GG. 

Prop. XIIL Theor. — The sum of two straight lines 
drawn from two given points, without a given circle, and 
meeting in a convex circumference, is a minimum, when 
they make equal angles with the tangent at that point. 
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Let A, B be two points without a given circle, and C a point 
in the convex circumference, such that the 
straight lines CA, CB make equal angles 
with CE, the tangent at C: CA, CB are 
together less than the sum of two straight 
lines DA, DB drawn from any other pomt 
D in the circumference to A, B. 

Let DA cut the tangent in E, and join 
EB. Then ED, DB are greater than 
^B. Add AE ; then AD, DB are greater 
than AE, EB. But (App. L 12) AE, EB 
are greater than AC, CB, because AC, CB 
make equal angles with CE : much more, 
therefore, are AC, CB less than AD, DB. <^ 

Cor. Since the tangent makes equal angles with the radius, the 
angles FCA, FCB are equal, when the sum of AC, CB is a 
minimum. 

Prop. XIV. Theor. — The squares of the straight lines 
drawn from any point to two opposite angles of a rectangle, 
are together equal to the squares of those drawn to the 
other angles. 

Let ABCD be a lectangle, and E a pointy elthiir within the 
figure or without it; jom EA, EC ; KB« ED: the squares of EA, 
EC are together equal to the squares of EB, ED. 

Draw the diagonals intersecting m F, and join EF. Then, in 
the triangles ABC, DCB, AB, DC are equal 
BC common, and the right angles at B and C 
equal; therefore (L 4) the diagonals AC, BD are 
equal: and since (II. B, corj the diagonals bi- 
sect each other, the lines AF, BF, Cf, DF are 
all equal Now (IL A) the squares of AE, EC 
are double of the squares of AF, FE. For the 
same reason, the squares of BE, ED are double 
of the squares of BF, FE, or of AF, FE. Therefore (L ax. 1 ) the 
squares of AE, EC are equal to the squares of BE, ED. 

Schol. This proposition holds, whether the point E be in the 
plane of the rectangle or not; and the demonntratiofn is the same 
m both cases. 

Prop. XV. Theok. — The perpendiculars drawn from 
any given point within an equilateral figure to the seyeraJ 
sides, or the sides produced, are together equal to the sum 
of ^ose drawn from an^r other point within &e figure to the 
sides, or their continuations. 

Let A be any point within the eqoflateral figure BCDE, and let 
AF, AG, AH, AK be drawn perpendicular to the sides: the sum 
of these perpendiculars is equal to the sum of the peipendiculars 
drawn firom any other point within the figure to the sides. 

L 
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For, if stni^ii fines woe drawn from A to the aenaal waa^m^ 
the nckttBf^B fiC JLF would lie doable of the triangjb ABC ; tba 
reetimi^ CDJkG, or BCJL6, dooUe of 
CAD, &C. Hence (H 1) the 
der EC and the flnm <Kf the 
AF, AG, AH, &c is double' of the whole 
figcDneBCBE. In Ihe same manner it would 
be shown, that the rectan^ nnder BC and 
the Bom of the peipendicnlan drawn fironi 
aaij other noint within the fignre to the 
sides, is donole of the figore BCDE. Hence the rectangle imder 
BC and the smn of the one system of p erp end i cnlars^ is eqoal to 
the reeftan^ nnder BC and the sun of ine others^ The soms 
therefore are equal ; for if they were uieqnal, the rectangle under 
BC and one cithern could not be equal to the rectiuigle uiMler BC 
and the other.* 

Cor. 1. Since the rectangle under the side and peipendicular of an 
equihiteral triangle is double of the triangle, it n^ws that the 
perpendicular is equal to the sum of the three perpendiculars 
drawn from any pomt within the triangle to the sides. 

Cor, 2. In an equlateral and equian^;ular figure, the sum of the 
perpendiculars drawn firom any pomt within it to the sides, is equal 
to the radius of the inscribed cun^ takoi as often as the fignre has 
sides. 

Cor. 3. The sum of the two perj^dicuUiTs drawn from any 
point in the base of an isosceles triangle to the other sides, is 
equal to the sum of those drawn from any other point in the base 
to those sides, or to the j)ei|>eiidicular drawn from one of the 
equal angles to the opposite side. The method of proof is the 
same as that of the proposition, if the vertex and the point in the 
base be joined. 

Pbop. XVI. Theor. — The squares of two straight fines 
drawn from any point in a diameter of a circle, or in its 
continuation, to the extremities of a chord parallel to it, are 
together equal to the squares of the segments between the 
point and the extremities of the diameter. 

Let BDC be a circle, A a point in the diameter BC, or its con- 
tinuation, and DE a chord parallel to BC ; join AI>, AE : the 
squares of AD, AE are together equal to the squares of AB, AC. 

Through the centre F draw EFG, and join FD, AG. Then 
the angles AFD, AFG are equal, because (I. 29) they are equal 
to the equal angles FBE, FED. Therefore, m the triangles 



* If the given point were tnthout tlie equOateral flgive, it would be shown in 
a Bimilar manner, that If the sum of the perpendiculars which fkll on sides lying 
between the point and the figure, be taken from the smn of the others, the r»* 
meinder is equal to the snm of the perpendiculars to the sides from a point within 
ilie ligvre. It is oa^ to see how this will modify the corollaries to ^s proposition. 



bi^oHl] 



APPENDIX. 



948 



AFp, AFG, Binoe FD is equal to FG, FA common, and the 
contained angles equal; AD, AG (L 4) are equal. Now (II. A) 
because GF, F£ are equal, the Bquares of GA, AE, or of DA, 





A£ are equal to twice the square of GF or BF, and twice the 
square of AF. But (XL 9 or 10) the squares of BA, AC are equal 
to twice the squares of BF, AF. Therefore (I. az. 1) the squares 
of DA, AE are equal to the squares of BA, AC. 

Cor. 1. Hence (I. ax. 1) if tnere were another chord parallel to 
DE, the squares of the straight lines drawn from its extremities 
to A are Mual to the squares of AD, AE ; and the same holds 
regarding all other chords parallel to the diameter throueh A. 

Cor. 2. The squares of BA, AC are eaual to twice me square 
of the line drawn from A to the point of bisection of the arc DE. 
This may be demonstrated in the same manner as the proposition 
itself: and the line so drawn may be regarded as what AD, AE 
become, when DE recedes from tne diameter so as to be reduced 
to a point 

Prop. XYII. Theor. — If the circumference of a circle 
be cut by two straight lines which are perpendicular to one 
another, the squares of the four segments between the point 
of intersection of the two lines and the points in which 
tl^ej meet the circumference, are together equal to the 
square of the diameter. 

Let the straight lines AB, CD cut one another perpendicularly 
in the point E, and the circumference of the circle ABC in the 
points A, B, C, D : and draw the diameter AF : the sum of the 
squares of AE, BE, CE. DE is equal to the square of AF. 

Join AC, CF, FB, BD. Then (IIL 81) ACF, ABF are right 
angles ; and therefore, AEC being a right angle, FB (I. 28) is 





pamUel to CD ; and (IIL 26, cor.) tiie aixss CF, DB, and (Itt 29) 
tlieir chords are equal Now (L 47) the square of BD or CF 
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is equal to the squares of BE, ED ; and the square of AC to the 
squares of A£, EC. For the same reason, the square of AF is 
equal to liie squares of FC, C A, that is, to the squares of the seg- 
ments EA, EB, EC, ED. 

Cor. If AD, CB were jomed, the sum of their squares would 
he equal to the sum of the squares of AC, DB ; the sum of the 
squares of each pairheing equal to the sum of the squares of the 
tour segments EA, EC, EB, E^D. 

Prop. XVIII. Prob. — From a given equilateral and 
equiangular figure, to cut off as many triangles as it has 
sides, so that the remaining figure may be a regular poly- 
gon haying twice as many sides as the given figure. 

Let ABC he a given equilateral and equiangular figure: it is 
required to cut on from it as many triangles as it has sides, so 
that the remaining figure may be a regular polygon, having twice 
as many sides as tne given one. 

Li the given figure inscribe (IV. A, cor.) the circle FDE, 
touching the sides in D, E, F : bisect the arcs DE, EF, FD in 
the points G-, H, K; and through these draw tangents to the 
circle, cutting l^e sides in L, M, i4, 0, P, Q; QLMNOP is the 
polygon requu*ed. 

For if straight lines be drawn from the centre B to D, E, F, 
the quadrilaterals ADRF, BDRE, CERF have each two right 
angles at the points of contact D, E, F : therefore (L 32, cor. 1) 
the remaining angles A, DRF are equal 
to two nght angles; and so likewise are 
the two B, DRE, and the two C, ERF. 
Take away the equal angles A, B, C, and 
the remaining angles DBF, DRE, ERF 
are equal : and th^efore (III. 26) the arcs 
FD, DE, EF are equal Hence also then* 
halves, KD, DG, &c. are all equal, and 
(III. 29, and IV. 11, cor. 1) D, Q-, E, H, 
F, R are the angular points of a regular 

polygon inscribed in the circle^ which has evidently twice as many 
sides as the given figure : and therefore (IV. B) LmNOPQ is the 
polygon required, since its sides touch the circle in the points G, 
E,H, &c. 

Schol. In case of an equilateral triangle ABC, it is plain that 
the construction will be effected simply by trisecting the sides, and 
joining the points of trisection LM, NO, PQ. 

Prop. XIX. Theor. — The diagonals of a regular pen- 
tagon which meet within the figure, divide one another in 
extreme and mean ratio : and the greater segment of each 
is equal to a side of the pentagon. 

Let ABCDE be a regular pentagon, and AC, BE two of its 
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diagonals whiob oat one another in F : AC, B£ are ecush divided 
in extreme and mean ratio in F. 

Aboat the pentagon describe (FV. A, cor.) a circle. Then 
(IIL 28) the arcs AB, BO. &c. are all equal, and AC is paiaJiel 
to D£, and BE to CD : therefore CDEF is a 
parallelogram, and FC, FE ore each equal to a 
side of Qie figure. Now, the triangles ABE, 
ABF have an angle common, and (III. 27) 
AEB is equal to BAF, because they stand on 
equal arcs: therefore (VL 4, cor.) ITE : BA :: 
ifA : BF, or EB : EF :: EF : FB; whence 
(YL de£ 3) BE is divided in extreme and mean 
ratio in F: and it would be shown in the same manner that AC 
is also divided similarly in the same point. 

Cor, The segment BO is divided similarly in F. For, in the 
simiUr triangles BFO, GFA, OF : FB : : AF : FG ; or BG : BF : : 
BF : FG, because BG is equal to FC, and BF to AF. 

Prop. XX. Pbob. — On a given straight line to describe 
a regular pentagon, hexagon, or quindecagon. 

In any circle (IV. 11, 15, or 16) inscribe a figure of the kind 
required : and (VI. 18) on the given line describe one similar to it. 

tSehol, It is plain, that in the same manner, on a given straight 
line, a regular polygon may be described similar to any of those 
the method of inscnbing which in a circle was pointed out in the 
scholium to the 16th proposition of the fourth book; or, univer- 
Btdly one similar to an^r regular polygon whatever, the method of 
inscribing which in a circle is known. 

Li practice, the construction may often be efiected more easily 
without describing a similar figure in a circle. Thus; if it were 
required to describe a regular pentagon on CD (see the figiu*e for 
the preceding proposition) CD may be divided in extreme and 
mean ratio, ana on it the triangle CDA may be described having 
C A, DA, each equal to the sum of CD and its greater segment : 
then, if liie triangles ABC, AED be described, having the sides 
AB, BC, AE, ED, each equal to CD, ABCDE wiU be the re- 
Quired figure, as is evident firom the preceding proposition, and 
n-om the scholium to the eleventh proposition of the second book. 

In like manner, to describe a regular decagon on a given straight 
line BF (see the figure for the next proposition) describe the 
triangle BAF, having the sides BA, FA each equal to the sum of 
BF and its greater segment, when it is cut in extreme and mean 
ratio : then A is the centre of the circle in which the required figure 
is to be inscribed, and the construction will be completed by in- 
scribing nine other chords in the circle each equal to BF. 

Prop. XXI. Theor. — The square of the side of a regu- 
lar pentagon inscribed in a circle, is equal to the squares 
of the sides of a regular hexagon and regular decagon, in- 
Boribed in the same circle. 
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Let AF, a ndius of the eirde BGCh, be dinded (II 11) in B, 
lo that the lectang^ AFJD:=rAJ>': iiiMaribe the chmd FB 
ebnaltoAD: make the aro FG equal to FB, and join BG : then 
(TV. 11 and 16) BG, BF, AF are respectrrely tfie sides of the 
inseribed pentafpm, decacoii, and hezai^on ; and it is now to be 
pioTod that the square ofBG is eqoal to the sqoarai of BF, FA« 

Produce FA to G, and join AB, BD. Then (bj the denum- 
stration of (IV. 1^ AD, BD, BF are equal, and therefbre, 
(in. 3, oor. 1) D£, £F are equal. Now 
(IIL 35} the square of BE is equal to the 
rectan^ (}E JSF ; and four times the 
square of BE, or (IL 4, cor. 2) the square 
or BG, is equal to the rectangle under 
6E, and four times EF ; that is, nnoe 
AF is equal to AG, and four times EF 
equal to twice DF, BCrr 2AF.DF+ 
MLD.DF+2DEJ)F. For 2 AF.DF sub- 
stitute AD'-|-AD', which (const) is equal 
to it : and for 2DEJ>F put its equal DF*: 
then BG'=AD«+AD*+2ADJDF+DF«. But (IL 4) the last 
three terms are equal to the square of AF, and the square of AD 
to the Muare of BF : therefore BG^ BF'+AF*. 

Cor, Hence we have the following easy and elegant method of 
inscribing a regular pentagon and &cj^n in a circle. Draw the 
two perpendicular mameters GF, HET: bisect AK, one of the 
radii, in L, and join QL: make LM equal to LG, imd join GH. 
Then it is plain (IL 11) that the square of AM is equal to the 
rectanele AH.HM ; and therefore AM is the side of the decagon ; 
while MG is that of the pentagon, its square being (L 47) equal to 
the squares of GA, AM, the sides of the hexagon and decagon. 

Prop. XXII. Prob. — To divide a given straight line 
into two parts, such that the square of one of them may be 
equal to the rectangle contained bj the other, and a given 
straight line. 

Let AB, AG be two siven straight lines: it is required to divide 
AB into two parts, sucn that the square of one of them may be 
equal to the rectangle under AG and the other. 

On GB, the sum of the given lines, describe the semicirele GDB, 
and draw AD perpendicular to GB ; bisect GA in E, and join 
DE ; and make EF equal to ED : then the square of AF is equal 
to the rectangle AG.FB. 

Describe the semicirele GGA, cutting ED in G, and join GFl 
Then, because FE, EG are respectively equal to DE, EA, and the 
angle FED common, GF is equal to AD, and 
the angle EGF, to EAD, which is a right 
angle, and therefore GF touches the cirele 
GGA. Henoe(IIL 35) the rectangle G A. AB 
is equal to the square of AD, or of FG. or 
(IIL 36) to the rectangle GF.FA. But 
(IL 1) the rectangle GA.AB is equal to the 
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two CA.AF, CA.FB, and (II. S) the rectangle CF.FA is equal 
to C A.AF and the square of AF. From these equals take away 
the rectangle GA.AF, and there remaiufl the rectangle A.FB 
equal to the square of AF. 

Sehol, The eleventh proposition of the second hook is the parti- 
cular case of this prohlem m which the given lines are equal. 

Prop. XXIII. Pbob. — To divide a given straight line 
into two parts, such that the rectangle contained bj the 
whole and one of the parts may have a given ratio to the 
square of the other. 

Let AB (see the last figure) be the given line ; it is required to 
divide AB into two pans, such that the square of one of them 
may have a given ratio to the rectangle under AB and the other. 

Let the given ratio of the rectangle to the square be that of AB 
to AC : then, the construction being made as in the last proposi- 
tion, F is the point of section requir^. For, as was there proved, 
the rectangle CA.FB is equal to the square of AF. But (VI. 1) 
the rectangle OA.FB has to the rectangle AB.FB the same 
ratio that OA haa to AB. Therefore the square of AF has to 
the rectimgle AB.FB, the same ratio that OA has to AB. 

SchoL The eleventh proposition of the second book is also a 
ease of this ; being the same as this proposition, when the given 
ratio is a ratio of equality. 

Prop. XXIV. Prob. — To draw a common tangent to 
two given circles. 

Let BDG, FUG be given circles ; it is required to draw a com- 
mon tansent to them. 

Join tneir centres A, E, and make BK equal to FE : from A as 
centre, with AK as radius, describe 
a circle cutting another, described 
on AE as diameter, in M : draw 
AM, meeting the circle BCD in B ; 
and draw EH parallel to AM : join 
DH ; it touches both the given cir- 
cles. 

For MD, EH, which (const) are 
parallel, are equal to one another, 
because each of them is equal to 
KB: therefore (L 33) DH is paral- 
lei to ME. Now, (IIL 31) the an- 
gle AME in a semicircle is a right 
angle; and therefore (L 29) the 
angles ADH, DHE are rightangles, 
.and (III. 16, cor.) DH touches both 
the circles, since it is perpendicular 
to the radii AD, EH. 

SeAioL In the first figore the circles lie on the same side of the 




248 AFFENDIZ. [BOOK fm 

taDgieDt, which is therefore exterior to them; bat m the aeoond 
the tangent is transrerse, or lies between the circles. It is fJain 
also, tluht in these figores, by nsing the point L instead of M, 
another exterior and another transverse tangent wonld be obtained: 
and this will always be so, when each of the circles ties whoDr 
witboot the other, and does not touch it But if the dicles tonm 
one another extemaliy, the two transverse tangents coalesce into 
a single line passing through their point of contact : if they cut 
one another, tnere will be two exterior tangents, bat no transrerse 
one : if one of the circles toach the otl^ internally, they can 
have only one common tangent, and this passes throi^h th w 
point of contact : and, lastly, if one of them lie wholly within tiie 
odier without touching it, they can have no common fiangent. 

If the circles be eauaJ, the points of contact of the exterior com- 
mon tangents are tne extremities of the diameters perpendicular 
to the line joining the centres : for (L 33, and 29) toe lines coo- 
necting the extremities of these towards the same parts are 
perpendicular to the diameters^ and therefore (IIL 16, cor.) they 
touch the circles. 



Prop. XXV. Theob. — If a common tangent to two 
circles cut the straight line passing through &eir centresy 
the segments between the point of intersection and ihe cen- 
tres, are proportional to the radii. 

Let Ay 6 be the centres of two circles, and CD an exterior com- 
mon tangent meeting AB produced in E ; AE : BE : : AC : BD. 

For the triangles CAE, DBE 

are equiangular, and therefore ^ -^ 

(VL 4) AE : AC : : BE : BD, 
and alternately, AE : BE : 
AC ; BD. 

In like manner, if the trans- 
verse common t^gent FG- cut 
AB in H, the triangles AFK 
BGH are equiangcdar, and 
therefore (VI. 4, and alternately) AH : HB :: AF : BG. 

Cor. 1. Since AC : BD : : AE : BE, we have, by division, AC 
— BD : BD : : AB : BE. It would be shown, in a similar way, 
that the distance from B to the point in which the other exterior 
common tangent cuts AB produced would also be a fourth pro- 
portional to AC— BD, BD, and AB. The two exterior taiigents^ 
therefore, both pass through the same point E. It would appear, 
in tike manner, by composition, from the analogy, AF : BG : : 
AH : HB, that the two transverse tangents both pass through the 
same point H. 

C<yr. 2. Since AE : BE : : AC : BD, and AH : HB ; : AC : 
BD; therefore (V. 11) AE : BE : : AH : HB; and (VI. def. «) 
AE is divided harmonicaUy in H and B. 
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Prop. XXVI. Theqr. — If on the three sides of anj 
triangle, equilateral triangles be described, either all ezter- 
nallj,. or all internallj ; straight lines joining the centres of 
the circles inscribed in those three triangles, form an equi- 
lateral triangle. 

On the three sides of any trianji^le ABC, let the equilateral tri- 
angles ABD, BGF, GAE be described extemaUy, and find G, 
U, K, the centres of the circles de- 
scribed in those triangles ; draw G-H, 
HK, KG; GHK is an equilateral 
trianele. 

Jem GA, GB, HB. HC, HF, KC, 
AF. Then the angle FBC is two 
thirds of a right angle, and the angles 
GAB, GBA, FBH, BFH, each one 
third. The triangles FBH, ABG are 
therefore similar, and (VL 4) FB : 
BH : : BA : BG ; whence, alternately, 
FB:BA::HB :BG; that is, in the 
triangles FBA, HBG, the sides about 
the angles FBA, HBG are propor- 
tioaal; and these angles are equal, 
each of them being equal to the sum of 
the angle ABC and two thirds of a right angle.* Hence (VI. 0) 
these triangles are equiangular; and therefore (VI. 4) FB or BC : 
FA : : BH : HG ; and it would be shown in the same manner, bv 
means of the triangles ACF, KCH, that FC or BC : FA : : CH': 
HK; therefore (V. 11) BH : HG : : CH : HK. But BH is equal 
to CH, and therefore (V. 9) HG is equal to HK ; and it would be 
demonstrated In a similar mamier, that HG, HK are each equal 
toGK. 

If the equilateral triangles were described on the other sides 
of the lines AB, BC, CA, the angles ABF. GBH would be the 
difference between ABC and two thirds of a right angle ; but 
the rest of the proof is the same. 




* If ABC exoeed a right angle and a third, the timi of It and two thirds of a 
rjlght angle is greater than two right angles. In that oase* the angles ABF, 
OBH, undentood in the ordinaiy sense, are each the dlflferenoe between that sum 
and four right angles. If ABC be a right angle and a third, the sum becomes two 
right angles, and FB, BA are in the same staaight line, as are also HB, B6. In 
this ease it is proved as befbre, that FB : BA :: HB : BO; and then (V. E, 
cor.) FB or BC : FA t: HB : HO. The rest of the proof would proceed as 
abore. 

It may be remariced, that if an equilateral triangle be described on a straight 
Hoe, and if on the two parts into which it is divided at any point, other equilateral 
triangles be described, lying in the opposite direction, the lines joining the centres 
of the three equilateral triangles will also form an equilateral triangle. The con. 
nezion of thla and the proposition in the text will be perceived by supposing two 
angles of the triangle continually to diminish, till they vanish, as the triangle may 
thus be conceived to become a.iMght line. 
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Pnop. XXY 11. Theob. — If on the hjpotenuBe <^ a 
right-angled triangle, a rectangle of anj altitude he de- 
scribed, and straight lines be drawn from the right angle to 
the remote angles of the rectangle, dividing the hypotenuse 
into three parts ; the rectangle of tbe extreme parts is to 
the square of the middle one, as the square of the altitude 
of the rectangle, is to the square of the hypotenuse. 

On BO, the hrpotennae of the right-angled triangle ABO, let 
the rectangle BI5E0 be described, and let AD, AE m drawn cut- 
ting BO in F and G; BF.GO : FG« : : BD> : B0>. 

Pioduce AB, AO, and let them meet DE produced in H, K. 
Then (VL 21) the triangles HDB, 
OEK are similar to one another, 
each of them being eyidenUy similar 
to the triangle UAK. Therefore 
HD : DB :: EO or DB : EK; 
whence (VL 17) HD.EK=BD*. 
But it is easy to show that BF : 
GO : : HD : EK; and therefore, 
(VI. 1) BF.GO : G0« : : HD.EK 
or BD* : EK»; wh«ice alternately, BF.GO : BD* : : G0» : EK, 
It IB alBO plain, that GO : EK :: FG : DE or BO; and therefare 
(VI. 22) GO" : EK» :; FG" : BO*. Hence (V. 11) BF.GU : 
BD» : : FG" : BO"; a»d, alternately, BF.GO : FG" : ; BD» : 
BO". 

Sehol, If, as in the figure for the 47th proposition of the first 
book of Euclid, BD, BO be equal, the rectangle BF.GO is equal 
to the square of FG; and therefore (VI. 17) FG is a mean 
proportional between BF and GO. In this case also it is 
manifest that if AB, AO be equal, the hypotenuse is trisected in 
FandG. 

If, agidn, BD be the side of a square, of which BO is the diago- 
nal, so that the square of BO is aouble of the square of BD, ue 
square of FG is double of the rectangle BF.GO. 



Peop. XXVIII. Theob.— Let A, B, be the centres 
of three unequal circles, and let the straight lines passing 
through them be cut in D, E, F by exterior common tan- 
gents to each pair: D, E, F are in the same straight line^ 

Join DE, EF, and draw OG parallel to F£ : and for bfe^ky 
put a. 6, c to denote respectively uie radii from the centres A« ]d, 
0. Then, (App. L 25) c : a : : OF : AF. But (VL 2) OF : 
AF : : GE : AE ; therefore (V. 11) <? : a : : GE : AE. Also, 

iApp. L 25) a : 6 : : AE : BE ; therefore, ex obouo, c : b :: GE,: 
)E. Again, e : 6 : : OD : BD; therefi»ie (V. 11) GE : BE ^: 
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CD : BD; whence (VI. 2) GC, DB are paranel. Hence, since 
Xconst) £F is parallel to GhO, DE, £F are in the same straight 




line ; for if they were not, two intersecting straight Unes would 
he hoth parallel to the same straight line, which (L 29, cor. 2) 
is impossible. 

Prop. XXIX. Theor. — If through the point of bisec- 
tion of the base of a triangle, a straight line be drawn cut- 
ting one of the other sides and the remaining one produced, 
and cutting a parallel to the base through the vertex; the 
straight line intercepted between the two extreme points 
thus obtained, is divided harmonicallj bj the other two. 

Let ABC he a triangle, D the middle point of its base, and 
AE a parallel to CB; draw any straight line 
through D, catting AB, AE, CA produced, in 
FrE, G: then D(f : GB : : DF : FB. 

For, in the similar trian^es GCD, GAB, GD : 
GB :: CD or BD : EA; and in the simUar 
triangles BDF, AEF, BD : BA : : DF : FE. 
Hence (V. 11) GD : GB :: DF : FB; and 
therefore ( VL def. 5) DG is divided harmonically 
in F and B. 

In the same manner it would be shown, that 
G'D : G'E' :: DF : F'B'; and therefore E'G' is divided har- 
monically in D and F. 

Cor, Hence, if through D the middle point of the base, DFG 
be drawn, and if AB to drawn, so that GD is divided harmoni- 
cally in E and F, AB is parallel to BC. For, if not, draw AH 
eurallel to BC. Then, by this proposition, GH : HF : : GD : 
F ; and therefore (V. 11) GB : EF : : GH : HF, which (V. 14) 
IB absurd. Therefore AB is parallel to BC. 

Prop. XXX. Theor. — If through the extremities and 
points of seotioQ of a straight line divided harmonicallj, 
straight lines be drawn to any point without the line, these 
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four lines divide harmonically any straight line that fidls 
upon them, or their continuations. 

Let AB be a straight line divided harmoxucally in C and D, 
and E apoint without it ; join EA, EC, 
ED, EB : any straight Ime FGHK, 
falling on theee, is divided harmonically 
in G and H. 

Throngh D draw LM (App. I. Y, cor. 2) 
BO that LD may be equal to DM, and 
through H draw NO parallel to LM. 
Then, in the similar triangles LDE, 
NHE, and MDE, OHE, LD : NH : : 
DE : HE, and DM : HO : : DE : HE, 
whence (V. 11) LD : NH : : DM : HO; and therefore (V. 14) 
because LD, DM are equal, NH is equal to HO. Again, since 
LD, DM are equal, EF (App. L 29, corOia parallel to LM, and 
therefore (L 30) to NO : and since FGHK. is drawn through the 
middle point of NO, the base of the triangle ENO, it is (Svided 
harmomcally (App. L 29) in G and H. 

Prop. XXXL Theor. — K through any point in the dia- 
meter of a circle produced, two straight lines be drawD 
making equal angles with the diameter, and cutting the 
circumference in four points, the straight lines joining the 
opposite points intersect one another in the diameter : and 
their point of intersection and the circumference divide the 
produced diameter harmonically. 

Let A be a point in the diameter BO produced, and let the* 
straight lines ADE, AFG, making equal angles with AB, cut tbe 
circumference in D, E, F, G : the straijght Imes ioining DG, EF, 
ciit BO in the same point H, and AB is divided harmonieakUy in 
H and C. 

Join BE, BG, DB, DC. Then (HL 8) AD is equal to AF, 
and AE to EG ; and the andes ADG, AFE are equal, being 
supplements of the angles EDG, EFG in the same segment. 
Hence the triaugles in which are 
these two angles and the equid 
angles at A, and which have the 
equal sides AD, AF, have (L 26) 
their sides which are opposite to 
ADG, AFE, equal, and conse- 
quently DG, FE must tout AB in 
the same point H. Now, since 
AE, AG are equal, AB common, 
and the angles at A equal, thi 
chords BE, BG are (L 4) equal, and therefore (lU. 28) the ares 
themselves. Hence (IH. 27) the angles BD£, BDG are equal« 
and BD bisects the exterior angle EDH of tbe triangle ADH. 
Again, BDC is (HI. 31) a light angle, and is therefore equal to 
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the two BDE, ADC: from these equals take the equals BDO, 
BDE, and the remaining angles ODH, CDA are equal: and 
therefore, since DC, DB bisect the interior and exterior angles at 
the T^rtex of the triangle ADU, BA is divided harmonically 
(VL A, cor.) in C and H. 

SchoL 1. Smce BA : AC :: BH : HC, the ratio of BH to HC 
is always the same, so long as A is a fixed point : and therefore, 
however the positions of the points D, E, F, G- may vajry, provided 
the angles at A are et^uaX, ike transverse lines DG-, WE will al- 
ways cut the diameter m the same point H. 

Schol. 2. Converselyjwere a point H taken in the diameter, and 
transverse chords DG-, EF dra.wn through it, making equal angles 
with the diameter, it would be shown in a similar manner, mat 
the straight tines EDA, GFA, each passing through the extremi- 
ties ^at lie on the same side of the diameter, would always meet 
in the same point in the continuation of the diameter, and lliat 
BA : OA :: BH : HC. 



Prop. XXXII. Theor. — If in the diameter of a circle 
and its continuation, two points be taken on the opposite 
sides of the centre, such that the rectangle under their 
distances from the centre may be equal to the square of 
the radius, any circle whatever described through 
these points, bisects the circumference of the other 
circle. « 

Let ABC be a circle, D a point in any diameter, and E a point 
in the same diameter produced on the opposite side of the centre 
F: then, if the rectangle DF.FE be equal to the square of the 
radius, any circle GhDHE described through 
D, E, bisects the circumference of ABC. 

Through G, one of the ooints of inter- 
section of the circles, draw GFH a chord of 
GHE. Then (|n. 36) the rectangle GF.FH 
is equal to the rectajigle DF.FE, that is, 
(hyp.) to the square of the radius GF. 
Hence GF, FH are equal, and H is a point 
in the circumference of the circle ABC. But GH is drawn 
through its centre, and is therefore, a. diameter; wherefore its cir- 
cumference ii bisected in the points G, U. 



Prop. XXXIII. Theor. — A straight line drawn from 
the point of intersection of two tangents of a circle to the 
concave circumference, is divided humonicallj by the con- 
vex circumference and the chord joining the points of 
oontact. 
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Through the point A let the tangents AB, AC be drawn to.the 
circle BFC, ana let BC join the points of contact; any straight 
line ADEF drawn from A to the concave 
circumference, is divided harmonically in 
DandE. 

For (III. i1, schoL) AB, AG are equal ; 
and therefore (II. 5, cor. 6) A6' or (III. 
86) FA.AD=AE»-|-BE.EC ; or (II. 1, 
and IIL 35) FE.AlD4.EA.AD = AE»-f 
FE.ED=:(IL 2) AE.ED-f-EA.AD + 
FE.ED. Take away EA.AD; then, since (H. 1) AE.ED+ 
FE.ED=AF.BD, the remainder becomes FE.AD=:AF.ED; 
whence (VH6) AF : AD :: EF : ED. 




Prop. XXXIV. Theor. — ^If four circles bo described, 
either all outside, or all inside, of any quadrilateral, each 
of them touching three of its sides, produced or not pro- 
duced ; the circumference of a circle will pass through all 
their centres. 

Let ABGD be the quadrihiteral, and E, F, G, H the centres of 
the external circles, each touching three sides; a cirde may b# 
described through E, F, G, H. 

Jom AE; BE, BF, &c. Then, since AE, AH bisect two ver- 
tical opposite angles, HAD is equal to EAK, and (L 14, cor.) 
EAH IS a stnu^t line. For the same reason, EBF, FO€b 
GDH are straight lines. Now (L 13) 
the four exterior angles KAB, ABL, 
NGD, GDM, and the four interior ones, 
A, B, G, D, are equal to eight risht 
aisles; but the interior are equal to 
four right angles ; therefore . also the 
exterior are equal to the same. 
Aeain, the angles EAB, EBA are the 
hcQves of one pair ot those exterior 
angles, and GGD, GDG the halves of 
the other pair : these four halves, therefore, are equal to two 
right andes; and if they be taken from four right angles, the 
sum of we angles of the triangles ABE, GDG^ there remain 
the anffles E, G equal to two riffht angles ; and therefetd 
(App. L 4) a circle may be descri&d about the quadrilateral 
EFGH. ^ 

When the circles are described internally, the proof proceeds on 
the same general principle, but it is rather more simple.* 




^ :.!» 



* If, in thig cue, the circla which tonohes three of the rides, toqohee also the 
Ibtnrth, the four circles, as also'their centres, may he regarded aa eoiacidiBg^ laid 
Ike cirde passing through the fiHir oeutarea is reduced to a paint. 




h&m h] AFFBKDIZ. 2a5 

Paop. XXXV. Pros. — To divide a given straight line 
into two parts, such that their rectangle may be equal to a 
given space, not exceeding (II. 5, cor. 2) the square of half 
the given line. 

Let AB be a ciyen straight line: it is required to divide it 
into two parts, suSi that their rectangle mav be equal to a given 
space, not greater than the square of we hall of AH. 

Bisect AB in G ; then if the ^ven space 
be equal to the square of AC or CIB, A& is 
ajyiaed in C in tiie manner required. But if 
not, on AB describe a semicircle ; draw ED 

paiallel to AB, and at a distance equal to the i ^ — ^-^ 

side of a square containing the given space; 

and draw DQ- perpendicular to AB ; Q is the point of section 

required. 

For (VI. 13) DO- is a mean proportional between AG-, GB, and 
(VI. 17) the rectangle AG.GB is equal to the square of GD; that 
ift (const) to the given space. 

Pbop. XXXVI. Prob. — To produce a given straight 
Mne, so that the rectangle under the whole produced line, 
and the part produced, may be equal to a given space. 

Let it be required to produce a given straight line AB, so that 
the rectangle under the whole produced line, and the part added, 
may^ be equal to the square of a given 
straight line 0, 

Bisect AB in D, and draw BE peipen- 
dieular to AB, and equal to G : from V as 
centre, at the distance DE, describe a 
semicircle cutting AB produced in F and 
G : either of these is the extremity of the c 

produced part 

For (VI. 13) BE is a mean proportional between GB, BF, or 
AF, BF, since AF, GB are obviously equal. Therefore (VI. 17) 
the rectangle AF.FB is equal to the square of BE, that is, of 0. 

SchoL This proposition and the foregoing are the most useful 
eases of the 28th and 29th of the sixth book. 

. Prop. XXXVII. Theor. — A line ABC, whether curved 
or polygonal, which is convex throughout, that is, which 
can be cut by a straight line in only two points, is less than 
any line, whether curved or polygonal, which envelops it, 
from one end to the other. 

For, ii^ ABC be not shorter than any of the lines that envelop 
it, some one of those Unes will be less than any of the others, and 
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will be either lera than ABC, or, at most, eqaal to it Let 

AHFGEO be that line, and draw the straight 

line DG catting it in D, 6, and either tonching 

ABC, or not meeting it Then DG is leas than 

DUFG, and conseqaently (L az. 4) ADGEC 

is less than AHFGEC : but, by hypothesis, 

AUFGEC is less than any other enveloping 

line; and jet the enveloping line ADGEC is 

less than it, which is absnid ; therefore every enveloping line ia 

greater than ABC. 

Sehol, In exactly the same manner it may be 
shown, that a convex line returning into itself, is 
shorter than any line enveloping it on all sides, and 
either touching it, or encompassing it without 
touching it 

Prop. XXXVIII. Theor. — The circumferences of cir- 
cles are to each other as their radii. 

Let AB, CD be the radii of two circles ; their circumferences 
are proportional to these. 

For, if the circumference of the circle OR be not to that of 
FK, as AB to CD, AB will be to CD, as the circumference of 
OR to the circumference of a circle having a radius either less or 
greater than CD : and first, suppose its radius to be CE, less than 
CD. In the circle FK inscribe a regular polygon, the sides 
of which -mil not meet the circle EN, and m 'OR describe a 
similar polygon.* 

Then,fif AT, AO, CM, CF 
were joined, we should have 
( VL 4) TO : MF : : AT or 
AB : CM or CD. But ( VL 
20, cor. 4) the perimeter ot the 
pcjygon in OR is to that of the 
polygon in FK, as TO to MF, 
that IS, as AB to CD ; and, by 
hypothesis, AB is to CD, as 
liie circumference of OR to 
the circumference of EN; 

therefore (V. 11) the perimeter of the polygon in OR is to that of 
the polygon in FK, as the circumference of OR to the circumfe- 
rence of EN, which (V 14) is absurd ; as, by the preceding propo- 
sition, tiie first term of this analogy is less than the third, and the 
second greater than the fourth. Hence, AB cannot be to CD, as 
the ciremnference of OR to a circumference less than that of FK: 
and it would be proved in a similar manner, tiiat CD cannot be to 
AB, as the circumference of FK to a circumference less than that 

of (Jr. 




* The method of effecting the oonstniotioD here pointed out, is evident from 
the l€th propositioD of the twelfth book. 
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Neither can AB be to CD, as the circum^enoe of OR to one 
greater than that of FK. For if it could, we should have, by 
mversion, CD to AB, as a circumference greater than that ot 
FK to the circumference of OR, or, which is equiyalent, as the 
circumference of FK to one less than that of OR. But this has 
been proved to be impossible: wherefore AB is to CD, as the 
circumference of OR to the circumference of FK. 

Cor, Hence the arcs of sectors which have equal angles, are as 
the radii of the sectors. For the arcs are evidently proportional 
to the entire circumferences, the angles at the centres being equal. 

Prof. XXXIX. Thbor. — The area of a circle is equal 
to the rectangle under its radius, and a straight line equal 
to half its circumference. 

Let AB be the radius of the circle BO : the area of BO is equal 
to the rectangle under AB, and a straight line D equal to haii the 
circumference. 

For, if the rectangle AB.D be not equal to the circle BO, it is 
equal to a circle either greater or less than BG. First, suppose, 
if possible, the rectangle AB.D to be the area of a circle EF, 
of which the radius AK is greater than 
AB, and let GHK be a regular polygon 
described about the circle BO, such mat 
its sides do not meet the circumference of 
EF. Then, by dividing this polygon into 
triangles by radii dra^^n to G, H, K, &c. 
it would be seen that its area is equal to 
the rectangle under AB and half its peri- 
meter. But ( App. I. 87) the perimeter of 
the polygon is greater than the circum- 
ference of BO : and therefore tiie area of 

the polygon is greater than the rectangle . 

AB J), that is, by hypothesis, than the ° 

area of the circle EF, which is absurd, since the polygon is only a 
part of that circle, being contained within it lie rectangle 
AB.D, therefore, is not equal to the area of any circle greater 
than BO. 

In the second place, this rectangle cannot be less than BO. 
For suppose, if possible, that it is equal to the area of a circle 
describea from A as centre, within BO. Then, by describing 
about that circle a regular polygon, the sides of which would not 
meet BO, it would be shown as oefore, that the area of the poly- 
gon would be equal to the rectangle under half its perimeter and 
the radius of the interior circle, and would therefore be less than 
the rectangle AB.D, because AB is greater than the radius, and 
(App. I. 37) D greater than half the perimeter. Therefore tlie 
polygon being less than AB.D, would be less than the circle about 
which it is described, which is absurd. 

Hence the rectangle under the radius AB and half the circum- 
ference, is not equalto a circle greater than BO, nor to one less : 
it is therefore equal to BO. 
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Ccr. 1. Henee tbe sniftee of a sector ALM is equal to the 
rectande under he radias and half its are. For the <arde BO it 
to Af.M^ as the cIraamfiereDoe of BC to the arc LM, sectors aai 
ares benog yruportlonal (YL 83) to their angles at the eeafanB. 
Hence, by halymg the third and Ibarth terms; BC is to ATjM, aa 
D to |LM, or as DJiB to ILULAB: theiefbie (V. U)UM.AB 
is equal to the sector ATjM, becaose BO is equal co DJLB. 

Cor. 2. Let the drcnmferenoe of the cirole whose diameter is 
miity, and consequently half the circomference of the circle whose 
radius is unity, be denoted by ^. Then ( App. L 38) I is to 7, as 
2 AB to the cireumference of BC. Hence we find the drcumfer* 
ence to be 27X AB ; and multiplying half of this by the radios 
AB, we find the area to be eooal to ^X AB*. Hence the atea of 
any eirele is found by multiplying Ute square of its radius by tks 
eontXamit number ^, which, as will be shown in the scholium to the 
next proposition, is 3*141593, nearly. 

Prop. XL. Pbob. — The area of a regular inscribed poly- 
gon, and that of a regular circumscribed one of the same 
number of sides being given ; to find the areas of the regular 
inscribed and circumscribed polygons having double, tbe 
number of sides. 

Let A be the centre of the cirele, BC a side of the inscribed 
polygon, and DE parallel to BC, a side of the circumscribed one, 
Vrttw the perpenoicular AFG, and 
the tangents BH, CK. and join BG : 
then BG wiU be a side of the in- 
scribed polygon of double the number 
of sides; and (IV. B) HK is a side 
of the similar circumscribed one. 
Now, as a like construction would 
be made at each of the remaining 
angles of the ^lygon, it will be nm- 
ficient to consider the part here re- 
presented, as the triangles connected 
with it are evidently to each other, as the polygons of which they 
are parts. For the sake of brevity, then, let P denote the polygon 
whose side is BC, and P' that whose side is DE ; and, in uke 
manner, let Q and Q', represent those whose sides are BG and 
HK : P and P', therefore, are dven ; Q and Q', required. 

Now (YI. 1) the triangles a£F, ABG are proportional to their 
bases AF, AG, as they are also to the pdygons P, Q; therefore 
AF : AG : : P : Q. The triangles ABG, ADG are likewise as 
their bases AB, AD, or (Vl. 4) as AF, AG; and they are also as 
the polygons Q and P' : therefore AF : AG : : Q : F; wherefore 
(V. 11.) JP : Q : : Q : F; so that O is a mean proportional be- 
tween the given polygons P, F ; and, representing them by num- 
bers, we have Q^ssPF, so that the area of Q fmllbe computed by 
tnvUiplymg VbyV, and extracting the square root ^ eAe prodttiU^ ^ 
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A;|ram, because AH bisects the angle GAD, and because the 
triangles AMD, AHG- are as their toses^ we have GU : HD : : 
AG : AD, or AF : AB : : AHG : AHD. But we have ab^ady 
aeeo that AF : AG : : P : Q j and therefore (V. 11) AHG : AHD 
: : F : Q. Hence (V. E, cor.) AHG : 
ADG : : P : P+ Q ; whence, by douV 
ling the antecedents, 2AHG : ADG : : 
2P : P+Q. But it is evident, that 
\^atever part the triangle ADG is of 
P', the same part of the polygon Q' is 
the triangle AHK, which is double of 
the triangle AHG. Hence the last 
analogy TOComes Q' : P : : 2P : P-|- 
Q. iNow (V. Sup. 2, cor. 1) the pro- 
duct of the extremes is equal to the 

pfoduct of the means ; and therefore Q' wUl be computed by divid- 
tng twice ike product of P and P by P-j- Q; and the mode of 
fimiing Q has been pointed out already. 

SohoL This proposition enables us to find the approximate ratio 

of the diameter and curoumference of a circla Thus, let the radius 

be 1, and it is plam that the area of the circumscril^ square is 4, 

and that of the inscribed one 2, being (1. 41) half of the circum- 

aeribed one. Put therefinre P=2 ana Prs 4 ; and by the metliods 

found above, we have the area of the inscribed octagon Q =: V S» 

16* 
fwd the areaof the circumscribed octagon Q's ^-77-70 ' or by actual 

eOfflpntation, Q = 2*8284271, and Q' =s 3*31 37085. By using these 
numbers instead of P and P, we should find the areas of the 
inscribed and circumscribed regular polygons of sixteen sides. 
From them, in like manner, we should derive the areas of regular 
polygons of thirty-two sides : and thus, we may proceed as hx 
as we please, eacn succeeding operation giving the areas of the 
inscribed and circumscribed jxMygons of double the number of 
sides of those employed in nndmg them. By tiiis means the 
following table has Men calculated, the decimals having been 
carried out to eight places, and the last rejected, so as to secure 
their accuracy for seven places. 

MVimlier of Sides. Inscribed Polygon. Circumscribed Polygon. 

4 2*0000000 4-0000000 

8 2-8284271 8-3187086 

Itt 8-0614674 ..« 8-1826970 

32 3-1214461 8-1617249 

64 8-1365486 3-1441184 

38 8-1403811 3-1422236 

266 3-1412772 3-1417504 

612 8-1415138 8-1416321 

1024 31416729 81416025 



* By en eeqr end weU-known elgebreic operation (see the Author's Algebra, 
peff»66>, this may be reduced to tbe preferable fonn, 4(/^8— 2). 
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2048 3-1415877 3*1416951 

4096 3-1415014 3*141593S 

8192 3-1415923 3*1415928 

16384 3*1415925 8*1415927 

32768 3*1415926 3*1415926 

Now, as the area of the drde is intennediate between the areas 
ai the inacfibed and dxeumaeribed ^IjgoDs, and as the areas oi 
the last two in die table are tiie same m all the fisores to which 
they are earned out, it IbDows that the area ot uie circle mnat 
also be 3*1415926 : and as» by the last prc^xMitioOy this is equal to 
the product of the radius 1, and half uie circumference, the hAlf 
circumference to the radius 1, or the whole circumference to the 
diameter 1,18 the same number 3*1415926. This number is usually 
denoted by «*.* 

Prop. XLI. Theor. — If the diaunetor of a circle be di- 
vided into any two parts, AB, BC, and if semichrdes ADB, 
BEG be described on opposite sides of these, the circle is 
diyided by their arcs mto two figures GD£, FED, the 
boundary of each of which is equal to the circumference of 
FG ; and which are such that AC : BC : : FG : FED, 
and AC : AB : : FG : GDE. 

For (Afp. L 38} the circumferences of circles, and consequently 
the halTes of their circumferences, are to one another as the& 
diameters : therefore AB is to AC, as the 
arc ABB to AFC, and BC is to AC, as the 
arc BEC to AFC. Hence (V. 24^ AC is 
to AC, as the compound arc AIjEC to 
AFC : thereftfe AuEC is equal to half 
the circumference; and the entire boun- 
daries of the figures GDE, FED are each 
equal to the circumference of FG. 

^ain, (XTI. 2) circles, and consequently 
semicircles, are to one another as the squares 
of tiieir diameters : therefore AC* is to AB* as the semicircle AFC 
to the semicircle ADB. Hence, since (IL 4) AC* = AB*-|- 



* This number, when carried out to more places, is found to be 3*14158965358979, 
&c. ; and by the method now pointed out, or bj others still easier, espedally by 
series* ftimished by the modem analysis, it may be continued to any eztentwhat- 
erer. It cannot be determined, however, with c<xnpl«te predion ; and hence the 
celebrated problem of the quadrature of the drcle can be solved only by stpiirwd- 
mation. 

The ratio of 1 to r is nearly that of 7 to 22, which gives by division 3*1428. Thia 
i^rees with the yaloe of v, so far as to produce an error in excess in the circum- 
ference, wliich is only a little more thui the eight hundredth part of the radiM.* 
and on account of the smallness of the numbers, it is mudi used, when great aoou* 
racy is not required. The approximate ratio of 113 to 355, discovered by Bletius, 
is also very convenient, and is so near the truth, as to give an error in excess in the 
circumference, not much exceeding a four millionth part of the radius. 
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2AB.BC4-BC^ we find by conversion, that AC is to 2AB.BC-f 
BC^ as tne semicircle AFC to the remaining space BDAFG ; 
whence, by inversion, 2AB.B0 +BC» is to AC*, as BDAFO to 
the semicircle AFC. But BC is to AC, as the semicircle BEC 
to the semicircle AFC ; and therefore (V. 24) 2AB.B0 -t-2BC is 
to AC^ as the compoond figure FDE to the semicircle AFC. 
But (II. 3) 2AB.BC4-2BC»=2AC.BC, and (VI. 1) 2AC.BC : 
AC : : BC : ^AC. Hence the preceding analogy becomes BC to 
^AC, as FED to the semicircle, or by £nbling the consequents, 
and by inversion, AC to BC, as FGfto FED: and it would be 
proved, in the same manner, that AC : AB : : FG : GDE. 

Cor, Hence we can solve the curious problem, in which it is 
required to divide a circle into any proposed 
number of parts, equal in area and ooun- 
dary ; as it is only necessary to divide the 
diameter into the proposed number of equal 
parts, and to describe the semicircles as in 
the annexed diagram. Then, whatever 
part AB is of AD the same part is LEF 
of the circle KL ; and AC bemg double of 
AB, LGH is two of these parts : GEFH 
is therefore one of them; and so on, what-i 
ever is their number. Their boundaries are also equal, the 
boundaiy of each being equal to the circumference of the circle.* 




Prop. XLIL Prob. — To divide a given circle ABC 
into any proposed number of equal parts, bj mef^ms of con- 
centric circles. 

Divide the radius AD into the proposed number of equal parts, 
suppose three, in the points E, F, 
and through these points draw per- 
pendiculars to AD, meeting a semi- 
circle described on it as diameter 
in G, H ; firom D as centre, at the 
distances DG, DH, describe the 
circles GI, HK: their circumfer- 
ences divide the circle into equal 
parts. 

Join AH, DH. Then (VL 20, 
cor. 2) AD, DH, DF being con- 
tinual proportionals, AD is to DF, 
as a square described on AD 
is to one described on DH. But (XIL 2) cuxdes are propor- 
tional to the squares of their diameters, ana conseqoently to the 
sqaaros of their radii Hence (V. 11) AD is to FD as the dnsle 




* Another lolntioa would be obtained, if the circumference were divided Into 
the proposed number of equal parts, and radii drawn to the points of dlTlalon. 
This ^vision, however, oan be effected only In some particular cases by means of 
riementaiy geometiy. 
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ABC to the circle H&; and thez»fore, since FD is a tininl* of 
AD, HK is a third of ABC. It woald be proyed in a, fiioH- 
lar manner, that AD is to ED as ABC to GL Bat ED is two;, 
thirds of AD, and therefore GI is two thirds of ABC ; wherefore 
the space between the circumferences of GI, HE, is one thiitl of 
ABC as is also the remaining space between the circamferencMs of 
ABC and GI. 

Cor, Hence it is plain, that the area of any armukie, or cteg, 
between the circumferences of two concentric emsles, such as t^nfc 
between tiie circumferences of ABC and GI, is to the circle AJBC 
as the difference of the squares of the radii DM, DL to the saoare 
of DM; or (IL 5, cor. 1, and IIL 35) as the rectangle AL.LM» ^ 
the square of the pemndicular LB, to the squai-e of DM: tay^ it 
theretore follows (Xll. 2) that the ring is equal to a circle described 
with a radius equal to LB. 



Prop. XLIII. Thbor. — If on BC, the hypotenuse of a 
right-angled triangle ABC, a semicircle BFA6C be de- 
scribed on the same side as the triangle, and if semicircfes 
ADB, AEC be described on the legs, falling without tiie 
triangle, the lunes or crescents, ADBF, AECG, bounded 
bj the arcs of the semicircles, are together equal to the 
nght-angled triangle ABC. 

For (XIL 2, and V. 15) the semicircle ADB is to BFGC, as 
the square of AB to the square of BC, and AEC to BFGC^ as 
the square of AC to the square of BC ; 
whence (V. 24) the two semicircles 
ADB, AEC taken together, have to 
BFGC, the same ratio, as the sum of the 
squares of AB, AC to the square of BC, 
that is, the ratio of equality. From 
these equals, take the segments AFB, ^ ^ 

AGC, and there remain the lunes DF, EG equal to the triangle 
ABC. 

Cor. If the legs AB, AC be equal, the arcs AFB, AGC are 
equal, and each of them, an arc of a quadrant ; also the radius 
drawn from A is perpendicular to BC: and since the halves 
of equals are equal, each lune is equal to half of the triangla 
ABC. 

If, therefore, ABC be a quadrant, and on its chord a semicinfl6 
be described, the lune D comprehended between ^e 
circumferences is equal to the triangle ABC : and 
since (II. U) a square can be found equal to ABC, 
we can thus effect the Quadrature of a space D 
bounded by arcs of circles; though, as we have 
seen already (Afp. L 40, note) we cannot effect 
the quadrature of the circle itself, except by ap- 
proximation. 
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Prof. XLIV. Theob. — The side and diagonal of a 8<][uare 
are incommensurable to one another; that is, there is no 
line which is a measure of both.* 

Let ABCD be a square, and BD one of its diagonals: AB, BD 
are incommensarable. 

O^at off D£ equal to DA, and join AE. Then, since (L 6) the 
aagfe DE A is equal to the acute angle DAE, AEB is obtuse, and 
tfaefeforo (1. 19) in the triande ABE, BE 
is less than AB, or than AD ; wherefore 
AD is not a measure of BD. Draw EF 
perpendicular to BD. Then the angles 
f*AE, FEA, being the complements of 
the equal angles DAE, DEA, are equal, 
and therefore AF, FE are equal But 
(L 32, cor. 4) ABD is half a right angle ; 
as is also BFE, since BEF is a right 
angle : wherefore BE is equal to FE, and 
therefore to AF. From FB, which is 
ewidentiy the diagonal of a square of which FE or EB is the bide, 
eut off FG equal to FE, and join GE. Then it would be shown 
as before, that BG is less than BE ; and therefore BE, the dif- 




* To UliMtrate this proposition, let AB, CD be two magnitades of which it 
St reqidred to flod a common measure. From AB the greater cut off as many 
parts as possible, AE. EF, each equal to CD, and let there be the remainder FB, 
which must be less than CD. From CD cut off parts CG, GH, each equal to FB, 
and let HD remidn, which is less than 



-I— 
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PB. In like manner from FB cut off A 

parts each eqtud to HD. and suppose 

that HD is contained without renudn- q q 

der in FB: then HD is a common *" 

measure of AB and CD. For, dnce 

HD measures FB, it measures also CH, which is a multiple of FB ; and it must 
also measure the sum of CH and HD, that is, CD, which is one of the proposed 
HneB. But, stnoe HD is a measure of CD, it is a measure of AF, which is a mul- 
tiple of CD ; and bdng also a measure of FB, it is a measure of the sum of AF, 
FB, that is, of AB : It U therefnre a common measure of AB, CD. 

Now, any measure whatever of AB, CD is either HD, or a snbmultiple of it. 
For, let K be a measure of AB, CD ; then K is also a measure of AF, which is a 
multiple of CD'; and being a measure of AB, it is a measure of FB, the difference 
of AB, AF. Hence, rince K is a measure of FB, it is a measure of CH, which ia 
a multiple of FB ; and being a measure of CD and CH, it must also be contained 
without remainder in their difference HD ; therefore K is either equal to HD, or 
is a sobmultiple of It : and hence it follows, that HD is the greatest common 
measure of AB, CD, eveiy other being a snbmultiple of HD. It is also plain, that 
it tgr the continuation of processes such aa that employed in finding HD, no 
magnitude can be found which will be contained without remainder in the one 
preceding It, the magnitudes have no common measure, or are incommensurable, 
as*is.th0 case with regard to the side and dii^onal of a square. This sutiJect will 
reo^ve Ikrther illustration i^om attempting to express numericidly (I. 47, cor. 1) 
the length of the diagonal of a square; as it will be found, that if the side be ex- 
pressed by a whole number, the diagonal cannot be exactly expressed hj any num- 
iwr whaterer. but may be approximated as neariy as we please, by means of a 
decimal or other fraction. 
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ferenee between the Bide and diagonal of the sqaare AC, is con- 
tained twice in the side AB, wiui the remainder GB, which is 
itaelf the difference between the side F£ or EB, and the diagonal 
FB of another square. By repeating the process, we should find, 
in exactly the same manner, that B& would be contuned twice in 
BE, with a remainder, whidi would be the difference between the 
side and diagonal of a square described on BO: and it is evident 
that a like process might be repeated continually, as no excess of 
a diagonal above a side would be contained in tiie side without 
remamder: and as this process has no tennination, there is no 
line, however small, whicn will be contained without remainder in 
both AB and BD ; they are, therefore incommensurable. 
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DEFINITIONS. 

1. A LINE which is such, that any point whateyer in it fulfils 
certain conditions is called the locus of that point 

2. A porism is a proposition affirming the possibility of finding 
snch conditions as will render a certain problem indeterminate, or 
capable of innumerable solutions. 

3. Isoperimetru^cd &gaxQ& are such as have their perimeters, or 
bounding lines, equal 

Sehol, 1. Several instances of loci have already occurred in the 
preceding books. 

1. Thus, it was proved in the 3 Tth proposition of the first book, 
that all triangles on the same base, and oetween the same paral- 
lels, are equal in area: and hence, if only the base and area of a 
triangle be fi^ven, its vertex may be at any point in a steaight line 
pai'aUol to the base, and at a distance from it which may be deter- 
mined by applying (I. 45, cor.) to half the base a parallelogram 
equal to the given area ; and therelbre the parallel is the locus of 
the vertex. Here the conditions fiilfilled are, that straight lines 
drawn fix>m any point in the parallel to the extremities of tne given 
line, form with it a triangle having a given area. 

2. It was proved in the 2lst proposition of the third book, that 
all angles in the same segment of a circle are equal: and hence, if 
only the base and verticfQ angle of a triangle be given, the vertex 
may be at any point of the arc of a segment descnbed on the base, 
in the manner pointed out in the SSd proposition of the third book : 
that arc, thererore, is the locus of the vertex. 

3. It was shown in proposition G of the sixth book, that straight 
lines drawn firom any pomt whatever in the circumference of the 
circle ABGC to the points E, F, have the same ratio — that of 
EA to AF. Hence, tnerefore, if the base of a triangle, and the 
ratio of the sides be given, the locus of the vertex is the circum- 
ference of the drcle described in the manner pointed out in the 
ooroUuy to that proposition ; unless the ratio be that of equality, 
in which case the locus is evidently a perpendicular bisectmg the 
straight line joining the points. 

4. It follows likewise, from the fourth corollary to the 47th pro- 
position of the first book, that when the base of a triangle and 
the difference of the squares of the sides are given, if the point B 
be found* in the base BO, or its continuation, such that the dif- 
ference of the squares of BD, CD is equal to the difference of 



* The point D majr be determined in the manner pointed out In the first note in 
page 54. 

M 
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the sqaareB of the sides; and if throiiffh D a perpeDdiculkr 
be drawn to BC, straight lines drawn from any point of tilie 
perpendicular to B, C, will have the difference or tkeir 8qua«e« 
equal to the giyen difference ; and hence the perpendicidar la the 
locus of the vertex, when the base and the difierence of the sqoarva 
of the sides are given. 

5. It will appear, in a similar manner, from proposition A of the 
second book, mat if BC the base of a triangle, and the sum of 
the squares of the other sides AB, AC, be given, the locus of the 
vertex is the circumference of a circle described from D, the 
middle point of the base as centre, and with the radius DA Xo 
And DA, take the diagonal of the square of BD as one leg of a 
right-angled triangle, and for its hypotenuse take the sioe of a 
square equal to the given sum of the squares of AB, AC : then 
the diagonal of the square described on half the remaining leg of 
that right-angled triangle will be the radius DA. The proof of 
this is easy, depending on the second and third corollaries to the 
47th proposition of the first book, and on A of the second book. 

Schol, 2. Porisms may be regarded as having their origin in 
the solution of problems , which, in particular cases, on account of 
peculiar relations in their data, admit of innumerable solutions ; 
and the proposition announcing the property or relation which 
renders the problem indeterminate, is called a porism. This will 
be illustrated by the solution of the following easy problem. 

Through a given point A, let it be required to draw a straight 
line bisecting a given parallelogram BCDE. 

Suppose AFG to be the required line, and let it cut the sid^a- 
BE, CfD in F, G, and the diagonal CE in H. Then from the 
equal figures EBC, FBCG take FBCH, and the remain-, 
ing triangles EHF, CHG are equal Now, since CL 29 and 
15) these triangles are equiangular, it is evident that they can 
be equal in area only when their sides are equal: wherefore H is 
the middle point of the diagonal. The construction, therefore^ ia 
effected by bisecting the diagonal EC in H, and 
drawing AFHG. For the triangles CHG, EHF 
are equiangular, and since CH, UE are equal, the 
triangles are equal. To each of them add the 
figure FBCH; then the figure FBCGis equal to the 
triangle EBC, ^at is, to half the parallelogram BD. 

Now, since the diagonal CE is given m magni- 
tuue and position, ito middle point H is given in position, and 
therefore U is always a point in the required line, wherever A 
is taken. Hence, so long as A and H. are different points, 
the straight line AHG (I. post 1) is determined. This, how- 
ever, is no longer so, if the given point A be the intersection 
of the diagonals, that is, the point H, as in that case only 
one point of the required line is knpwn, and the problem bc^ 
comes indeterminate, any straight line whatever, through H, 
equally answering the conditions of the problem : and we are thus 
led by the solution of the problem to the conclusion, that in a parol' 
lelogram a point may be /ound, such that any straight line whatever , 
drawn through it, bisects the parallelogram ; and this is a porism, . 
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The 92d proposition of the preceding book, when considered in 
& particular manner, afibrds another mstance of a porism ; as it 
appears that if a circle and a point D or E be given, another 
point £ or D may be foond, such that any circle whatever, de- 
sicaibed through D and E will bisect the circumference of the 
given circle; and this may be regarded as the indeterminate case 
of the problem, in which it is required, through two given points 
to describe a cirde bisecting the circumference of another given 
circle ; — a problem which is always determinate, except when the 
points are situated ia the manner supposed in the proposition re- 
ferred to. 

PROPOSITIONS. 

Prop. 1. Pbob,* — Through two given points, to describe 
a circle touching a straight Une given in position. 

Through two given points A, B, let it be required to describe 
a pircle, touching a ^ven straight line CD. 

Jom AB. Then, if CD be parallel to AB, 
bisect AB by the perpendicular EF, and (III. 
1, schol.} through A, F, B describe a circle : it 
is the circle required. For (IIL 1, cor.) EF 
passes through the centre, and (I. 29) is'per- 
pendicular to CD ; therefore (IIL 16) tne circle 
touches CD ; and it passes through A, B. 

But if CD, BA be not parallel, let them meet in E : between 
AB/ BE find a mean proportional, 

and make EF equal to it: through ^ f ^ e ^ ^ ^ ^ 
B, A, F describe a circle : it is the '^ 
one required. For (const and YL 
17) the rectangle BE.EA is equal to 
the sQ^are of EF, and therefore (III. 
37) EF touches the circle ; and the 
circle passes through the given 
points. 

Sehol, 1. In this latter case, since EF may be taken on either 
side of E, there are two circles that answer the conditions of the 

Sroblem; and these are evidently unequal, unless BAE be perpen- 
ictdar to CD. 

JSchoL 2. If one of the points A be in the given line, the pre- 



* TMs is one of the proUemi known under the name of tangenciea. The gene- 
ral problem of the tangenoiee, as understood by the ancients, is as follows: Of three 
points, three stndght lines, and three circles of given radii, kdj three being givea 
in position \ it is required to describe a circle passing through the points, and 
tonohixig the straight lines and circles. This general problem comprehends ten 
sabordijsate ones, tine data of which are as follows: ( 1 . ) three points ; (2. ) two p<^ts 
and a straight line ; (3.) two points and a circle i (4.) & point And two straight lines ; 
(5.) a point, a straight line, and a circle ; (6.) a point and two circles ; (7.) three 
straight lines; (8.) two straight lines and a circle; (9.) a straight line and two cir- 
cles, and (10.) three cirdes. The first and seventh of these are the fifth and fourth 
propositions of the fourth book of Euclid : the rest are given here. 

If B circle be continually diminished, it may be regarded as becoming ultimately 
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ceding Bolation fails, as it does not give a third point in^ the 
required circumference. In that case two straight lines, one 
hisectiuff AB perpendicularly, and the other drawn through A 
perpen£oular to Gl>, will intersect each other in the centre of tke 
required circle. The proof is plain from the fourth proposition df 
che first book, and the sixteentn of the third book. 

Prop, II. Pbob. — Through two giyen points, to describe 
a circle touching a given circle. 

Through the given points A, B, let it be required to describe a 
circle touching a given circle ODE. 

Join AB. Then, if A, B be equally distant from the centre of 
the eiven circle, bisect AB by a perpendicular, cutting the given 
circfe in two points, and it is plain 
that a circle described through either 
of these points, and through A, B, 
will touch the given circle. 

But if A, B be not equally distant 
from the centre, take any point in 
the circumference oi GdE, and de- 
scribe a circle through A, B, G : if 
this touch the given circle, it is a 
circle such as is reqmred. But if it 
do not, let it cut GDE agam in D, 
and draw GDF meeting AB pro- 
duced in F : draw ^IIl. lY) FE touching the given circle in E : 
through ABE descnbe a circle : it is the one required. 

Join AD, BG. ^en (III. tl) the angles A, G are equal, as 
they stand on the same arc BD : also AFG is common to the two 
triangles AFD, GFB. Therefore (VI. 4, cor.) AF : FD : : OF : 
FB ; and hence (VI. 16) the rectangles AF.FB, GF.FD are equal. 
But (III. 36) CF.FD is equal to the square of EF: wherefore also 
AF.FB is equal to the square of EF. ABE therefore (HI. 3T) 
touches the straight line FE ; and consequently it touches the 
circle GDE. 

Schol. If one of the pK>ints A be on the given circumference, 
the preceding method mils, as it does not give a 
third point in the required circumference, m that 
case tne construction is effected simply by drawing 
a radius to A, and producing it, ii necessary, to 
meet a perpendicular bisecting AB : their point of 
intersection is evidently the centre of the required 
circle. 

In this case there is but one circle that answers 
the conditions of the problem. When the points 
are both without the circle, or both within it, there 
are two circles ; but if one be without and the other within, the 
problem is manifestly impossible. 





a point. By being continually enlarged, on the contrary, it may have its curvature 
so much diminished, that any portion of its circomfinrenoe may be made to ikttbr 
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. Cot, 1. Hei]ce]nagifeiiBtr«i||rhtUiieAB,apomtma)rbefoiind, 
auch that the difference of its distances from two gtven points 
, 0, D, may be equal to a given straight line. 
Join CD, and from D as centre, with a 
• radias^ BE equal to the given difference, 
describe a circle; draw CF& perpendicular 
to AB, and make FG equal to FC; through 
Cy G-, describe a circle touching the other 
circle ; join B, D, the centres of the two circles^ and draw BC : 
BC, Bl) are evidently the required lines. 

Cor, 2. In the same maimer, if a circle were described from D 
as centre, with the sum of two given lines as radius, and a circle 
wore described through C and G touching that circle, straight lines 
dxawn from the centre of that circle to C and D, would be equal 
to the given sum. 



Prop. III. Pbob, — Through a given point, to describe 
a circle touching two given straight lines. 

Throogh a g^ven point A, let it be reonired to describe a circle 
touching two given straight lines, BG, DE. 

First, let BC, D£ not beparallel, but let them meet in B : draw 
BF bisecting the angle CB£ : and through A, draw LFAH, 
seipendiGular to BF^ cutting DE in H, and BC in L ; and make 
FG equal to FA. Take HK a mean propncirtional between AH, 
HG ; through K, A, G describe a circle : it is the one required. 

For, in the triangles BFL, BFH, the 
angles at B and F are equaL and BF 
common : therefore (1. 26) FL, FH are 
equal ; and (I. ax. 3) LG, AH are equal 
But (const and VL 17) the rectauo^e 
GH.HA is equal to the square of HK ; 
and therefore (III. 37) DE touches the 
circle. Now (III. 1, cor.) since FA, 

FGare equal, and FB i)erpendicular u d k h k e 
to AG, the centre of the circle K AG is 
in FB : let it be M, and join MK; draw also MN perpendicular 
to BC. Then (I. 26) in the triangles MBK, MBN, MN is equal 
to MK, and the circle will pass through N, and (IIL 16) will touch 
BC, since BNM is a right angle. 

Secondly, let BC, DE be parallel, and A be between them. 




ia as sniAll a d^ree m we please from a straight Hne. Viewing the sul^ect in this 
light, we maj regard the flrat nine of the problems, now mentioned, as eompr»- 
hended in the tenth. Thus, we shall have the flnt, Iqt supposing the dicles to 
become infinitdy small ; the seventh, by supposing them infinitely great ; the fifth, 
by taking one of them infinitely small, one inflnitelv great and one as a circle of 
finite magnitude : and so on with regard to the others. These views of the sub- 
ject tend to illustrate it ; but they do not assist in the solution of the problems. 
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Through A draw LAH p«rpeiidicalar to the paraDblft: Inasnt 

HL iD R and make FG equal to FA : b l C 

take HK a mean proportional between 

GH,UA; and a cirrie described through 

GAK is the one required. The proof is 

easily derived finom that of the preceding 

case. 

Schol, If the given point A be in one 
of the ^yen lines DE, the foregoing solution fails. In thai case, 
find F as before, and a perpendicular through A to DE will inter- 
sect fiF in the centre or the required circle. 

In thiB case, there may be two circles, one touching DE, BC, 
and the other BE and tne continuation of BC, throuen B, unless 
BC, DE be parallel, when there is but one circle. When A is not 
on BC or D£, tibere may obyiously be two circles, since UK may 
be taken on either side oi H. 

Prop. IV. Frob. — Through a given point, to describe 
a circle, touching a given straight Une, and a given circle. , 

Through a given point A, let it be required to describe a circle 
touching a given straight line BC, and a given circle DEF. 

Through G, the centre of DEF, draw DEB perpendicular to 
BC, and join AD; to AD, DB, DE, take DH a fourth propor- 
tional ; through A, H, describe (Afp. IL 1) the circle HACf touch- 
ing BC ; UAC is the circle required. 

Join the centre L, and the point of contact C : then (III. 18) 
LCB is a right anele, and LC, DB are paralleL Draw CD, cut-' 
ting the circle DEF in F, andjoin EF. 
Then the triangles DBC, DFE are 
similar, and therefore CD : DB : : DE : 
DF; whence (VL 16) the rectangle 
CD.DFi8equaltoBD.DE: but (const 
andVI. 16) AD.DH is equal to BD.DE : 
therefore CD.DF is equal to AD.DH. 
Hence (Afp. I. 5, schol.) the point F is 
also in the circumference of AHC. Join 
FG, FL. Then (1. 29) the angles GDF, 
LCF are equal; wherefore DFG, CFL, 
which (1,5) are re8{)ectiyely equal to these, are equal to one an- 
other : and DFC being a straight line, GFL (1. 14, cor.) is also a. 
straight line. Hence (Afp. 1. 2, cor.) the circles touch one another 
' in F ; for they meet in F, and the straight line joining their eentres 
passes through that point. 

Sehol. This solution fails, if A be either at C, anypoint in BC, 
or at F, any point in the circumference of DEF. Tne construc- 
tion is then ^ected simply by drawing DFC, GFL, and the peiw- 
pendicular CL ; as CL cuts GL in the centre of the required circle. 

It may be farther remarked, that, when the given point, straight 
line, and circle, are situated as in tibe diagram here employed, there 
will be two circles obtained by the construction given above, eaob- 
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of vfaicb wni be touched externally hy the f^yen circle. Besides 
these, two others, which will be touched intemaliy by the civen 
circle, will be obtained, by Joining AE instead of AD, and mi^n^ 
the variations thence arising. In making the constraction in this 
maimer, H is taken in the continuation of the line Joining A with 
the extremity of the diameter. The variations in the proof present 
no difficulty.* 

Prop. V. Pbob. — Through a given point, to descnbe a 
circle touching two given circles. 

Through a giiven {>oint A^ let it be required to describe a circle 
touching two given circles, BCD, EFG. 

Through the centres H, E, draw BDEGL, and (VI. 10, schol.) 
find the point L, such that HL is to KL, as the radius of the 
greater circle to the radius of the less : join AL, and (VI. 12) 




take ML such that AL : BL : : GL : LM: then (Afp. II. 2) 
through A and M describe the circle ACM, touching BCD: it is 
the circle required. 

Through tne point of contact C, draw LCN: join HN, HC, and 
let KF, SLO be drawn parallel to them, and meet LN in F, O. 
Then ( VL i and alternately) HL : KL :: HN : KF, and HL : KL : : 
HC : KO; but (const) HL is to KL, as the radius of BCD to 
the radius of EFG; therefore KF, KO are radii of EFG, and 
LN cuts EFG in F and O. Join BC, FG. Then the triandes 
LBC, LFG have an angle common, and the angles LBC, LFG 
equal, because (III. 20) they are halves of the equal angles DHC, 
GKO : and therefore BL : LC : : FL : LG, and (VL 16) the 



* In this inroblem, the straight line may lUl without the cirde^ maj cut it, or 
ihay touch it : the point may be without the cirde, within it, or in its drcum- 
ftreoee; or it may be in the given straight line, or on either side of it : and it will 
b» an Interesting exeroise for the student, in this and many other problems, to con- 
sider the variations arising in the solution, flrom such cluuiges in tiie relations of 
the data, and to determine what relations make the solution possible, and what 
render it impMsible. It may also be remartced, that in many problems, there will 
be slight variations in tlie proofs of different solutions of tlie same proUem, even 
when there is no change in the method of solution ; such as in the present instance, 
when the required circle is touched externally, and when internally. Thus, while 
iu one case angles may coincide, in another the corresponding ones may be verti- 
cally oi^tosite ; and the reference may sometimes be to the thinl, and sometimes to 
the fourth proposition of the first book of this Appendix, It is, in general, unne- 
oessary U> point out these variations, as, tiiongh they merit the attention of the 
iiadeot* they ocoadon no difflcolty. 
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notanrle BLXG if equal lo CL.LF. Bat (eaott and VL 1«) 
BLJiGr is equal to AL.LM: therefore the rectaii|{]6B €L.L£^ 
AL.LM are eqnal, and (Afp. I. 5, cor.) F is in the eireamferenoe 
of ACM. Pzodnoe HC, KF to meet in P. Then the angles 
PCF. PFG are equal, bemg eqoal to HCN, KFO, which are^nab 
equal to HNO: PC ther^ore ia Moal to PF. Now HP pciMes 
throuffh the centre of ACM, for (III. 12) the straight line joining 
H ynm the centre of ACM passes through C. Hence, since C^ 
PF are equal, P is evidently the centre ; * and therefMe (Afp. L 2, 
cor.) ACM touches £FG in F. 

Prop. YI. Pkob. — To describe a circle touohing two 
given straight Unas and a given cirde. 

Let AB, CD be two straight fines ^ven in position, and £F 
a given circle: it is required to describe a circle touching AB» 
CD, EF. 

Draw HR, LM parallel to CD, AB, at distances from tkem 
equal each to the radius G^F: find 
(App. II. 3) N, the centre of a 
circle passing through G-, and 
touching HK, LM: draw GFN, 
and from N as centre, with NF 
as radius, describe the circle FDB: 
it is the circle required. 

Draw the perpendiculars NK, 
NM: these are each equal to GN ; 
and GF, KD, MB being equal, 
NF, ND, NB are also equal, and 
the circle must pass through B, D : 
it also touches AB, CD, because 
the angles at B and D are right angles. 

Prop. VII. Prob. — To describe a cirde touching two 
given circles, and a given straight line. 

Let AB, CD be the given circles, and JExF the given straight 
line: it is required to describe a cirde 
touching AB, CD, EF. 

Draw LM parallel to EF, and at a 
distance from it equal to BH; draw 
the radU CG, BH, and make CK 
equal to BH ; with GK as radius, and 
G as centre, describe a circle RN ; find 
(App. 11. 4 ) the centre of a circle touching 
KN and LM, and passing tlurough H: 
it would be shown in nearly the same 
manner as in the preceding proposition, that this is aleo the centtB 
of the required circle. 





* This U easily prored indirectly, by meani of Uia seventh proposiUon ef the 
third booic. 
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Prop. VIII. Prob. — To describe a circle touching three 
given circles. . 

Let AB, CD, EF be three given circles: it is required to de- 
scribe a cirde tonchiii^ them. . 

From the centre or CD, with a radius equal to the difference 
or sum of the radii of AB and CD, 
describe a circle; and from the 
eentre of £F, with a radius equal to 
the difference or sum of the radii of 
AB and EF, describe a circle: then 
(Atp. II. 5) find the centre of a circle 
touching tne circles now described, 
and passing through the centre of 

AB : it wiU also be 9ie centre of the required circle. The proof is 
obtions. 
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Prop. IX. Prob. — Through a given point A, to describe 
a circle, touching one given straight line BC, and having 
its ceQtre in another DC. 

If the lines be parallel, the radius will evidently be their perpen- 
dicular distance asunder, and the construction is obvious. 

But if they be not parallel, let them meet in C, and draw a 
etraignt line through C and A ; through A draw BD perpendicu- 
lar to BC ; from D as centre, at 
the distance DB describe a circle 
cutting CA in E ; join ED ; and 
throu^ A draw AF parallel to 
ED meeting CD in F: F is the 
centre of the required circle. 

Draw FG . nerpendicnlar to 
BC. Then, oecause the tri- 
angles CDE, CFA, and CDB, 
CFG are shmlar, ED : AF :: DC : FC, and BD : GF :: 
DC : FC; whence ED : AF :: BD : GF; and (V. 14) AF, GF 
are equal, because ED is equal to BD. A circle therefore de- 
scribed from F as centre, with FG as radius, passes through A ; 
and it touches BC, because the angles at G are right angles. 

SchoL It is plain, that with the relations of the data in the dia- 
gram here employed, there may be two solutions, as either of the 
points E mav oe used. Should the circle described with DB as 
radius, mereiy touch AC, there would be but one solution: should 
it not meet CA, the solution would be impossible. 

Prop. X. Theor. — If a chord of a given circle have one 
^remitj given in position, and if a segment terminated at 
that extremity, be taken on the chord, produced if neces- 
sary, such that the rectangle under the segment and chord 
may be equal to a given space ; the locus of the point of 
section is a straight line given in position. 




Throiixh a giyen point A in the circumterence of the ffigren 
circle aSC, let a chord AC be drawn, and in AG or its continue 
tion, let D oe taken, so that the rectang^le ACAD may be eqxtgCL 
to a giyen space: the point D is always m a straight line giv«n in 
position, however the point C may vary its position on the oirouii* 
lerence. 

Draw the diameter AB, and to AB and the side of a square 
equal to tibe given space, take AE a third proportional, so thttt 
the rectangle AB. AE may be equal to the 

given space ; 'through E draw DE perpen- y^'^ "^^S-^^f^ 
icular to AB : DEis the locus of D. 
Join BC. The triangles ABO, ADE 
have the angle A common, and the angles 
AGB, AED right angles: therefore AB : 
AC :: AD : AE; and hence (VI. 16) the 
rectangle ACAD is equal to AB.AE, that is (const) to the givon 
space. In the same manner, it may be shown, that wherever D 
is taken in tke straight line DE, the rectangle AO.AD is equal to 
the given space. Therefore (Afp. II. def. 1) DE is the locus of 
D ; and its position is given from that of the point £.*^ 

Sehol, If, on the contrary, the point A and the straight line 
DE were given, and if, in a revolving sti'aight line AD, or its 
continuation, the point C were taken, so that the rectangle 
DA.AC should be always equal to the same given space ; it would 
be shown in a similar manner, that the locus of U would be a 
given circle ACB. 



* In discovering loci, m well m in other inTectigatloDs in geometry, the student 
if aaiiated by wliat is termed geometrical analytui of the nature of which it migr 
be proper here to give some explanation. 

If, in the foregoing proposition, instead of being informed that the locus is a 
straight line» we were required to find what the locus is, we might prooeed in th* 
followii^ manner: Let D be any point in the required line, so that the rectangle 
ACAD 1b equal to the given space; and having drawn the diameter AB, find E 
so that the rectangle AB.AE may be equal to ACAD, and therefore £ ft point in 
the required line; and Join DE, BC Then (VI. 16) AB : AC :: AD : AG. 
Hence (VI. 6) the triangles DAE, BAG, having the angle A common, are equi- 
angular ; and therefore AED is equal to ACB, which is a right angle. The point 
D M therefore in a perpendicular passing through E ; and in the same inain>«* it 
would be shown, that any other point in the required line is in the perpendicular,; 
that is, the perpendicular is its locus. 

The Investigation now given is called the analysis of the proposition, while the 
solution in the text is called the synthesis or composition. In analysis we commenoe 
hy supposing that to be effiBCted, which is to be done, or that to be true, whioh is 
to be proved ; and. by a regular succession of consequences founded on that mtpp^ 
sition, and on one another, we arrive at something which is known to be true^ Or 
wliich we know the means of effecting. The synthesis then commences with the 
conclusion of the analysis, and retraces its several steps, making that precede which 
before followed, till we arrive at the required conclusion. From this it appetfs 
that analysis is the instrument of investigation ; while svntheisds aflbrds the means 
of communicating what is already known ; and benoe, In the Elements ef -Evslid, 
the qmthetic method is followed throughout. What is now said wUl receive /v- 
tber illustration from the solution of the following easy problem. 

Given the perimeter and angles of a triangleb to construct it. 

.<ffui/ym.— Suppose ABC to be the required triangle^ and produce BC tioth w«5«, 
making BD equal to BA, and CE to CA: then DE is given, for it is equal «a the 
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Prop. XI. Theor. — The locus of the middle point of a 
straight line given in magnitude, and subtending a right 
angle given in position, is the circmnference of a circle given 
ia magnitude and position. 

Lot ABO be a risht angle given in position, and let there be a 
flraight line of given length subtending it : then, while that straight 
line changes its position in such a manner that its extremities 
continue mways on AB, BC, its point of bisection, describes the 
circumference of a circle. 

From B*as centre, with the half of the given 
straight line as radius, describe a circle : it is the 
locus required. 

Draw BD, any radius of that circle: from B as 
eeatre, with DB as radius, describe an arc cutting 
BA in A« and draw ADC. Then the angles BAD, 
ABD are equal ; and (I. az. 3) their complements 
DBC, DOB are equal Hence DO is equal to DB, 
and therefore to DA ; and AO is e^ual to the given line, since DB 
IS equal to its half. Its point of bisection, also, is on the circum- 
ftrence, since AD, DO are equal.* 



•am of ejhe three sides AB, BC, CA; that is, it is eqval to the given perimeter. 
Joia AD, AE. Then (1. 6) the angles D and DAB are 
equal, and therefore, each of them is half of ABC, be- 
cause (I. 32) ABC is equal to both. The angle D there- 
fore is given ; and in the same manner it may be shown 
that E is given, being lialf of ACB. Hence the triangle 
ADE is given, because tlie base DE, and the angles D, 
tS are given : and ADE being given, ABC is also given, 
the angle DAB being equal to D, and EAC equal to E. 

CoimHuUion,^Maii» DE equal to the given perimeter, the angle D equal to the 
iMlf of one of the given angles, and E equal to the half of another; draw AB, AC, 
makhig the angle DAB equal to D, and EAC to E, ABC is the triangle required. 
• Per CI. 6) AB ia equal to BD, and AC to CE. To these add BC, and the three 
AB, BC, CA are equal to DE, that is to the given perimeter. Also (I. 32) the 
angle ABC is equal to D and DAB, and is therefore double of D, since D and 
DAB are equal. But D is equal to the half of one of the given angles ; therefore, 
ABC is equal to that angle: and, in the same manner, ACB may be proved to be 
equal to another of the given angles. ABC therefore is the triangle required, since 
It has its pwimeter equal to the given porimeter, and its angles equal to the given 
angles. 

It is impoBsiUe to give rules fbr Meeting analyses, that will answer in all cases. 
It may be stated, however, in a general way, that when sums or difCerences are 
eonoenied, the corresponding sums or difTerences should be exhibited in the as- 
sumed it tore ; that in many cases remarkable points should be Joined ; or that 
through them lines may be ^wn perpendicular or parallel to remarkable lines, or 
making given angles with them : and that circles may be described with certain 
iwiii, and from certain points as centres; or touching certain lines; or passing 
throqgh certain points. Some instances of analysis will be given in subsequent 
jMles : aaid the student will And it useful to make analyses of many other proposi- 
tfttns, sBchas several In this Appendix, both in the first book, and in the otliers. 

* The analyisds of this proposition is easily obtained firom proiwsitlon A of the 
second book. For, since AB* + BC«, or AC^, or (11. 4, cor. 2) 4CD« = 2CDs+ 
tBI>2; take away ^CD^ and luJve the remainder ; then CD* = BD^ ; and therefore 
BD =3 CD, half the given line. Hence the distance firom the point of bisection D 
|o tbe point B is equal to half the given line. D, therefore, is always in the cir- 
cumference of a circle described ft^ B as centre, with half tiie given line as ra^us. 
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SehoL If the extreiiiity imms to the other side of the centre B, 
the middle point will describe one quadrant, while the extremJAy 
A descends to B, another while it oontmues to descend below B, 
and a tliird while it re-ascends to B. 

Prop. XIL Tbeor.— -If the base of a triangle be given 
in magnitude and position, and the rertical angle in magni- 
tude, the locus of tne centre of the inscribed circle is a given 
circle. 

Let ABC be a triangle of which the base BC is gtftn in mag- 
nitude and position, and tiie an^le A in magnitude; the locos of 
D, the centre of the inscribed circle, is a given 
ciitsle 

Join DB, DO: these (IV. 4) bisect the an- 

gles at B and C. Then, by drawing a straight 
ne through A, D, which would also bisect the 
angle A, it would appear that the angle BDO 
is equal to A and half the sum of the angles at the base, or to A 
and naif its supplement. But A^and therefore its supplement, atie 
ffiven in magnitude ; and hence BDO is also ^Ten in magnitode; 
werefore (scnol. 1, page 272, No. 2) the locus of D is a given cirde. 

Prop. XIII. Theor. — If from two given points, two 
straight lines be drawn meeting one another, such that the 
square of one of them is to the difSdrence between the squaro 
of the other and a given space, in a given ratio of inequality, 
the locus of their point of intersecticHi is the circumference 
of a given circle. 

Let A, B be the given points, and let C be another point such 
that AC, BG being draini, the difference between the square of 
AC and a given space, has to i^e square of BO a given ratio of 
inequality : the locus of is a given cirele. 

In AB produced, take B (VL 10, schoL) so that AD has to BD 
the given ratio; and in AB find £ so 
that the rectangle AB.AE mav be 
equal to the given e^ace; take DF a 
mean pnnTortional between £D, BD : 
a circle deBcribed from D as centre, 
vrith DF as radius, is the locus of 0. 

Join 0£, and through B, 0, E de- 
scribe a circle cutting AO in G ; draw 
BG, and through ABG describe a cir- 
cle meeting CB produced in H. and 
join AH, CD. Then because FD or 
uD is a mean proportional between 
BD, BD, ED : DO :: DO : DB. 
Hence (VI. 6) suice the triangles EDO, 
BDO have a common angle, the angles DEC, DOB are equal 




Bat (IIL 21) the angle DEO or BEG is eqaal to BGC, and this 
again (III. 22, cor.) to H : therefore the altemate andes U and 
BOB are equal, and AH, CD are parallel ; wherefore (VI. 2} AD : 
DB : : HC : CB, or (VI. 1) AD : DB : : HC.CB, or AO.CG : 
BC". But AC.AG is equal to AB.AE, and therefore to the given 
space ; and ACOG is the difference hetween the square of AG and 
tne rectangle AC. AG-: the difference, therefore, hetween the 
square of AG and the ^ven space, has to the square of BG the 
ratio of AD to DB, which is the given ratio. 

Schol, 1. The circle FC is (Schol. page 266, No. 3) the locus of 
straight Imes drawn from E, B, in the ratio of EF to FB, or, as is 
easily shown, of ED to BD. It is plain also, that if the eiven ratio 
be that of equality, the difierence of the squares of AG, BG is 
equal to the ^iven space; and therefore (SchoL page 266, No. 4) 
the locus of G IS a straight line. 

Schol. 2. Hence we have the means of determining the locus of 
the intersection of tangents AG, BG to two given circles, having 
to one another a given ratio, that of m to n. For AD, BE being 
radii drawn to the points of contact, we have the square of AG to 
the square of BG, that is, GD«— AD' : 
CE*— EB* : : m* : n*. Take a space S 
such that S : EB« : : m» : n». Then CD* 
— AD»-(-S : GE* :: «i» : n»; that is, the 
difiference between the square of CD and 
thegiven ^ace AD* — S, has to the s<][uare 
of GE a given ratio ; and, therefore, if m, 
n be uneaual, the locus of G is a given 
oirole ; if tney be equal, it is a straight line. It is plain that if the 
circles be diminished to points, this oecomes the same as the third 
locus mentioned in the scholium, page 265. 

Prop. XIV. Theob. — If two straight lines in a given 
ratio, and containing a given angle, be drawn from a given 
point, and if one of them terminate in a given circumference, 
the other will terminate in another given circumference. 

Let A be a given point, and AB a straight line drawn from it 
to any point Bin the cireumference of a given circle: if another 
straight line be drawn through A, making with AB a given an- 
gle, and having to it a given ratio, its other 
extremity is in a given circumference. 

Join A and B with D» the centre of the 
given circle, and make the angle DAE 
equal to the given angle ; make AD to AE 
in the given ratio; and make the angles 
EAG, AEG respectively equal to BAD, 
ADB : the circle of which E is the centre, 
and EG the radius, is the required locus. 
For since AD, which is given, has to AE a jriven ratio, AE is 
eiven; and (VI. 4) AD : AB : : AE : AC ; an<C alternately, AD : 
AE : : AB : AC ; therefore, AB has to AG the given ratio. But 
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the anglei BAD, CA£ bem^ equal, add DAC to eaeb; then 
BAG ia. equal to DAE, that u» (const.) to the giyen angle. In 
the same manzier, it would be shown, that any other strai^t linda 
drawn through A, one to each chncnmfeienoe, and inclined at the 
given angle, would be in thesiven ratia Therefore the circle of 
which £ is the centre, and £G the radios, is the locos of C. 

Prop. XV. Theob. — Two concentric circles being given, 
if from an J point A in the circumference of one of them, 
and from another point D, straight lines be drawn to B, C, 
the extremities of any diameter of the other circle, so that 
the squares of AB, AG, DB, DG are together double of the 
square of DA, the locus of D is a straight line given in 
position. 

Draw AKF throngh the common centre, and to the radii A£, 
£F take £0 a thira proportional ; draw 
GD perpendicular to GA: it is the re- 
quired locus. 

Join ED. Then (IL A) AB>+ AC" 
+DB»-f DC>=2AE»4-2DE>+4EC»= 
2AE«-h2DE*+ 4AE.EG. But (II. 12) 
AD» = AE*+DE»4-2AE.EG; where- 
fore AB» -f- AC »+ DB> + DC» = 2 AD" ; 
and the same may be shown to hold, 
wherever D is taken in DG. Therefore, 
DG is the required locus. 

Prop. XVI. Porism. — A point may be found such tiiat 
if, to any straight line whatever passing through it, perpen- 
diculars be drawn from three given points, one of these 
perpendiculars is equal to the of^er two. 

Let A, B, C be three given points: join BC and bisect it in J); 
join AD, and take DE a third of it : if any straight line whatever 
*FEGU be drawn through E, the perpen- 
dicular AG, drawn from one of the points 
A to FU, is equal to the two perpendiculars 
BF, CH, drawn from the points on the other 
side of FH. 

Draw DK perpendicular to FH, and 
through D draw LDM parallel to FH, and 
meeting the perpendiculars LB, HC in L, 
M. Then, in the similar triangles AGE, 
DKE, AE :.AG : : DE : DK; therefore, because AE is double of 
DE, AG is double of DK. Now, in the equiangular triangles 
DLB, DMC, BD, DC are equal, and therefore BL, CM are also 
equal. To each add CH : then LB, CH ore equal to HM or KD. 
Add agam FL ; then BF, CH are equal to twice DK, that is, 
to AG. ^ ' ' 
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SchoL It is plain (Apf. I. 7, schoL) that E ia the point in which 
the straight lines drawn from the angles of the triangle ABC 
]i»aeoting the opposite sides woold cut one another. 

It may be farther remarked, that this porism may be regarded 
as the case in which the following problem becomes indeterminaie : 
"Through a given point to draw a straight line, such that the 
perpendicular to it from one of three given points may be equal 
to tae som of those drawn to it from the other two;*' — a problem 
which is always determinate, except when the point through 
which the line is to be drawn, is the same as E, determined as 
above ; since in every other case E is to be found in the manner 
already shown, and the required line is drawn through it and the 
given point. 

Prop. XVII. Porism. — A circle and a straight line be- 
ing given, a point may be found within the circle, such that 
if any chord be drawn through it, the centre of the circle 
which passes through the extremities of the chord, and 
through the centre of the given circle, will be in the given 
straight line. 

Let ABC be a given circle, and DE a straight line given in 
position; a point F may be found within the circle, such that the 
centre of a circle described through G, the given centre, and 
throu^ the extremities of any chord AC, passing through F, wiU 
beinDE. 

Draw GE perpendicular to DE,, and take FG such that 2EG : 
BG : : BG : GF ; F is l^e point through which the chords pass. 

Through F let any chord AC, be drawn, and draw GHD per- 
pendicnlu: to it^ and join AG. Now ( III. 
31, and VL 8, cor.) the square of AG is 
equal to the rectangle under GH, and 
twice the radius of a circle passing through 
A, G, C. But (const.) BG« or AG> is 
equal to 2EG.GF ; and ( VL 4) DG : GE : : 
FG : GH; whence (VL 16, and by 
doubling) 2DG.GU is equal to 2EG.GF, 
and (I. ax. 1) 2DG.GH is equal to AG'. Hence the rectangle 
under GH and twice DG is equal to the rectangle under GH and 
twice the radius of the circle passing through A, G, C : therefore 
DG must be the radius of that cirde, and its centre is therefore 
in DE. 

SchoL TSiQ property developed in this proposition, misht also 
be expressed in form of the following local theorem: Thelocus of 
the centre of a circle described through the centre of a given circle, 
and Uie extremities^ of a chord passing through a given point, is a 
straight line given in position. 

Prop. XVIII. Theob. — Of isoperimetrical triangles on 
the same base, the isosceles one is the greatest. 
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Let ABC be an iaosceles triangle on the base BC ; it is greater 
than any other triangle on BC, of equal perimeter, and not isos- 
celes ; that is, than any other triangle on JBC, having the som of 
its other sides equal to the sum of AB, AC. 

Draw DAE parallel and AF perpendicular to BC : the altitude 
of any triangle on BC, having its perimeter equal to that of ARC^ 
and not being isosceles, is less than AF. For, through any other 

Siint G, in the («rallel draw GB, GC. Then the angles whicb 
A, C A make with DE are equal, being 
(L 29) equal to the equal angles ABO, 
ACB ; while those which GB, GC make 
with it are unequal, being equal to the 
unequal angles GBC, GCB. Hence 
(Afp. 1. 12) the sum of BG, GC is greater 
than the sum of BA, AC. Let GH be 
perpendicular to BC, and draw BK, CK 

to any point K in its continuation through G. Then (L 19) in 
the triangles BGK, CGK, BK is greater than BG, and VK 
than CG; wherefore BK, KC are greater than BG, GC, »^n d 
consequently than BA, AC, which are less thim BG, GC. Henoe^ 
by adding BC, the triangle BGC, which has its altitude equal 
to AF; and the triangle BKC, which has its altitude greater 
than AF, have each a greater perimeter than ABC : and there- 
fore a triangle on BC, which is not isosceles, and which has its 
perimeter equal to that of ABC, must have its altitude less than 
AF, and must therefore be less than ABC.*^ 




Prop. XIX. Theoh. — If two sides of a triangle be 
given, the triangle is a maximum, when they contain a 
riight angle. 

Let ABC, ABD be triandes on the base AB, and having the 
sides BC, BD equal : if ABC be a right angle, 
the triangle AJBC is greater than ABD. 
For (1. 19) the perpendicular DE is less than 
DB, or than the peipendicular BC ; and there- 
fore, since the base AB is common, the triangle 
ABD is less than ABC. 




A £ 



Prop. XX. Theob. — Of isoperimetrical polygons, having 
a given number of sides, the mazifnum is the one which is 
equilateral. 



* The demonstrfttion of this proposition i^yen in Legendre's Oemnetry, Book 
IV. Appendix, is deficient, m it is Msnmed witboot prooi; that, in his di«gnan,tiie 
point M is not in the straight line AN. 
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f'or, if posnble, let ABODE be the maximum polyj^on, and 
yet the side AE greater than AB. On B£ 
describe the isosceles triangle BFE having 
the sum of its sides BF, FE equal to the sum 
of BA, AE. Then (Afp. II. 18) the triangle 
B^E is greater than BAE, and (I. ax. 4) the 
pohrgon FBODE than ABODE. Hence the 
latter is not a maximum, and the same may 
be shown in a similar manner, unless the sides 
be all equal. 

SchoL Hence one requisite in constitating a polygon, of a 
given perimeter and a given number of sides, a maximum, is that it 
must be equilateral. 



Prop. XXL Theor. — If all the sides of a quadrilateral 
or polygon except one be given in magnitude, the figure 
mix m a maximum, when that remaining side is the 
diameter of a semicircle, and the figore is inscribed in that 
semicircle. 

Let ABODE be the^greatest polygon that can be contained by 
sides AB, BO, OD, DfTgiven in magnitude, and AE not given : 
AE is the diameter of a semicircle, and the angular points of the 
polygon are on the arc of th&t semicircle. 

Jom BE. Then, if ABODE be not a semicircle, and there- 
ibre ABE not a right angle, by making it a right angle, the tri- 
angle ABE < Afp. II. 19) womd be emarged, as wornd also the 
whole polygon, the ma^itude of the part 
BODE not being changed by a change in 
the angle ABE. If the polygon be a maxi- 
mum, therefore, ABE must l^ a right angle, 
and tiie segment ABE a semicircle. In the 
same manner it would be shown, by drawing 
lines irom and D to A and E, that AOE, 
ADE are right angles ; and the proof will be the same if there be 
six or any greater number of sides ; whence the truth of the propo- 
sition is manifest. 

Sehol, There is but one semicircle which will contain the maxi- 
mum polygon. For, suppose ABODE to be a semicu^le con- 
taining it ; the angles at its centre subtended by the chords AB, 
BO, (JD, DE, amount to two right angles, which would no longer 
be the case, were the radius m^e either greater or less ; as the 
triangles havine their vertices at the centre, and contained by the 
radii and the sides AB, BO, &c. would evidently have the magni- 
tudes of their angles changed. 

Schci. It is pmin that the area of the polygon will be the same 
in whatever order the sides are arranged ; as, however they are 
placed, they will cut off equal segments, and the polygon is the 
part of the semicircle remaining, when those segments are taken 
away. 4 
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Prop. XXII. Thkor. — ()f qnadrflaterak and polygons 
which ha^e their sides eqnaL each to each, the greatest is 
that which can be inscribed in a circle. 

In the rectilineal figures ABODE, FGHEIi, let the sides AB^ 
BC, CD, DE, E A be severaUr equal to FG, GH, HK, KL, LP, 
and let AD be inseribed in a cncle, bat FK not be c^>ab]e of be- 
inginscribed in one : AD is greater than FK. 

Drawthe diameter CM, and join AM, EM; eonstnict the tri- 
an^ FXL, haTing the sides 
FN, NL respeetir^ equal 
to AM, ME, so that (L 8) 
the triangles themselTes are 
equal, and join HN*. Then, 
by the preceding proposition, 
the figores CBAM, CDEM 
are respectiyehr greater than 
HGFN, HKlif ; and there- 
fore (L ax. 4) the polygon ABCDEM is greater than FGHKLN ; 
and, by taking away the equal triangles AMK, FNL, there remains 
the iigure ABODE greater than JraHKL. 

Cor. From this proposition and tiie twentieth it follows, that of 
polygons of the same number of sides, and of equal perimeters, the 
regular polygon is the greatest ; and that of quadrilaterals of equal 
perimeters, the greatest is the square. 

Prop. XXIII. Theor. — Of regular polygons which have 
equal perimeters, that which h^ the greater number of 
sides is the greater. 

Let AB be half the side of the plygon which has the less num- 
ber of sides, and BO a perpendicular to it, which will evidenth- 
pass through the centre of its inscribed or circumscribed circle 
let C be that centre, and join AC. Then, ACB will be the angle 
at the centre subtended by the half side AB. Make BCD equal 
to the angle subtended at the centre of the other polygon by half 
its side, and from C as centre, with CD as radius, describe an are 
cutting AC in E, and CB produced in F. Then, it is plain, that 
the angle ACB is to four right angles, as AB 
to the common perimeter ; and four right an- 
gles are to DC B, as the common perimeter to 
the half of a side of the other polygon, which, 
for brevity, call S : then, ex oequo, the ancle 
ACB is to DCB, as AB to S. But (VI. 33) 
the angle ACB is to DCB, as the sector ECF 
to the sector DCF; and consequently (V. 11) 
the sector ECF is to DCF, as AB to S, and, 
by division, the sector ECD is to DCF, as ^ -^ -^ 
AB — S to S. Now the triangle ACD is r 

gimter than the sector CED, and DCB is less than DCF But 
(VI. 1) these triangles are as then- bases AD, DB ; therefore AD 
has to DB a greater ratio, than AB — S to S. Hence AB, the 




^opj;; n.] jkFPEKDix 2Sd 

sum of the first and second, has to BB, the second, a greater ratio 
than AB, the sum of the third and fourth, has to S the fourth ;* 
and tiierefore (V. 10) S is greater than I>B. Let then BG be 
equal to S, and draw GH paraDel to DC, meeting FC produced 
in H, Then, since the angles GUB, DOB are equal, BH is the 
perpendicular drawn from the centre of the polygon haying the 
greater number of sides to one of the sides; and since this is 
greater than BC, the like perpendicular in the other pol^son, 
while the perimeters are equat it follows that the area oi that 
which has the greater number of sides is greater than that of the 
other. 

Pkop. XXIV. Theor. — A circle is greater than any 
regular polygon of the same perimeter. 

For, if a polygon P similar to the one Q proposed for compa- 
rison, be described about tiie circle : since the area of the cir- 
cumscribed polygon is eyidently equal to the rectangle under its 
perimeter and Imlf the radius, ana (Afp. I. 39) the area of the 
circle equal to the rectangle under its perimeter and half its 
radius; therefore (VI. 1) P is to C, as the perimeter of P to the 
perimeter of C, or of Q ; and (VI. 20) P is to Q in the duplicate 
ratio of a side of P to a side of Q, or (VI. 20, cor, 4) m the 
duplicate ratio of the perimeter of P to the perimeter of Q, 
Hence P is to a mean proportional between P and Q, as the 
perimeter of P to the perimeter of Q; and therefore (V, 11) P 
IS to 0, as P to a mean proportional between P and Q ; that is, 
< V. 9) C is a mean proportional between P iknd Q ; and (V. HJ 
Jiemg less than P, it is greater than Q, the polygon of equal 
perimeter. 

Sehol, Eveiy thing here proyed will eyidently hold equally 
regarding a cu-cle G, as compared with aofiv polygon Q of equal 

Serimeter, which is such that a circle can be inscribed in it; for 
^en a polygon P, similar to Q, can be described about 0. 

C(n: Hence it appears also, that a circle is a mean proportional 
between anv rectilmeal figure described about it, and a similar 
one of equal perimeter wi& the circle. 



I* This may be proved by dividing the first term t^ the second, and the third by 
th$ fourth, and adding unity to each quotient. See the Supplement to Booli V. 
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PROPOSITIONS. 

Prop. I. Prob.— Given the base of a triangle, the differ- 
ence of the sides, and the difference of the angles at the 
base ; to construct it. 

Make BO equal to the given base, and OBB equal to half the 
difEerence of the angles at the base : from G as centre, at a dia- 
tance equal to the difference of the sides, describe an arc cutting 
BB in D : join CB and produce it: make the angle BBA eqniu 
to BBA ; aBC is the required triangle. 

For (I. 6} AD is equal to AB, and the d^erence of AC, AD, 
or of AC, AB, is CD; and (Afp. L 6) since AD is 
eoual to AB, CBD is equal to half tiie difference rv^^ 
or the angles at the base. The triangle ABC. / ^vD 
therefore, is the one reouired, as it has its base equal A^'-'^^^N. 

to the given base, the oifference of its sides equal to ^^ ^ 

the given difEerence, and the difference of the angles 
at the base equal to tiie given difference of those angles. 

Method of Computation, In the triangle BCD, there are given 
BC, CD, and the angle CBD ; whence the angle C can be cmn- 

?nted ; and the sum of this and twice CBD is the angle ABC. 
*hen, in the whole triangle ABC, the angles and the side BC are 
g'ven ; whence the other sides may be c<Mnimted : or, one of them 
sing computed, the other will be found By means of the given 
difference CD. 

Prop. II. Prob. — Given the segments into which the 
base of a triangle is divided by the line bisecting the verti- 
cal angle, and the difference of the sides ; to construct the 
triangle. 

Construct the triangle C£D, having the sides CE, ED equal 
to the given segments, and CD equal to the given cUfference of 
the sides : produce CE, and make £B equal to ED ; bisect the 
angle BED by E A, meeting CD produced in A, and join AB : 
ABC is the required triangle. 

For, in the triangles AEB, AED, BE is equal 
to EDf EA conunon, and the angle BEA equal to 
DEA : therefore (I. 4) BA is equal to DA, and 
the angle EAB to EAD. Hence, ABC is the re- 
quired triangle; for CD, the difference of its sides, ^ 
IS equal to the given difference, and BE, EC, the segments into 
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which the base is diyided by the line bisecting the vertical angle, 
are equal to the given s^ments. 

Method of Computation, The sides of the triangle GD£ are 
given, and therefore its angles may be computed : one of which, 
and the supplement of the other are the angles and B. Then, 
in the triangle ABO, the angles and BC are given, to compute 
the remaining sides. 

Otherwise : — Since (VI. 8) CE : EB : : OA : AB, we have, 
by division, CE — EB : EB :: OA— AB : AB; which, thei'e- 
fore, becomes known, since the first three terms of the analogy are 
given ; and thence AC will be found by adding to A]^ the given 
difference of the sides. 

Prop. III. Prob. — Given the base c^ a triangle, the 
vertical angle, and the difference of the sides ; to construct 
the triangle. 

Let MNO be the ^ven vertical angle; produce ON to P, and 
bisect the angle MNP by NQ. Then, make BD equal to the 
difierence of the sides, and the angle ADO equal u 

to QNP ; from B as centre, with the ^ven base ^ I 

as radius, describe an arc cutting DO m ; and Xj 

make the angle DCA equal to ADO : ABO is p ^ o 

the required triangle. For (const.) tlie angles ^ 

AOD, ADO are equal to MNP, and therefore p 

(L 32, and 13) the angle A is equal to MNO. 

But (1, 6) AD is equal to AO, and therefore BD 

is the difierence of the sides AB, AO ; and the 

base BO is equal to the given base : wherefore ABO is the triangle 

required. 

Me^u>d of Computoition, In the triangle OBD, the sides BO, 
BD, and the andie BDO, the supplement of ADO or MNQ are 
given; whence me other angles can be computed. The rest of 
the operation will proceed as in the first proposition of this book. 

Prop. IV. Prob. — ^Given one of the angles at the base of 
a triangle, the dif^rence of the sides, and the di£GBrence of 
the segments into which the base is divided by the line 
bisecting the vertical angle ; to constrnct the triangle. 

Oonstruct the triangle DBO, having the angle B equal to the 
given angle, BD equcu to the difierence of tne sides, and BG 
equal to uie difference of the segments ; draw 
DO perpendicular to DG, and meeting BG pro- 
duced in 0; produce BD, and make the angle 
DOA equal to ODA : ABO is the triangle 
required. For it has B equal to the given 
angle, and Ihe difference of its sides BD equal 
to the given difference : and if A HE be drawn bisecting the angle 
BAO, it bisects (I. 4) OD, and is perpendicular to it: it is there- 
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fore parallel to DG, one side of the triangle ODG- ; and, bisectliig 
CD in H, it also (VI. 2) bisects GO in E. Hence BG, the differ^ 
ence of BE, GE, is also the diffei^ence of BE, EC, the segments 
into which the base is diyided by the line bisecting the vertioal 
angle. 

Method of Computathn, In the triangle DBG, BD, BG, and 
the angle B are given^ whence (Tris;. 3) we find half the difter^ 

' ' ;h is equal to half the an^ ' 

rle 





whence the sides e and b become known, and thence BC by the 
first case. ' 

Prop. V. Prob. — Given the base of a triangle, the ver- 
tical angle, and the sum of the sides ; to constrnct it. 

Make BD equal to the sum of fhe sides, and the angle D equal 
to half the vertical angle; from B as centre, with the base as 
radius, describe an arc meeting DC in C ;t and make the ao^e 
DC A equal to D ; ABC is the required triangle. 

For (L 6) AD is equal to AC, and therefore 
BA, AC are equal to BD, the given sum. Also o 

(L 32) the exterior angle BAU is equal to the ^^^ 

two D and ACD, or to the double of 1), because _ 
D and ACD are equal: therefore, since D is B 
half the given vertical angle, B AC is eaual to 
that angle. The triangle ABC, thererore, has its base equal to^ 
the given base, its vertical angle equal to the given one, and the 
sum of its sides equal to the given sum : it Ib therefore the triangle 
required. 

Method of Computation, In the triangle BDC, the angle D, 
and the sides BC, BD are given : whence the I'emaining angles 
can be computed : and then, in the triangle ABC, the angles and 
the side BC are given, to compute the other sides. 

Prop. VI. Prob. — Given the vertical angle of a triangle, 
and the segments into which the line bisecting it divides the 
base ; to construct it. 



• For (I. 32) BE A = i A + C. and consequently BE A — | A = C. But (I. S9) 
B6D = BEA, and BD6 = B A£ =: ^ A ; and therefore B6D — BDG = C. 

t Should the circle neither cut nor touch DC, the problem would be impoesibto " 
with the proposed data. If the circle meet DC in two points, there will be t#o 
triangles each of which will answer the conditions of the problem. These trian- 
gles, howcTer, wiU differ only in position, as they will be on equal bases, and will 
hare their remaining sides equal, each to each. This problem might also be solved 
by describing (III. 33) on the given base BC a segment of a circle containing aaa 
angle equal to half the vertical angle; by inscribing a chord BD equal to the sum' 
of the sides ; by Joining DC ; and then proceeding as before. The construction 
given above is preferable. 
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In the Etraight line BC. take BH and Cli equal to the ae^- 
mants of tiie base ; on BC describe (III. 
SS) the segment BAC containing on angle 
equal to Uje vertical anj«Ic, and complete 
the circle; bisect the arc BEC in E; draw 
EHA, and jom BA, CA ; ABC ia the 
required triangle. For (III. 27) the angles 
BAH, C AH are equal, because the area BE, 
HC are equal : and therefore the triangle 
ABC mamfbstlj answers the conditions of 
the question.* 

Mettiod of CommOation. Join BE, and draw ED perpendicular 
to BC. Then BD or DC is half the sum of the seements BH, 
UC, and DH half Uieir difference ; and BD is to Dil, or twice 
BD to twice DH, as tanDBB to tanDER Now it is eaay to 
show that BED is half the sum of the angles ABC, ACB, and 
HED half their difference ; and therefore these angles become 
known ; and BC being given, the triangle ABC is then resolved 
by the method for the nret case. 

Cor. Hence, we have the method of solving the problem in 
whigh Ae base, the vertical ant/U, and the ratio of the siaet of a tri- 
angh are given, to cojtalruct it. For (VI. 3) the sides being pro- 
portional to the segments BH, HC, it is only necessary to divide 
the given base inUi segments proportional v> the sides, and then 
to proceed as above. 

Prop. VII, Pros. — Giren the base, the perpendicular, 

and the vertical angle of a triangle ; to construct it. 

Make BC equal to the ^ren base, and (IIL 33) on it describe 
a segment capable of contaming an angle 
eijuiJ to the vertical angle; draw AG 
parallel to BC, at a distance fi'om it equal 
to the given perpendicular, and meeting 
the arc in A; join AB, AC ; ABC Is 
evidently the tnangle required. 

Method of CompiOation. — Draw the 
perpendicalar AD, and parallel to it draw 
LGHK through the centre F ; join BF, 
AF, AK. Now, sine* AK evidenUy 
bisects the ande BAG, the an^e KAD 
or K is (App.1. e) equal to htdf the diflerence of tlje angles ABO 




Iirindpla ( VI. 3) that BA : AC : ; BH : BC. For ir ■ ti 

baviug its vcrtiool vigle eqiul b> the given one, utd Uie Bid« 
the f^iv^n spgiuBdU, or baving the ume ruio, Out triangle 



id CH Kf- 

beoMiintdV tt>e 
bngle be conAtruGted 



in nAy be obt^ned from prDposltlon G of tbe ilxth book ; bi 
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ACB, and therefore (ILL 20) AFG- is the whole difiEerenee of these 
aiigles. Then, m the right-angled triangle BHF, the angles aad 
BH being known, FH can be compute; from which and from 
AD or GH, FG becomes known. Now, to the radius BF or AF, 
FH is the cosine of BFH or BAG, and FG the cosine of AFG; 
and therefore FH : FG : : oosBAC : cosAFG. Hence the angles 
ABC, ACB become known, and thence the remaining sides. 

Schol. Should the parallel AG not meet the circle, the solution 
would be impossible, as no triangle could be constructed having 
its base, perpendicular, and yertical angle of the given magnitudes. 
If the parallel cut the circle, there will be two triangles^lther of 
which will answer the conditions of the question. They will 
differ, however, only in position, am their sides will be equal, each 
to each. K the parallel touch the circle, there will be only one 
triangle ; and it will be isosceles. 

PftOP. VIII. Pbob. — Given the base of a triangle, the 
yertical angle, and the radius of the inscribed circle; to 
construct the triangle. 

Let GHK be the given angle; produce GH to L, and bisect 
LHK by HM: on the given base BO describe (IIL 33) the Mo- 
ment BDG, containing an angle equal to GHM: draw a straight 
line parallel to BC, at a dist^ce equal to the given radius^ and 
meetmg the arc of the segment in D : join DB, DC ; and make 
the an^es DBA, DCA equal to DBG, I)GB, each to each: ABC 
is the required triangle. 

Produce BD to E, and draw DF perpendicular to BC. Then, 
since (const.) the angle BDG is equal to GHM, the two DBC, 
DCB are equal (I. 32 and 13) to LHM, and 
therefore (const.) ABD, ACD are equal to 
KHM. But (L 32) BDG is equal to BEG, 
EGD, or to BAG, ABD, ACD, because 
(I. 32) BEG is equal to BAG, ABD. 
Therefore BAG, ABD, ACD are equal to 

GHM: from the former take ABD, ACD, 

and from the latter ELHM, which is equal b v c 

to them, and the remainders BAG, GUK are equal It is plain 
also (L 26) that perpendiculars drawn from D to AB and AC, 
would be each equal to DF ; and therefore a circle described from 
D as centre, with DF as radius, would be inscribed in tl^ triangle 
ABC ; and BC being the given base, and A being equal to uie 
given vertical angle, ABC is the required triangle. 

The method of confutation is easily derived firom that of the 
preceding proposition. 

Schol, Should the parallel to BC not meet the arc of the seg* 
ment, the solution would be impossible, as tiiere would be no 
triangle which could have its base, its vertical angle, and its in- 
scribe circle of the ^ven magnitudes. K the paralld be a tangent 
to the arc, the radius of the inscribed circle would be a maxi- 
mum. Hence, to solve the problem in which the base and thct 
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vertical angle are given, to oonstniet the triangle, so that the 
inscribed circle may be a maximum, describe the segment as be- 
fore, and to find D bisect the arc of the segment. The rest of the 
construction is the same as before ; and the triangle will evidently 
be isosceles. 

Peop. IX. Prob. — Given the three lines drawn from the 
vertex of a triangle, one of them perpendicular to the base» 
one bisecting the base, and one bisecting the vertical angle ; 
to construct the triangle.^ 

Take any straight line BC and draw DA perpendicular to it, 
and equal to the given perpendicular ; from A as centre, with 
radii equal to the lines bisecting the vertical angle and the base, 
describe arcs cutting BG in E and F, 
and dtaw AEH and AF; through F 
draw OfFB. perpendicular to BO, and 
draw AG making the angle HAG equal 
to H, and cutting HG in G: from G as 
centre, with GA as radius, describe a 
eirele catting BC in B and C : join AB, 
AC : ABO is the triangle reqmred. 

Foe (III. 8) since GFH is perpendicu- 
lar to BO, BO is bisected in F; and 
(III. 30) the arcs BH, HO are equal. 
Therefore (III. 21) the angles BAH, 
OAH are equal. Hence, in the triangle ABO, the perpendicular 
AD, the line AE bisecting the vertical angle, and the line AF 
bisecting the base, are equal to the given lines. Therefore ABO 
is the triangle required. 

Sehol. If the three given lines be equal, the proUem is indeter- 
minate ; as any isosceles triangle, havmg^ its altitude equal to one 
of the given lines, will answer the conditions. 

Method of Comput(xHon, Through A draw a parallel to BO, 
meeting HG OToduced in K. Then, in the right-angled triangle 
ADE, AE, AD being given, DAE, or H, may be compute ; 
the double of which is AGK : and AK or FD being given, AG, 
GK can be found, and thence GF. Hence, if GB were drawn, 
it and GF beuog known, BF, and the angle BGF, or BAO, can 
be computed. The rest is easy ; DAE, half the difference of B and 
0, being known. 



* Analyris. Let ABC be the required triangle, AD the perpendicular, and AE, 
AF the linet biaeoting the yertleal angle and the base. About ABC describe 
(IV. 5) a circle, and join its centre 6, with A and F, and produce OF to meet the 
circumference in H. Then (III. 3) GFH is perpendicular to BC, and (III. 30) 
th« aros BH, HC are equal. But (III. 26) the equal angles BAE, GAE at the 
cxreumfarence stand on equal arcs ; and therefore AE bdbag produced, will also 
pass through H: and the point H, and the angle GHA and its equal HAG are 
given. Hence also the centre G and the circle are given, and the method <rf solu- 
tion is plain. 

N 
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PliOF. X. PliOB. — Gi^cn the base of a triangle, the 
▼ertical angle, and the straight line bisectiDg that angle ; 
to construct the trian^e.^ 

On the gfren bue BC deacribe (IIL 33) the aeginent BAO 
capable of cnntahriiig an an^ equal to the giren vertical am^e^ 
aadcomiMetiiedrde; bisect tfaean: BEG in £, and jom B€ ; 
peqwodicolar to tiiia^ draw CF equal to half the Ime biaeetmg the 
veitieal ang^ and from Faa centie, 
with FC aa radios, describe the circle 
CGH, cutting the straight line pasomg 
throiiii^ £ and F in G and U ; make 
£D equal to EG, and draw EDA; 
Uutly, join AB, AC, and ABC is the 
reqcired triangle^ 

For the triimgles CEA, CED are 
equiangular, the an^ CEA bdng 
common, and BCE, CAB b^iu^each 
equal to BAE. Therefore A£ : EC :; EC : ED, and (VI. 1Y> 
A£ J:D=EC'. But (in. is andse) HE.EG or H£.ED=:£C*; 
and therefore AEJElD=r HE.ED ; whence AE =rHE, and (I. ax. 3) 
ADr=GH=2CF. AD is therefore eaual to the ^fen biseetii]« 
line, and it bisects the angle BAC. Henoe ABC is the reqniied 
trian£^. 

Method of CommOaiion, Draw EL perpendicular to BC, and 
joinCH. ^Then BCE is equal to BAE, half the Tertical angle A; 
and therefoie, to the radius EC ; CL is the cosine of | A, ana CF 
is the tangent of CEF to the same i^dius: wherefore, to any 
radius, C£ : CF, or BC : AD : : cosJA : tan CEF or cotEFC ; 
and hence the angle H, being half of EFC, is known. Also ECH 
is the complement of H, because ECF is a right angle, and FCH 
equaltoH. But (Afp. IIL 2) EC : EHorEA :: sinH : sinECH, 
or cosH; or (Afp. IIL defs. cor. 6) EC : £A :: R :cotH. Also 
in the triangle ACE, EC : EA :: sin^A : sinACE ; whence (V. 
11) R : cotH :: sin^A : sinAQE; whence ACE may be found; 
and if from it, and frxim ABE, its supplement (BE being sup- 
posed to be joined) BCE be taken, the remainders are the angles 
at the base. 



• Jnatytu. Let ABC be the required trUngle, and let AD, the line Ueectliig 
the vertical ancle, be prodaced to meet the drenmflBrence of the eircomectibed 
circle in E ; Join aleo EC. Then (III. 33) the circomacribed drele is given, since 
the beae and vertical angle are given; and the arc BBC is given, as are also its 
half EC, and the chord EC. Now the triangles AEC, DEC are eqniangwlar; Ibr 
the angle CEA is common, and (III. 31) BCE is eqnal to BAE or EAC Henoe 
A K : EC : : EC : ED. and therefore AE.ED= EC>. Henoe (III. 36) it is evident 
that if EC be made a tangent to a circle, and if throogh the extremitj of the tan- 
gent a line be drawn cutting the circle, so that the part within the cirde may 
tie eanal to AD, D£ will be equal to the external part: whence the construction is 
manifeet. 
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Pkqf. XI. PaoB. — To draw a line parallel to a given 
stEaight line* such that the part of the parallel intercepted 
between two other straight lines given in position, maj 
have a given ratio to the perpendicular distance between 
the two parallels. 

Let AB be a given straight line falling on two other friven 
straight lines AC, BO ; it is required to draw a parallel to AB, 
such that the part of it between AC, 
BC may have a given ratio to the per- 
pendicular distance bet^i^een AB and 
theparalleL 

Through C draw OG perpendicular 
and CD parallel to AB, and take CD 
to CG in the given ratio ; draw AED, 
and through £ draw EF parallel to 
AB: EF is the line required. 

Draw FH parallel to CG. Then, in 
the similar triangles, ACD, AFE, and 
A€G, AFH, CD : C A : : FE : FA, and 

CA : CG : : FA : FH; whence, ex »quo, CD : CG :: FE : FH. 
FE, therefore, has to FH the given ratio, and it is parallel to AB. 

Sehol. 1. If DC be produced, and CD' be taken equal to CD, 
and if AD'E' be drawn, the straight Une E'P parallel to AB, 
would be proved in the same manner, to have the given ratio to 
its perpendicular distance from AB: it therefore equally answers 
the conditions of the problem. If, however, CD' be equal to AB, 
the second solution is inadmissible, as (L 83) Aiy, Bu would not 
meet. If CD' be greater than AB, E'F will be on the other side 
ofAB. 

Sehol. 2. If CD, CG, and consequently FE, FH, be equal, 
and if a parallel to FH were drawn through E, the figure EH 
would be a square ; and we have thus the means of solving the 
problem in which it is required to inscribe a aqruire in a given tri- 
anaUf having one of its sides on an assigned side of the' triangle. 
Now, since AB is to FE, and CG to CK, as CA to CF, we have 
AB : FE :: CG : CK; whence, alternately, and by inversion, 
CG : AB : : CK : FE, and, by composition, AB+CG : AB : : 
CK-f-FE : FE; that is, in case of the inscribed square, AB-f- 
CG : AB : : CG : FE ; and, therefore, the side of the inscribed 
square is a fourth proportional to the sum of the base and perpen- 
dicular, and to the base and perpendicular themselves. 

It would be proved in a similar manner, that when CG, CD' 
are equal, E'F' would be a fourth proportional to the difference 
of the base and perpendicular, and to the base and perpendicular 
themselves. 

Ccw. BE' is divided harmonically (App. I. 29) in C and E. 
For DD', a side of the triangle ADiy, is bisected in C, and AB 
is drawn through A parallel to DD'. It would be shown in a 
similar manner, that AF' is divided harmonically in F and C. 
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PftOP. XII. Fbob. — Giveii the straiglit liiies dimvn from 
the three angles of a triang^ to the points of bisectioa of 
the opposite sides; to oonstnict the trian^e. 

Trueet the three gnren lines, and describe the triai^^ ABC 
haying its three sides respeetiydy eanal to two thiru of the 
three giren lines ; complete the panUtelogTam AB£C, and draw 
the d&eonal AK; mxidiioe auo CB, 
makmg^BF eamd to BC ; and ioin FA, 
F£ : AFK is toe required triangle. 

Prodooe AB, £B to G, £ Thai, 
(IL B, oor.) A£, BC bisect each other in 
D, and, therefore, FD is equal to one of 
the giren lines, for BD is one thnd of it, 
andTB two thirds. Again, because FB, 
BC are eqnal, and HB paiaUel to AC, 
FA is bisected in H, and HB is half of AG w BE. Hence, H£ 
is equal to another of the giren lines, and it bisects FA. In the 
same manner it would m prored, that AG is eqoal to the re- 
maining line, and that it bisects FE. Hence FAJS is the triangle 
reqnired. 

Method of Comfffutation. BD, which is a third of one of the 
given lines, bisects AE, a side of the triangle ABE, in which the 
sides AB, BE are respeetiyelytwo thirds of the two remaining 
Imes. Then (H. A) 2AD'=iB»+BE'— 2BD"; whence AD, and 
consequently AE may be found: and ia the same manner the 
other sides may be computed. 

Peop. XIII. Pbob. — Given the three perpendicnlars of 
a triangle ; to construct it. 

Let A, B, C be three given straight lines ; it is required to de- 
scribe a triangle having its three perpendiculars respectively equal 
to A, B, C. 

Take anv straight line D, and describe a triangle EFG, having 
the sides FG, FE, EG third propor- 
tionals to A and D, B and D, C and 
D; and draw the perpendicnlars EH, 
GL,FK. 

Then the rectangles FG.A, EF.B 
are equal, each being equal to the 
square of D ; and therefore EF : FG :: 
A : B. But in the similar triangles 
EHF, GLF, EF : FG :: EHTGL; 
wherefore EH : GL : : A : B ; and in 
the same manner it would be proved, 
that EH : FK :: A : C. Hence (V. U) 
if EH be equal to A, GL is equal to 
B, and FK to C; and EFG is the tri- 
angle required. 

But if EH be not equal to A, make EM equal to it, and draw 
NMO parallel to FG, and meeting EF, EG, produced, if neoes- 



A 

B 
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flMiTT, in N and O : ENO is the regoired triangle. Draw OP per- 
pendicular to EN. Then EM : EH : : EO : EG, and OP : Gti : : 
EO : EG ; whence (V. 11, and alternately) EM : OP : : EH : GL ; 
or, by the forej^oing part, EM : OP : : A : B ; wherefore (V. 14) 
since EM is e^ual to A, OP is equal to B ; and it would be 
proved in a similar manner, that the perpendicular from N to EO 
IS equal to C. 

Method of Computation, By diTidine any assumed number 
successively by A, B, C, we fiinl the sides oi the triangle EFG, 
and thence its angles, or those of ENO ; whence, since the perpen- 
dicular EM is given, the sides are easily found.* 

Prop. XIV. Pbob. — Given the sum of the legs of a 
right-angled triangle, and the sum of the hypotenuse, and 
the perpendicular to it from the right angle ; to construct 
the triangle. 

Let the sum of the legs of a right-aneled triangle be equal to 
the straight line A, and the sum of the hypotenuse and perpendi- 
cular equal to BC : it is required to construct the triangle. 

Find (L 47, cor. 3) a straight line the square of which is equal 
to the excess of the square of BC a 

above that of A, and cutoff BD equal 
to that line; on DC as diameter de- 
scribe a semicircle, and draw EF 
parallel to DC at a distance equal 
to BD ; join either point of inter- 
section, E, with D and C: DEC is 
the required triangle. 

Draw the perpendicular EG, which (const.) is equal to BD. 
Then (H. 4) BC* or A*-fEG«=(DC+EG)»=DC»-f EG»+ 
3DCJ1G; whence A»=DC^+2DC.EG. Also (DE-f-EC)»= 
DE»-f-EC*4-2DE.EC = DO* + 2DC.EG, because (HI. 31, 
and L 47) DC"=rDE"+EC», and DC.GE=DEJEC. each being 
equal to twice the area of the triangle DEC. Hence (DE-f EC )*= 
A>; wherefore (L 46, cor. 8) DE+EC =A; and DEC is the tri- 
angle required. 

Method of Computation, From the construction, we have BD 
or EG = V(BC«— A»). Then DC= BC— BD ; by halving which 
we get the radius of the semicircle : and if from the square of the 
radius drawn from E, the square of EG be taken, and if the 
square root of the remainder be successively taJcen from the 
radius, and added to it, the results will be the segments DG, GC ; 
from which, and frY>m EG, the sides (I. 47, cor. 1) are readily com- 
puted. 



* 0r» when the sides <rf EFO are found, its perpendicular EH may be computed 
in the manner pointed out in the note to the 13th proposition oS the second book. 
Then EH : A : : FG : NO :t EF : BN : : EG : KO. 
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Paop. XT. Pbob. — Grren the base of a triaD^^, the 
perpendicnlar, and tbe difoence of the sides; to cooi^niet 

Make AB equal to the giTen heae^ and parallel to it dra^ CI>9 
at a dliitimrti equal to the gifen per- 
pendiciilar: draw BDF porpoidieii- 
kr to CD, and make DF equal U> 
BB : firam A aa eeotre, with a ndios 
A£ equal to the ^rcn dUfet mce, 
deacribe the circle ^LX; throogfa 
B, F deMiibe any tawdit cattnur 
£LN in L. X, and fet 6 be the 
point in which a strait line dbrawn 
throogh L, N cots FB prodeepd; 
draw the tangent 6K, and draw 
AKM cutting CD in M; join BM; 
and it iseTiden^ finom the first corol- 
lary to the Moond proposition of the 
aeeond book of this Appendix, that 
AMR is the required triangle. 

MgtkodofComjmiatiim, From M as centre, with MK as radios 
describe a drde, and by the coroDary referred to, it wfll paaa 
throni^ B and F. Join AG, and produce BA to H. Then the 
rectragle FG.GB^AG* — AK*, each beiiu^ equal to the square 
of GK; that is, FB.BG+BG*=AB»-|-BG»— AK". Take away 
BG»; then FB.BG=AB«— AK«=(AB-f AK)(AB— AK) = 
UB.EB. Hence BG becomes known. Then, in the two rigbt- 
angied triao^es GBA, GKA, the ancdes at A can be oomputed, 
and thdr dirarenoe is the angle MAB in the regoired triangle. 
The rest is easy, if the perpendicular from M to AB be drawn. 

Prop. XVI. Pbob. — GiTCn the base, the area, and the 
ratio of the sides of a triangle ; to construct it. 

Let AB be the giyen base, and (VL 10, and schoL) find the 
points C, D, so that AC, CB and AD, DB are in the ratio of the 
sides; on CD as diameter describe 
the semicircle CED, and (L 45, cor.) 
to AB apply a parallelogram BF 
doable of the given area; let FG, 
the side of this opposite to AB, pro- 
duced if necessary, cut the semicvcle 
in E, and join E A, EB : EAB is 
the required triangle. 

For (VL G, cor.) AE is to EB, as AC to CB ; that is, in tbe 
given ratio. Also (L 41) AEB is half of the parallelogram BF, 
which is double of the given area. Therefore a!eB is on the grroi 
base, is of the given area, and has its sides in the given ratio.* 




* See tbe Notes at the end of the volnme. 
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Schol. If FG, or FG- prodaced, do not meet the semicircle, the 
problem is impossible : if it cut it in E and E', there will be two 
triangles essentially different, each of which will answer the con- 
ditions of the problem : if it touch the semicircle there will be only 
one triangle, and it will be the sreatest possible with the base of 
the given magnitude, and the sides in the given ratio ; and hence 
we have the means of solving the problem in which it is required 
to construct a triangle on a given base, having its sides in a given 
raim<t cand its area a maximum. 

Method of ComputaUon, Join the centre H with E, and draw 
the peipendicular EK. Tben, let m : n :: AC : GB, and conse- 
aaently mm".'. AD : DB ; then, from these, by composition and 
aivision, we get m'\-n : n : : AB : CB^ and m — n : n : : AB : 
DB ; whence DC and its half, the radius of the circle, become 
known. ER also is found by dividing double of the area by AB. 
Then, in the triangle EKH,*KH can be found, and thence AK 
and KB ; and, by means of them and EK, the sides E A, EB may 
be computed. It E' be taken as the vertex, the method of compu- 
tation is almost the same, and is equally easy. 

Prop. XVII. 'Prob. — Given the base of a triangle, the 
vertical angle, and the rectangle of the sides ; to construct 
it 

On the given base describe a segment containiiu[ an angle equal 
to the given angle ; to the diameter of the circle of which this seg- 
ment is a part, and to the lines containing the given rectangle, find 
a fourth proportional : this proportional (vl. D) is the perpendicu- 
lar of the triangle ; and the rest of the solution is efiect^ by means 
of the seventh proposition of this book. 

Prop. XVIII. Prob. — To divide a given triangle into 
two parts in a given ratio, bj a straight Hne parallel to one 
of the sides. 

Let ABC be a given triangle; it is required to divide it into two 
parts in the ratio of the two straight lines, m, n, by a straight line 
parallel to the side BG. 

Divide (VL 10) AB m G, so that BG : GA 
\i m I n, and between AB, AG find (VI. 13) a 
the mean proportional AH ; draw HK parallel y\ 
to BO; AJBCf is divided by HK in the manner y^ \ 
required. 9^^- V^ 

For (VL 19, cor.) since the three straight ^ \ 

lines AB, AH, AG are proportionals : AB is ^ 

to AG, as the triangle ABC to AHK ; whence m 

by divifflon, BG is to AG, or (const) m is to n, „ 

as the quadrilateral BCKH to the triangle 

AHK. 

In practice, the construction is easily and elegantly effected, 
when the triangle is to be divided either into two or moi-e parts 
proportional to given lines, by dividing AB into parts propoilional 




to thooe lines, and tfaroofl^ the pomti of sectioa drawing perpen- 
dicalan to AB, cat&ag we arc of a aemicircie deseribed on AB 
as diameter: then by taJdnc lines on AB, terminated at A, and 
sererallT equal to the ehosds drawn from A to the points of leo- 
tion of the are, the points on AB wiU he obtained thiov^ which 
the parallels to BG are to be drawn. The reason is en&nt from 
the foiefifoin^ proof, in connexion with the corollary to the eighth 
proposition ra the nxth book. 

Prop. XIX. Prob. — To divide a given triangle into 
two parts in a given ratio, bj a straight line par^Iel to a 
given straight line. 

Let ABC be a given triangle, and D a giren straight line ; it 
is required to divide ABC into parts in a given ratio, by a straight 
line parallel to D. 

Divide AB in E, so that A£, £B may be in the given ratio, and 
draw EF parallel to D ; take BG a mean 
proportional between BF and BC, and 
draw OH parallel to EF: GH divides 
ABC in the manner required. 

Join EC. Then (VL 19, cor.) BF : BC 
: : BFE : BGH, and (VL 1) BF : BC : : 
BFE : BCE ; wherefore BFE : BGH : : 
BFE : BCE ; and therefore BGH is equal 

to BEC; and consequently the remainders AHGC, AEC are 
equal But (VL 1) BE : EA :: BEC : AEC; therefore also 
BE : EA : : BGH : AHGC. 

Should the point H not be in BA, but in its continuation, let 
CA, and not JBA, be divided in the given ratio, and the rest of 
the construction will continue the same, the point C being used in- 
stead of B. 

Prop. XX. Prob. — To divide a triangle into two parts 
in a given ratio, by a straight line drawn through a given 
point in one of the sides. 

Let ABC be the ffiven triangle, and D the given point ; and 
let AE be to EB in &e given ratio ; join DC, 
draw EF parallel to it, and join DF : ABC is 
divided by DF in the given ratio. 

Join EC. Then (L 37) the triangles EFD, 
EFC are equal ; to each addBEF ; &en BDF, 
BEC are equal ; and taking these separately 
fifom AB C, the remainders ADFC, AJE C are equal. Now ( VL 1 ) 
CEA, CEB are in the ratio of AE to EB, that is, in the given 
ratio ; and therefore ADFC, BDF are also in the given ratio. 

Prop. XXI. Prob. — From a given point in one of the 
sides of a given triangle, to draw two straight lines trisect- 
ing the triangle.' 
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Let ABC be the giyen triangle, and D the giren pomt ; then, 
if BD be not less than one thirdof BO, to BD, ^ 

to a third part of BC, and to the perpendicular y^ 

firom A to BO, find a fourth proportional, and 3^ 

at a distance equal to it draw a parallel to BO, 
cnttinfi^ BA in E, and join ED : the triangle 
BED is evidently (VI. 16, and L 41) a third ^ 
part of ABO : and ODF will be constructed in a similar manner, 
if OD be not less than a third of BO. 

11 DO, one of the segments, be less than a third of BO, the 
triangle BDE is constructed as before, but the 
rest of the preceding solution fails, as the 
second parallel would fall above the triangle. 
In this case, take EG equal to EB ; then, if 
DG- be joined, the triangle ABO is trisected by 
DE, DG. 

Schdn It is easy to see that this method may 
be readily eztenaed to the division of a triangle into more equal 

Earts than three, or into parts proportional to given magnitudes, 
y straight lines drawn from a given point in one of the sides. 

Prop. XXII. Prob. — To divide a given quadrilateral 
into two parts in a given ratio, bj a straight line parallel to 
one of its sides. 

Let it be required to divide the Quadrilateral ABOD into two 
parts in a jriven ratio, by a straight hne parallel 
to the side^O. 

Produce BA, OD to meet in E, and (I. 45) 
describe a rectangle equal to ABOD. Let FG, 
a side of that recuuigle, be divided in H, so that 
• FU is to HG as the required part next BO to 
the other part ; and to one of the adjoining sides 
of the same rectangle, apply (I. 44) a rectangle _, _. _ 

eoual to the triangle ADE. Let GK be aside ^ ^ 

01 the latter rectangle ; and (Afp. IV. 18) draw 
LMjparallel to BO, dividing the triangle EBO, so that ELM : 
LBC&f : : KH : HF ; LM obviously dmdes the quadrilateral in 
the ffiven ratio. 

Ir BA, OD be parallel, the foregomg solution fails. In that ease, 
the solution is effected simply by desenbinff (1. 44.) on BO a paral- 
lelogram equal to the one on FH, and naving two of its sides 
coinciding with BA, OD. 

Prop. XXIII. Thbor. — K the sides of a right-angled 
triangle be oontinaal proportionals, the hypotenuse is divided 
in extreme and mean ratio by the perpendicular to it from 
the right angle ; and the ^eater segment is equal to the 
less gr remote side of the triangle. 

Let ABO be a triangle right-an^ed at A, and let AD be per- 
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pendiculur to BC ; then if OB : BA : : BA : AC, BC ifi divided 
in extreme and mean ratio in D, and BD is equal 
to AC. 

For (hyp.) CB : BA : : BA : AC, and (VI. 8, 
cor.) CB : BA : : B A : BD ; therefore BA : AC 
: : BA : BD, and AC is equal to BD. Again, 
(VL S^cor.) BC : CA : : CA : CD,or BC : BD : : 
BD : DC, and therefore (VI. defl 3) BC is divided in extreme and 
mean ratio in D. 

Schol, Conversely, if BC : BD : : BD : CD, and if BAC be «k 
right an^le, and DA perpendicular to BC ; CB : BA : : B A : AC, 





therefore BD is equal to U A. Again, (VL 8) CB : BA : : BA : 
BD or AC. 

Prop. XXIV. Pbob. — Given the angles and diagonals 
of a parallelogram ; to construct it. 

On one of the diagonals describe a segment of a circle contain- 
ing an angle equal to the given angle at either extremit}r of the 
other ; from the middle point of this diagonal as centre, with half 
the otber diagonal as radius, describe an arc cutting the arc of the 
segment; through the extremities of the first diagonal draw four 
straight lines, two to the intersection of the arcs, and two pari^lel 
to these: tiie parallelogram thus formed is easily proved to be 
the one required. 

Prop. XXV. Pbob. — Given the vertical angle of a tri- 
angle, and the radii of the circles inscribed in the parts into 
which the triangle is divided by the perpendicular ; to con- 
struct the triangle. 

Take any straight line ABC, and through any point B draw 
the perpendicular BD ; make BA, BC equal to the given r^dii, 
and let E, F be the angular points, remote from B, of squares 
described on A3, BC ; join £F, and on it describe the segmeDt 
£DF, containing an angle equal to half 
the given verticiu ande; let the perpendi- 
cular cut the arc EDF in D, and join D£, 
DF; draw DO, DH making the angles 
EDG, FDH respectively equal to EDB, 
FDB ; DGH is the required triangle. 

For (L 26) perpendiculars drawn from E 
to DB, DG are eaual, and each of them is 
equal (const.) to tne perpendicular from E 
to GB. Each of them therefore is equal to 
the given radius AB, and a circle described 
from E at the distance of one of these is inscribed in the triaoele 
DGB. Tn the same manner it would be shown, that a circle ae- 
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Bcribed from F as centre, with the other given radios, would be 
inscribed in DBH. Hence, since the angle GDU. is doable of 
EDF. GDU is equal to the given vertical angle, and the triangle 
GDH answers the conditions of the question. 

JSchoL The preceding solution is strictly in accordance with the 
enunciation, taken in its limited sense. There will be interesting 
variations, however, if we regard the eiven circles, not merely as 
ifiscribed, but as those which touch all the sides of each or the 
right-angled triangles, either internally or externally. These 
variations will be obtained, by giving the squares on the radii 
every ])ossible variety of position m the four nght angles formed 
by the intersection oi AC, DB ; and the solution will obtain com- 
plete generality by taking into consideration both the points in 
which^D cuts the circle of which EF is a chord. 

Peop. XXVI. Pros. — To bisect a given rectangle by 
two straight lines parallel to two of its adjacent sides, an^ 
equally distant from them. 

Let ABCD be ihe rectangle, and AG one of its diagonals ; find 
(IV. 4) E the centre of the circle inscribed in the triansie ABC, 
and through E draw EKF, ELG parallel to B A, BC : these bisect 
the reotimgle. 

Draw EH perpendicular to AC. Then the 

triangles AFK, EHK are equiangular, and k r 5? 

the aide AF, being equal to tne radius of the ^^ ' ' 

inscribed circle, is e^ual to EH. Hence ( 1. 26 ) 

the triangles AFK, EHK are equal : and it 

would be proved in a similar manner, that 

CGL, LHE are equal; and consequently the 

two AFK, CGL are equal to KEL. From the " ^ 

triaxK?le ABC take KEL, and to the remamder add AFK, CGL ; 

and from ADC take AFK, CGL, and to the remainder add KEL: 

then (L ax. 3, and 2) the figure ABCGEF is equal to the rectangle 

FG ; that is, the given rectangle is bisected by £IF, EG. 

Prop. XXVII. PROB.--Let the four points A, B, C, 
D, lying in the same straight line, be giyen in position ; to 
find another point, such that if straight lines be drawn from 
it to A, B, C, D, the angles at that point subtended by AB, 
and CD, may be equal to one another, and the one sub- 
tended by BC may be equal to a giyen angle.^ 



* Analsfrit. Suppose E to be the required point, and join EA, ED ; describe 
the oirde AED, «nd draw EBF, EGG, and F6. Then, because the angles AEF. 
DBG aro equal, the arcs AF, DO an (III. 26) equal, and (III. 26. note to cor.) 
FG Is parallel to AD. Henoe (VI. 2) £B ; BF :: EC : CG, and therefora (VI. 1, 
and IIL 85) EB« : EB.BFor AB.BD ;: EG^ : EC.CG or AG.CD, or altematelj. 
KB^ : EG* :: AB.BD : AC.GD; whence (VI. 22) EB is to EG as a mean propor. 
tlontf between AB, BD to a mean between AC, CD ; and since AB, BD, AG, CD 
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Find mean proportionalB between AB, BD, and AC, CD ; and 
on the base BC, describe (App. III. 6, cor.) the triani^ £BC, 
haying the anple BEC equal to the given 
angle, and Bl^to EC as the first mean to 
the second : E is the reqoired point 

Join EA, ED, and about the trianele 
AED describe a circle, meetinc" EB, EC 
produced in F and G ; and join FG. Then 
(const, and VL 17, and 22) BE* : CE« : : 
AB.BD : AC.Cl), or (III. % and alter- 
nately) BE» : FB.BE :: CvP : GC.CB. 
Hence (VI. 1) BE : BF :: CE : CG, and (VI. 2) BC, FG are 

8arallel; wherefore (III. 26, cor.) the arcs AF, GD, and (IIL 27) 
iie angles AEF, DEG ase e<^uaL 
Sehd. The method of solution will be almost exactly the same, 
if the points A and D lie between B and C. 

Prop. XXVIII. Theor.— The area of a triangle ABC 
is equal to half the continued product of two of it3 sides, 
AB, BC, and the sine of their contained angle B,- to the 
radius 1. 

Draw the perpendicular AD. Then (App. III. 1, cor.) AD=5 
AB X Bin B. Multiply by BC, and take half the 
product: and (I. 46, cor. 6) we have the area equal 
to iABxBCXsinB. 

Vor, Hence (I. 34) the area of a parallelogram 
is equal to the continual product of two contiguous 
sides, and the sine of the contained angle. 

Prop. XXIX. Theor. — Let a, 6, c be the sides of a tri- 
angle, and s half their sum ; the area is equal to the square 
root of the continual product of «, « — a, « — b, and s — «. 

It was proved in the second corollary to the ninth proposition 
(page 168), that the sine of twice any angle is twice tne product 
of me sine and cosine of the angle. Hence, by multiplyW to- 
gether the values of sinJA and cos^A, given m the corol&tries 
to the sixth and seventh propositions, p ages 166 and 167, and 

doubling the result, we get mAr^zl^^^^SlE^^EE^Es), 

Now, b^ the preceding proposition, the area of a triangle is found 
by multiplying the sine or one of its angles by the ndes contain- 
ing it, and taking half of the product: multiplying, therefore, the 
viaue now found for sinA, by ftc, and taki ng naif me product, we 

find the area to be V« («— a) («— 6) (*— cO 



are giren, these means are giren. In the triangle EliC, therefore* tt» btae^ tb« 
ratio of the sides, and the v^cal angle are giyen ; whence, by tiae coroQary to tihe 
sixth iHN^oeitUHi of this book, the triangle, and consequently uie point E are glren. 
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Prop. XXX, Prob. — Given three points A, B, C, and 
the angles which straight lines drawn from them to a 
fourth point D, make with one another ; to find the position 
of that point. 

Join AB, BC, AC ; and on BC describe the Begment BDC, 
containing an angle equal to the one formed 
by straight lines drawn from B and C to 
the requved point: then, if a segment were 
described on AB containing an anele equal 
to the one formed by lines drawn from the 
required point to A and B, the arcs of the 
sesments would intersect one another in D, 
which is the required point For if DA, 
BB, DC be jomed, the angles BDC, BDA 
are obviously of the given magnitudes, as 
they are an^es in seementB described so as 
to contain mose angks. 

Method of Computation, Complete the circle BDCE, and let 
AD cut it in E ; join BE, CE. Now, since the positions of the 
points A, B, C are given, the sides of the triangle ABC, and 
conseauentiv its angles are given. Then, in the triangle BCE, 
the sine BC is given, as are also the angles EBC, ECB, which 
(IIL 21) are respectively equal to EDC, EDB. Hence BE may 
be computed ; and then, in the triande ABE, the sides AB, BE 
are given, and the contained angle i^E, which is the difference 
of ABC, EBC. The resolution of this triangle gives the angle 
BAE ; and then, in the triangle ABD, the angles A and D, and 
the side AB are given; whence AD, BD can he computed; and 
CD may be found by means of the triangle ACD, or otherwise. 

Sehoi, The solution is somewhat simplified, if A, B, C lie in a 
straight line: and still more, if they form a triangle, and D be in 
one M its sides. These cases present no difficulty. 

It may be farther remarked, that if the circle BDCE pass 
through A, as it does when the angles BAC, BDC are supple- 
mentary, the problem is indetermuuSe or porismatic, since where- 
ever the point D is taken in the arc BDC, the angles at D will be 
of the same magnitude. 

Prop. XXXI. Prob. — To describe a parallelogram 
having its adjacent sides respeciiyelj eqnal to the segments 
of one straight Hne divided in extreme and mean ratio, 
and its diagonals to those of another divided in tbe same 
manner. 

Divide any straight Hne AB in extreme and mean ratio in C, 
and on AB describe the equilateral triangle ABD; through C 
draw CE, CF parallel to DB, DA: CEDF is a parallelogram 
such as is required. 
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For the triangles ACE, BOF are obvioiul}; equilateral, and 
CE, CF are therefore equal to the segments intovhich AB is 
divided in C. Again, BA : AC : : AC : CB, or 
DA : AC : : DF : DE, becanse BA is equal to 
DA, AC to DF, and CB to DE. Hence (VI. 6) 
the triangles ADC, DFE are equiangular ; and 
therefore (VI. 4, and alternately) ED or CB : 
AC :: EF : CD, and, by composition, AB : AC :: 
CD+EF : CD. But, from the last analogy, bv 
inversion, AC : CB, or (const.) AB : AC :: CD : EF; whence 
(V. 11) CD-I-EF : CD :: CD : EF; and therefore (VI. def. 3) CD, 
EF are the segments of a line equal to their sum, cut in extreme 
and mean ratio. * 

Prop. XXXII. Prob. — To draw a straight line cutting 
two given circles, so that the part of it within one of them 
may be equal to a given straight line, and that it may 
divide the other into segments containing angles equal to 
given angles. 

Let it be reauired to draw a straight line cutting the circles AB, 
CD, so that tne part of it within AB may be equal to a ^ven 
straight line, and that it may divide CD into segments contaming 
angles equsd to given angles. 

la AB inscribe. the chord BE equal to the given line, and 
(IIL 34) draw the straight line 
DF ^viding CD into segments 
containing angles equal to the 
given an^es ; m>m the centres 
G and H draw GK, HL per- 

eindicular to the chords BE, 
F, and with these perpendi- 
culars as radii, and G, H as 
centres, describe circles; draw (Afp. I. 23) MANC a common 
tangent to these circles ; it is the required line. 

^r (III. 14) MA, BE are equal, because they are equally 
distant from the centre ; and therefore MA is equal to the given 
line. For the same reason NC is equal to DF, and therefiNre 
(III. 28) the arcs NC, DF are equal. But (III. 27) in the same 
circle, the angles which stand on equal arcs are equal : therefore 
the segments I^DFC and DNCF contain equal angles ; and, since 
(const) DNCF contains an angle equal to one of titie given 
angles, and since MA is equal to the given straight line, MC is 
the line required. 

Schol, MC may evidently have as many difierenii positiosB, as 
the common tangent to the interior circles. It is plain alao^ that 
the given straight line must not exceed the diameter of the oipele 
in which the part of the intersecting line equal to it is to bo. 

Prop. XXXIII. Porism. — If there be two given unequal 
circles, which have not the same centre two points may be 
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found, through either of which if any straight line whatever 
be drawn cutting them, it will divide them into segments 
similar to one another, each to each. 

Let ABC, DEF be the circles, and G, H their centres ; let the 
pomt R be 60 taken (VI. 10, and cor.) in the straight line passing 
through G and H, that its distances from those points ma^ be 
proportional to the respective radii of the circles : any straight 
line drawn through K, and catting the circles, cuts off similar 
segments. 

Draw KFDC A cutting the curcles, and join HF, HD ; GO, GA. 
Then (const.) HK : HF :: GK : GO ; wherefore (VI. 7) the tri- 
angles KUF, KGO having the ande 
K common, and the angles KUF, 
KGO acute, are equiangular; and 
(I. 28) HF, GC are parallel In a 
similar manner it would be shown, 
that HD, GA are parallel Hence 
(I. 34, cor. 4) the angles FHD, CGA 
are eqnal ; and therefore the angles in the s^nnents DEF, ABC 
bein^ halves of these, are eqnal, and (HI. detS) these segments 
ftre sunilar; as are also the remaining segments, since (I. 22, and 
ax. 3) the angles in them are equal 

Schol, 1. It is plain, (App. L 24) that when these points fall 
without the circles, the common tangents to the circles pass 
through them. 

SchoL 2. If the circles be equal, there is one point which an- 
swers~*that which bisects the distance between the centres. The 
other may be regarded as lying at an infinite distance : and any 
parallel to the hue joining the centres, which cuts the circles, di- 
vides them into proportioiml segments. 

Pkop, XXXIV, Theor. — Lot A be a point in the cir- 
cumference of the circle ADG. and AB, BC, CD any num- 
ber of equal arcs, and AB, EF, FG as many others equal 
to them, and all taken together less in amount than the 
circumference: then, if the chords AB, BE, OF, DG be 
drawn, and if AB, DG be produced to meet in H ; GH is 
equal to the sum of the chords BE, CF, DG, 

INraw EOK and FD. Then, because the arcs AB, BC, AE, 
&a an eqnal, BE, CF, DG are 
parallel to one another; and so also 
are AH, EK, FD. Henoe EH, FK 
are parallelograms, and HK, KD 
m equal to BE, CF. Add DG; 
then, HG is equal to BE, CF, DG. 
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Pbop. XXXV. Pbob. — From two giyen points to draw- 
two Btraight lines meeting in a given straight line, and form* 
ing with one another the greatest angle possible. 

From two given pointB A and B, let it be required to draw two 
straight lines meeting in a given straight line CD, and makin^^ 
with one another the greatest angle possible. 

Through the nven points describe (Apt. U. 1) a circle touching 
CD in D: D is we requiredpoint. 

In CD take any point K on either side of D, and draw !BB. 
EFA, and FB. Then (L 16) the 
exterior angle AFB is greater than 
AEB; and AFB is eaual (III. 21) 
to the angle contained by straight ^ 
lines drawn from D to A and o ; 
the last angle, therefore, is also 
greater than AEB : that is, than 
any anffle formed by straight lines 
drawn from A and B, to any point in CD except D. 

Schol, 1. If A and B be at unequal distances from CD, there 
may be two circles touching the given line in D and I^; and the 
point D ^ves the maximum angle of those on one side of the 
straight hne ABC, while D' is the vertex of the maximum angle 
among those on the other side of ABC. This will receive illus- 
ti'ation from supposing straight lines drawn from A and B to a 
point varying its position along EC ; since the angle contained by 
those lines will continually diminish, as the point moves from D 
to C, where it vanishes. The point then continuing to move on 
towards D', the angle gradually increases till the pomt arrives at 
I>, when the aojgle is again a maximum, and beyond that point it 
continually diminishes. 

Schol, 2. Of the angles formed by straight lines drawn from 
two given points to meet in the circumference of a given circle, 
those are the greatest or least possible which have ueir vertices 
at a point of contact of a circle passing through the given points, 
and touching the given circle. 

Prop. XXXVI. Prob.— In a triangle ABC, each angle 
of which is less than a right angle and a third, to find a 
point such that the sum of the straight lines drawn from it 
to the three angles may be a minimum. 

On two of the sides BC, CA, describe (IIL 33) sefpnents of 
circles containing each an angle equal to a right angle and a thud { 
from D, their pomt of intersection, draw DA, DB, DC : these ars 
the lines required 

Since ADC, BDC are each a right angle and a third, and the 
three angles at D are equal to four right angles, ADB must also 
be of the same magnitude. Now, if AD be supposed to be of a 



BOOK in.] 



APPENDIX* 



305 




fixed magnitade, and with it as radius, and A as centre, a circle 
be dflflcriSed, the radios AD makes eqaal 
angles with DB, DC ; and, therefore 
<Afp. L Id, cor.) the sum of BD, DC is 
a minimum. Hence it is plain, that the 
sum of the three lines cannot be a mini- 
mum, unless the angles ADB, ADC be 
equal In the same manner it would be 
proved, that if BD be assumed of a fixed 
magnitude, the sum of AD, DC is a mini- 
mum ; and that the sum of AD, BD, CD cannot be a minimum, 
unless BD make equal angles with DA, DC ; that is, fix>m what 
has been already proved, unless the three angles at D be ec^ual. 
But they are so Sy construction ; and therefore D is the required 
point. 

Method of Computation, It is plain that the centres of the arcs 
ADC, BDC, are the centres of equilateral triangles described 
externally on AC, BC ; that is, they are the points K, H in the 
figure for the 26th proposition of the first booK of this Appendix. 
Now by the demonstration of that proposition, the angle HKC is 
equal £o FAC : and, since the sides FC, C A, and the contained 
an^le ACF (=ACB + 60<>) are given, the angle CAF or CKH, 
or m this proposition CEF, can be found by the second case of 
tngonomeiry. Then, since ACE is 30^ if a perpendicular be 
drawn fix)m E to AC, EC can be computed; and thence in the 
right-angled triangle EGC, CG, which is half of CD, may be 
found. 



Prop. XXXVII. Theor. — Two opposite sides of a 
quadrilateral described about a circle are together equal to 
the other two. 

Let ABCD be a quadrilateral, the sides of which touch the 
circle EG m E, F, G, H; the sum of AB, DC 
is equal to the sum of AD, BC. 

For (IIL 17, schoL) AE is equal to AH, and 
BE to BF ; whence, by addition, AB is equal to 
the sum of AH, BF. It would be proved in a 
similar manner, that DC is equal to the sum of 
HD, FC ; whence again by addition, AB, DC 
are together equal to AD, BC. 

Sehol. The converse of this is also true. For, let the sum of 
AD, BC be equal to that of AB, DC, and (IV. 4) describe a 
circle touching any three sides AB, AD, DC, in E, H, G ; join 
K, the centre of the cvole, with E, B, C, Gt; draw also KF per- 
pendicular to BC. Then RF is equal to the radius of EG-. ¥ot 
sinoe the hypotenuse KB is common to the two right-angled tri- 
angles KEB, KFB, and KC to KGC, KFC, iTKF were less 
than KK or KG, BF and FC, that is BC, would (I. 47, cor. 6) be 
mater than BE and CG : while if KF were greater than KE or 
KQf BC would be less than BE and CG: but BC is equal to BE, 
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C(t, becaofle AE, Da are eqaal to AD. Therefore F ia on the 
eircum£nence ; and BC touches the circle, because the aiigk« at F 
are n^ht angles. 

It IB plain from this scholium, and from the fourth proposition 
of the first book of this Appendix, that a quadrilateral wluch has 
two opposite sides equal to the other two, and the opposite angles 
equal to two right angles, maj have one circle inscnbed in it, and 
another descrimld about it. It also follows, that any quadrilateral 
having two opposite sides equal to the other two, may have a 
circle describea touching all its sides, however the angles may 
vary in their magnitude, and even should one of them become 
re-entrant. 



Prop. XXXVIII. Pbob. — The circumference of a circle 
being divided into any number of equal parts, it is required 
to describe as many circles as there are parts, each touching 
the given circle and two of the others. 

This will be effected simply by drawing tangents to the circle 
through the points of division ; by drawing lines from their points 
of intersection to the centre ; and by inscnbing circles in Uie tri- 
angles thus formed. Other circles, touching the given one ex^ 
temally, and each touching two others, will be found by describe 
ing circles touching the sides of the circumscribed figure, and the 
radii produced through the intersections of the tangents. The 
proof 18 easy in both cases. 



Prop. XXXIX. Theor. — In the figure for the forty- 
seventh proposition of the first book of Euclid, the straight 
lines BK, CF, and the perpendicular from the right angle 
to the hypotenuse, pass through the same point. 

Produce BC both ways, and draw AM, FN, KG perpendicular 
to it liet AM, FG intersect each other in P, and join FN, FM. 
Then, since ABF is a right angle, 
ABM, NBF are together equal to 



a right angle, and therefore to 
NBF, BFN ; whence ABM, BFN 




are equal; and (L 26) since BF, 
B A are equal, BN is equal to AM, 
and FN to BM. la the same 
manner it would be proved, that 00, OK are respectively equal 
to AM, MO; whence NB is equal to 00, and NO to BO. Now 
(I. 37) the triangles NMP, FMP are eoual: to each add PMC, 
and the wholes NPO, FMO are emial. So likewise are their 
doubles, whioh are the rectangles NO.!rM, and MO.FN or MO.BM. 
It would be proved in a similar manner, that the rectangle und^ 
BO or NO, and the part of NA intercepted between M and the 
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fttjtfalght line joining BK^ is likewise ecpaX to BM.MC : and 
therofore, FO, BK cat KM. in the same point.* 

Prop. XL. Prob. — Let a given straight line FE be cut 
in extreme and mean ratio, and in its continuation let ED 
be taken equal to its greater segment ; in like manner let 
DA be equal to the greater segment of ED, AG equal to 
the greater segment of DA, and so on : it is required to find 
the length of the entire line that would be obtained by the 
addition of an infinite number of these successiye lines, FE, 
ED, DA, &c. 

Let S be put to denote the required sum. Then, by the corol- 
lary to the 19th proposition of the Supplement to the fifth book, 
FE — ED : FE : : FE : S. But (II. U, schol.) FE — ED : ED 
: : ED : EF, or as EF : FD; whence, alternately, FE— ED : 
EF : : ED : FD; and therefore (V. 11) ED : FD : : EF : S, or, 

F E 1> A C H 



alternately, ED : EF : : FD : S. But ED : EF : : FD : FD-f- 
FE, and therefore FD : FD + FE :: FD : S, and (V. 9) S=FD 
-fF£=2FE + ED; that is, the required sum is equal to twice 
the given line together with its plater segment ; or to a straight 
line, of which, when cut in extreme and mean ratio, the given fine 
is the less segment 

Prop. XLI. Prob. — In a given semicircle ACB let an- 
other be inscribed lying in the opposite direction ; in the 
second let another be inscribed in a similar manner ; in it 
another, and so on ; their diameters being all parallel: it is 
required to find the position of the point to which the cen- 
tres approach, when the process is continued without limit. 

Through the centre F draw FC perpendicular to AB ,* then, if 
radii be drawn bisecting the right angles at F, and if their 
extremities D, E be join^ by DGE, it is evident that the trian- 

§les DFE, FGD, FGE are all rij^ht-augled and isosceles ; and 
iierefore G- is the centre of the first inscribed semicircle. Let 
this be described ; and then by bisecting the angles at G, the next 
semicircle HGK and its centre L may be determined ; and so on* 
Jom CD, HF. Then the triangles CGD, HLF, have each a 



* This is one out of many eariona propositions that may be ftranded on the figure 
for Euclid's proof of tiie 47th proposition of the first book. Another yery simple 
one Is, that tf OH, FD, EK be Jdned, each of the triangles thus formed is equal to 
ABC. This follows immediately from the second corollary to the 38th proposition 
of the first book. Thus, the triangles FBD, ABC, are equal, because FB, BD are 
MSpeotitely equal to AB, BC, and the contained angles supplemental. 
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rijjrht angle, and the angles G-DC, LHF are equal, because they 
stand on like parts of the circumferences of the two circles, of 
which ACB, DFE are halves. Hence (VL 4, and alternately) 
CG : LF : : QrD or GH : LH ; that is, as the diagonal of a square 
to its side. In exactly the same manner, if M and N, the centres 
of the next semicircles were found, 
it would he shown, that GM is to 
LN, as the cQagonal of a square to 
its side ; and the same must hold in 
regard to each successive pair ot 
semicircles. Now,the square of HG 
or DG is double of the square of GL, 
and the square of DF or OF is 
double of the square of DG, and 
therefore Quadruple of the square of GL; wherefore (II. 4, cor. 2) 
CF is douole of GL, and consequently of the sum of CG, LF : and 
in the same manner, GL would be shown to be double of the sumi 
of GM, LN, and so on. Hence (XII. lem. 1) if from CF there be 
taken CG, LF, and if from GL there be taken GM, NL, and so on ; 
a remainder will at length be obtained less than any line however 
small : and therefore the two lines made up of CG, GM, &c. and 
of FL, LN, &c. may be made to approach a point in FC, so that 
the distances between it and their extremities will be as small as 
weplease. Now (V. 12) the sum of CG, GM, &c. is to the sum 
of FL, LN, &c. as CG to FL, that is, as the diagonal of a square 
to the side : and therefore, if CF be divided in O, so ^at CO is to 
OF as the diagonal of a square to the side, will be tiie required 
point. 

Prop. XLII. Peob. — A semicircle ACB being given, 
and other semicircles being described as in the preceding 
proposition ; it is required to find the sum of the areas of 
all those inscribed semicircles. 

Circles (XII. 2), and consequently semicircles, are as the squares 
of their diameters or of their radii. Now liie square of GD ia 
half the square of DF or CF, and therefore the semicircle DFE 
is half of ACB. For the same reason HGK is half of DFE ; and 
universally, each semicircle is half of the one in which it is in- 
scribed. Hence the entire amount will be the sum of the infinite 
series JACB + JACB + iACB + ^^r ACB + &c. ; and therefore 
(V. Sup. 19) JACB — JACB : JACB : : iACB : ACB, the re- 
quired sum ; and it thus appears that the sum of all the inscribed 
semicu*cles is equal to the given semicircle. 

Peop. XLIII. Theob. — In any triangle, the centre of 
the circumscribed circle, the point in which the three per- 
pendiculars intersect one anotlier, and the point of interseo- 
tion of the straij^ht lines drawn from the angles to bisect the 
opposite sideSi lie all in the same straight Une. 
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Let ABO be a triangle, and let the two perpendiculars AB, 
C£ interBeot in F; blBeot AB, BC in H, G, and draw AG, CH 
intersecting in K ; draw also GI, Hi peipendicular to BC, BA, 
and intersecting in L Then (YL H) 
F is the intersection of the three per- 
pendiculars, K (App. L 7) the inter- 
section of the three lines drawn from 
the angles to bisect the opposite sides, 
and (IV. 5, cor. 1) I is tne centre of 
the circumscribed circle. Join FK, 
KI: FKI is a straight line. 

Join HG : it is ( VL 2, and 4) pa- 
raUel to AC, and is half of it. Also 
the triangles ACF, GHI are (L 34, 
cor. 4) equiangular, and therefore 
Gl is hsdf of AF. So likewise (App. I. 7, schoL). is KG of KA. 
Hence tiie two triangles AKF, GKI have the alternate angles 
E. AF, KGI equal, and the sides about them pi-oportional : there- 
fore (VI. 6) the angles AKF, GKI are equal, and (L 14, cor.) since 
AKG is a straight line, FKI is also a straight line. 

Schol It is plain (YI. 4) that FK is double of KI. We have 
also seen that AF is double of GI. Hence it appears, that the 
distance between any of the angles and the point or intersection of 
the three perpendiculars, is double of the perpendicular drawn from 
the eenixe of the circumscribed circle to tiie side opposite to that 
angle. 




Prop. XLIV. Theob. — Straight lines drawn from the 
angles of a triangle to the points in which the opposite sides 
touch the inscribed circle, all pass through the same point. 

Let ABC be a triangle, and D, £ the points in which the sides 
AB, AC touch the inscribed circle ; draw BFE, CFD ; draw 
also AFG cuttmg BC in G: G is the 
point in which BC touches the inscribed 
circle. 

If possible, let another point K be 
the point of contact, and draw DH, DI 
parallel to BC, C A. Then in the simi- 
lar triangles FDI, FCE, FD : DI : : / \u.^r 
FC : CE, or CK; and m the similar X.--^ V / 

triangles FDH, FGC, DH : DF : : b"*^ ^^ 

GC : FC; from which and from the 
preceding analog]^ weget, ex asquoy DH : DI : : CG : CK. Again 
BD : DI : : BA : AE^or AD : : BG : DH. Hence, alternately, 
and by inversion, BG : BD : : DH : DI ; whence (V. 11) BG : 
BD or BK : : CG : CK, or alternately, BG : CG : : BK : CK; 
and by composition, BC : CG : : BC : CK ; and therefore CG, CK 
are e^ual ; that is, G and K coincide, and AFG passes through 
the pomt in which BC toaches Ihe circle. 
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Prop. XLV. THEOB.^-In a triangle, the &am of tlie 
perpendiculars drawn from the centre of the circumscribed 
circle to the three sides, is equal to the sum of the radii of 
the inscrihed and circumscribed circles. 

Let ABC be a triangle, haTing its sides bisected in D, £, F, 
by perpendicuJars meetiog in Q. the centre of the circumscribed 
circle : the sum of GD, OE, GF is equal to the som of the radii 
of the inscribed and circumscribed circles. 

Join GA, GB, GC, and DE, EF, FD. Then, putting a, b, e 
to denote the sides opposite to the 
angles A, B, 0, we nave (VL 3, 
and 4) FE = \a, FDrr^^, and 
DE = ^; and (Afp. L 4) since 
AEG, AF'G are right angles, a 
circle may be descried about the 
quadrilateral AEGF. For a like 
reason circles may be described 
about BDGF and CDGE. 
Hence(VLE) FE.AG=AF.GE 
+AE.FG ; or, by doubling, a. AG 

= c.GE-|-6.FG. In the same manner, it would be shown, since 
AG, BG, CG are equal, that 6.AG=c.GD+ a.FG, and c.AG = 
a.GE + 6.GD. Hence, by addition, {a+b+c) AG=(a4- c) GE 
+ {a+b) GF-f(6 + c) GD. Now 6.GB is evidentiy equal 
to twice the triande AGO, c.GF equal to twice AGB, and a.GD 
ec[nal to twice Bu-C ; also, denoting the radius of the inscribed 
circle by r, we have (IV. 4. cor. 6) r (a+^+c) equal to twice 
the area of the triangle ABC, and consequently r (a4-h + c)=s 
i>.GE-f-c.GF+a.GI). Hence, by addition, (a + ft + c) AGH- 
r{a + b+e)Ma+b+c) GE-f-(a-j-64-c) GF+(a + 6+«)GDi 
and consequently AG + r = GE -f GF -j- GD. 

Cor, Since, by the scholium to proposition XLIII. of this book, 
the parts of the three perpendiculars of the triangle, between their 
common intersection and the three angles, are respeetiyely double 
of GD, GE, GF, the sum of those parts of the peipendicularB is 
equal to the sum of the diameters of the inscribed and circum- 
scribed circles. 
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PROPOSITIONS. 

Prop. I. Pros. — To draw a straight line perpendicular 
to two given straight lines, not in the same plane. 

Let AB, CD be two giyen straight lines not in the same plane ; 
it is required to draw a straight line which will be perpenoicolar 
to Ihem boUL 

Through any point D in one of them, draw (I. 31) DE parallel 
to the other, and (XI. 12) through the same point D draw DF 
perpendicular to the plane passingthrough DE, DC : let the plane 
passing through CD, DF meet AB in A, and (L 12) from A draw 
AC perpendicular to CD ; AC is the perpen- 
dicular required. 

Draw AF parallel to CD. Then (L 28) 
CA, DF are parallel, because they are both 
perpendicular to CD. FA, AB, therefore, 
Deing parallel to CD, DE, theplane passing 
through FA, AB is paraUel {XL 15) to the 
one passing through CD, DE ; and therefore 
FD, being (const) perpendicular to Ihe plane 
through CD, DE. is also, by the demonstration of the 15th pro- 
position of the eleventh book, perpendicular to the one through 
FA, AB ; and therefore AC, which is parallel to FD, is also per- 
pendicular (XL 8) to the plane through FA, AB, and consequently 
(XL def. 1) to the straignt line AB : and being (const) perpendi- 
cular to CD, it is the line required. 

SchioL Through the two straight lines AB, CD, which are not 
parallel, two parallel planes can oe drawn — ^those passing through 
AB, AF, and through CD, DE : but no other paraltel planes 
besides these can be drawn through AB, CD, as AB can meet 
the plane CF in only one point For the same reason, there is 
only one common pei^ndicular to AB, CD. On the contrary, 
were AB, CD parallel, there might be innumerable parallel 
planes, and common peipendiculars. It is also evident, since AC 
18 the perpendicular disumce between the two planes, that it is 
less than any line between them which is not perpendicular to 
both, and th^fore that it is the least straight fine that can be 
drawn between AB and CD. 
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Pbop. IL Theob. — The sectaons of a prum bj pargrflrf 
planes> are equal and similar figures. 

Let the prism MN he cat by the two parallel plsnes AB01>E, 
FGHKL ; their sectioiiB with it are equal and 
similar figures. 

For (JuL 16) AB, FG are parallel, and (L 34) 
they are equal For the same reason BC, GH 
are equal and parallel; as are also CD, HK; 
DE, KL ; and AE, FL. The ficnres AD, FK, 
therefore, have their sides equa^ each to each. 
Their several angles are also (XL 10) equal ; 
for they are contained by strai^t lines which 
are piu^lel ; and therefore the ^ures are equal 
and similar. 

Car, A section of a prism by a plane parallel 
to the base, is equal and similar to the base. 

8choL Since (XL del 24) a cylinder is deacribed by the revoln- 
tkm of a reetanffle about one of its sides, it is plain that anr 
strai^t line in the reetan^e peipendicular to the fixed line, win 
describe a circle parallel to the baBe ; and hence every section of a 
cylinder by a plane parallel to the base, is a circle equal to the 
uaio. 

Prop. IIL Theor. — The section of a pyramid by a plane 
parallel to its base, is a figure similar to the base. 

Let the pyramid ABODE be cut by the plane FGHK parallel 
to its base BODE ; the section FGHK is similar to the base. 

It would be proved as in the preceding proposition, that the 
figures GK, CE are eqnianffular. Then, because the triangles 
AFG, ABC are eqmanguLu-, FG : 
BC : : AG : AC ; and because AGH, 
A CD are equiangular, GH : CD :: 
AG : AC. Hence (V. 11, and alter- 
nately) FG : GH : : BC : CD ; and m 
a similar manner it would be proved, 
tJiat the sides about the other andes of 
GK, CE are proportionals. Hence 
(VL del 1) GK IS similar to CE. 

Cor, Draw AML peipendicular to 
CE, and consequently to GK: the alti- 
tude AL, and the straight lines AB, 
AC, AD, AE are cut proportionally by 

GK. Join CL, GM : these (XL 2, and 16) aoe in the same plane, 
and are parallel to one another. Hence (VL 2) AF : FB r.- 
AG : GC : : AM : ML, ^ 

ScM, 1. Since (XL def. 21) a cone is described by the revo- 
lution of a right-angled triangle about one of its legs, it is plain 
that any straight line in the triangle perpendicular bo the fixed 
leg, will descnoe a circle parallel to the base ; and the radius ot 
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that circle will be to the radins of the base, as the altitade of the 
cone cat ofi' to that of the whole cone. 

SchoL 2. The pyramid or cone cut off &om another pyramid or 
cone, by a plane parallel to the base, is similar (XL ae£ 8, and 
27) to tne whole pyramid or cone. 

Prop. IV. Thjbor. — If the altitude of a parallelepiped, 
aud the length and perpendicular breadth of its base be all 
diyided into parts equal to one another, the continued pro- 
duct of the number of parts in the three lines is the number 
of cubes contained in the parallelepiped, each cube having 
the side of its base equal to one of the parts. 

First, suppose the parallelepiped to be rectangular. Then planes 
parallel to the base passing tnrouffh the points of section of the 
altitude, will eyidently diyi£ the solid into as many equal solids, 
as there are parts in the altitade ; and each of these partial solids 
will be composed of as many cubes, as the base contains squares 
each equal to a base of one of the cnbes. But (I. 46, cor. 4) the 
namber of these squares is the product of the length and breadth 
of the base ; and hence the entire number of culiis will be equal 
to the product of the thi-ee dimensions, the lengthy breadth, and 
altitude. 

If the base be not rectangular, its area (L 46, cor. 5) will be the 
product of its length and perpendicular breadth : and it is evident 
that the product of this by the altitade, will be the namber of 
cubes as before. 

Lastly, if the insisting lines be not perpendicalar to the base» 
still the oblique parallelepiped is equal (XL 29, and 30) to a rectan- 
gular one of the same altitude; and therefore the number of cubes 
will be found as before, by multiplying the area of the base by the 
altitude. 

Cor. 1. Hence it is evident that tiie volume, or numerical solid 
content, or, as it is also called, the soUditv, of a parallelepiped, is 
the proiduct of its altitude, and the area of its base, both expressed 
in numbers : and it is plain, that the same holds in regard to any 
prism whatever, and also in regard to cylinders.* 

Cor, 2. The content of a pyramid or cone is foand by multmly- 
ing the area of the base by tne altitude, and taking a third of the 
product. For (XIL 7, cor. 1) a pyramid is a third part of a prism, 
and (XII. 10) a cone a third part of a cylinder, of the same base 
and altitude. 



* As aa example, roppose the length, breadth, and depth of a rectangular ohest 
to be respectively 4 feet, 3 feet, and 3 feet: its content will be4X3X2=a4 cubic 
feet; that is, 24 cubes having their bases each a square Ibot. The measuring unit 
!s here a cubic foot ; but It is evident, that it maj, according to convenience, be a 
cubic inch, a cubic yard, dec. 

As another example, let the radius of the base of a cylinder be 10 laches, and its 
altitude 15 inches. Then ( App. I. 3d, cor. %) the area of the base is 314-1593 ; the 
product of which by 15 is 4718-3895 cuUo inches, the oontent of the cylinder. 

O 
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Cor. 3. The content of a polyhedron may be found by dxvidliig 
it into pyramids, and adding together their contents. The divisicil& 
into pyramids may be ma(£ either bv planes passing tliroogh the 
vertex of one of the solid angles, or oy planes passing tiirough a 
point within the body. 

Prof. Y. Theor. — The sorfsu^s of two similar poljhe^ 
droDs may be divided into the same number of similar tri- 
angles, similarly situated. 

This follows immediately from the definition (XI. def. 8) of simi^ 
lar bodies bounded by pUmes, if the sides or faces of the polyhe- 
dron be triangles : and any face in the one, and the correspondioii^ 
face in the other, which are not triangles, are yet similar, and may 
be divided (VI. 20) into the same number of similar triangJea, 
similarly situated. 

Ccr, Hence it would be shown, as in the 20th proposition of the 
sixth book, that the surfaces of the polyhedrons are proportional 
to any two of their similar triangles ; and therefore (Vl. 19) that 
they are to one another in the duplicate ratio of the homologous 
sides of those triangles, that is, of the edges or intersections of the 
similar planes. Hence also the surfaces are proportional (VL 20u 
cor. 3) to the squares of the edges. 

Prop. VI. Theor. — Triangular pyramids are similar, if 
two faces iu one of them be similar to two faces in the other^ 
each to each, and their inclinations equal 

Let ABO, ahc be Uie bases, and D, d the vertices of two trian- 
gular pyramids, in which ABC, DBG are respectively similar to 
a6c, doc, and the inclination of ABO, DBO equal to that of abc, 
dbc : Uie pyramids are similar. 

To demonstrate this, it is sufficient to show that the triangles 
ABD, AOD are similar to abd, acd, for then the solid angles 
(XL B) will be equal, each to each, and (XL def. 8) the pyramids 
similar. Now the angles ABD, abd are equal. For if they be 
equal, since the other plane an- 
gles at B and b are equal, the 
inclinations of ABO, DBO, and 
of abc, dbcy are (XL A) equal. 
But if ABD be not equal to abdy 
conceive DBO to revolve about ^ 
BO till ABD become e^ual to b 
abd: then (XL A) the inclina- 
tion of ABO, DBO would still be e^nal to that of abc, dbc, which 
is absurd; since the inclinations ot these planes, at first (hyp.) 
equal, are rendered unequal by the motion of DBO: therefore 
ABD, abd are equal. Then (hyp.) DB :BC ::db: be, and BO : 
B A ::b€ :ba; whence, ex oequo, DB : BA : : db :ba; and there- 
fore (VL 6) the triangles ABD, abd are equiangular, and conse- 
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qaently similar: and it wooM be proved. in the aame manner, that 
ACD, aod are similar. Therefore (XL def. 8) the pyramids are 
Mxnilar. 

■ Prop. VII. Theor. — Triangular pyramids are similar, if 
three faces of one of them be respectively similar to three 
faces of the other. 

In the triangular pvramids ABCD, abed (see the preceding 
figure) let the faces ABC, ABD, DBG be similar to abe, ahd, dbc, 
each to each : the pyramids are similar. 

For (VI. def. 1) AD : DB :: ad: db, and DB : DC : : rfJ : rfc; 
whence, ex cBquo, AD : DC ::ad: dc. Also DO : CB :: de : cb^ 
«nd CB iC^. '.: ch leai whence, ex cequo^ DC : C A \i do iea\ 
and therefore (VI. 5) the triangles ADCj ode are equiangular, and 
(XL B and def. 8) the pyramids are similar. 

Prop. VIII. Theor. — Similar polyhedrons may be di- 
vided into the same number of triangular pyramids^ similar, 
each to each, and similarly situated. 

Let ABCDEFG and abedefg be similar polyhedrons, having 
the solid angles equal which are marked witn tne corresponding 
large and small letters : they may be divided into the same num- 
ber of similar triangular pyramids similarly situated. 

The surfaces of the polygons may be divided (Apf. IV. 5) into 
the same number of simuar triangles, similarly situated: then 
planes passing through anv two corresponding solid angles, A, a, 
and through the sides of all these triangles, except those forming 




the solid angles. A, a, wiU divide the pol^^hedrons into triangular 
pyramids, similar to one another, and similarly situated. 

The pyramids thus formed have each one solid angle at the 
common vertex A or a: and these solid angles may be of three 
classes; \st, those which have two of their races coinciding with 
faces of one of the poiyhedions ; 2(i, those which have only one 
face coinciding ; and 3a, those which lie wholly within the solid 
angle A or a. Now those of the first kind in one of the polyhe- 
drons, are similar to the corresponding ones in the other, by the 
seventh proposition of this book ; and ttiose of the second kind by 
the sixth. From the polyhedrons take two of these similar pyra- 
mids, and the I'emaining bodies will be similar : as the boundaries 
common to them and the pyramids are (App. V. 6, or *l) similar 
triangles; and their other boundaries are similar, being faces of 
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the mpowd pol^iedbxiiia. Alao tiie idid angles of the remaaii' 
inr bodies are emuil, as some oi them are anglM of the primitive 
poffThediQiiBi and the rest are either tnhedral aofles whicti mpc 
contained hj eqaal plane anises, or may be divided into soch. 
From these remaining iMMyes other snnuar triangular pynuiuda 
may be taken in a similar manner ; and the^ process may be con- 
tinoed till only two similar triangular pyramios remain ; and thus 
the polyhedrons are resolved into the same number of similai' tri- 
angular pynunida. 

P&or. IX. Thsob. — Similar polyhedrons are to one 
another in the triplicate ratio of their homologous aides. 

For, by tiie preoedinff proposition, they may be divided into 
the same number ci smuar triangular pyramids : and these pyra- 
mids (XIL 8) are to one another in tne triplicate ratio of tnear 
homdogous sides. But because the polyhedrons are similar, their 
homologous sides and di8|;onals are all m the same ratio; and, ex 
fequo, ratios wldch are triplicate of equal ratios are equal Henc«, 
as any of the pynunids in one of the polyhedrons, to the similar 
one in the other, so is any other in the first to the similar one in 
the other ; and therefore (V. 12) the one polyhedron is to the other, 
as any pyramid in the first, to the similar one in the other ; that 
is, in the triplicate ratio of their homologous sides or edges. 

Cor, 1. Since cubes are similar bodies, they have to one another 
the triplicate ratio of that which their sides have; and therefore 
similar polyhedrons are to one another as the cubes of their homo- 
logons sides. 

Cor, 2, If four straight lines be continual proportionals, the first 
IS to the fiMuth as any polyhedron describea on the firs^ is to & 
similar polyhedron, sunuany described on the second. 

Prop. X. Theor. — A section of a sphete by a plane is a 
circle. 

Since the radii of the sphere are all equal, each of them being 
equal to the radius of the describing semicirole, it is plain that u 
the section pass throufh the centre, it is a circle of the same radios 
as the sphere. But it the plane do not pass through the centre, 
draw (XL 11) a perpendicular to it trom the centre, md draw any 
number of radii of the sphere to the intersection of its sur^Me 
with the plana These radii, which are equal, are the hypotenuses 
of right-angled triangles, which have the perpendicular fix>m the 
t»ntre as a common leg; and therefore (L 47, cor. 6) their other 
legs are all equal: wherefore the section of the sphere by the plane 
is a circle, the centre of which is the point in wnidh the perpendi- 
eular cute the plana 

SehoL I. All the sections through the centre are equal to one 
another, and are greater than the others. The former are there- 
fore called great circles, the latter small or less circles, 

8ehol, 2, A straight line drawn through the centre of a chtde 
of tiie sphere perpendicular to ito plane, is a diameter of the 
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sphere. The extremities of this diameter are caUed the polee of 
the circle. It is plain (I. 47, cor.. 5) that chords drawn in the 
sphere from either pole of a circle to the eirciimfiurence,. are all 
eqnal; and therefore (IIL 28) that arcs of great dreles between 
the pole and circumference are likewise eqaaL 

Prop. XI. Fbob. — To find the diameter of a given 
sphere. 

Let A be any point in the sorfiiee of the given sphere, and take 
Any three points B, C, D at equal distances from A. Describe 
the triangle bed having he equal to the distance or chord BC, cd 
equal to CD, and ha to BD. Find e the centre of the circle 
described about hcdy and join he : draw aef perpendicular to be^ 
and make &a equal to BA; 

d 



draw 6^ perpendicular to 6a, 
and of is equal to the diame- 
ter ofthe sphere. 

Conceive a circle to be de- 
scribed through BCD, and 
£ to be its centre ; that circle 
will evidently be the section 
of the sphere by a plane 
through B, C, D; and & will 
be equal to the circle described about bed. Conceive the diameter 
AEF to be drawn, and B A, BE, BF to be joined. Then, in the 
right-angled triangles ABE, abe, the sides AB, BE are respect- 
ivisly equal to ab, be, and therefore (I. 47, cor. 6) the angles A, a 
are equal Agam, in the right-angled triangles ABF, abf, the 
angles A, a are equal, and idso the sides AB, ab : hence (L 26) 
the sides AF, a/ are equal; that is, af is equal to the diameter of 
the sphere. 





NOTES AND ILLUSTRATIONS. 

ELEMENTS, BOOK I. 



DEFINITIONS. 

To what is stated in the foot notes, it may here be addied, that 
seyeral changes have been made in the arrangement of the defini- 
tions. The definition of parallel straight lines is placed after the 
definitions of an angle and its species; the inclination of lines and 
their parallelism "equally depending on their mutual positions. 
The <&finitions of rectilineal figures are made to precede the 
definition of the circle ; and a definition of the paraUelogram is 
given, and is placed before those of its species, the rectangle, the 
square, the rhombus, and the rhomlioid. 

Euclid has defined a straight line to be that which lies evenlj/^ or 
equaUy, between its extreme points. This definition neither gires a 
clearer idea of a straight line, than every one has without a defini- 
tion, nor does it afford any assistance in arriving at the properties 
of straight lines; and tnerefore Play£sbir's d^nition nas been 
adopted in this edition. From him also the definition of a point 
has Deen taken. In Dr. Simson's edition, a point is defined to be 
" that which has no parts, or no magnitude. This is objection- 
able, as being wholly negativa 

The following illustrations, taken in substance from Dr. Simses^ 
are well deservmg of attention. 

It is necessary to consider a solid, that is, a magnitude which 
has length, breadth, and thickness, for the purpose of understand- 
ing aright the definitions of a surface, line, ana point, tor these aU 
arise firom a solid, and exist in it. The boundary, or boundaries, 
which contain a solid, are surfaces; or the boundary which is 
conunon to two contiguous solids, or which divides one solid into 
two contiguous parts, is a surface. Thus, if CD be a boundary of 
the solid CM, or the common boundary of the two 
soUds CM, FD, it is called a surface; and it is 
in the one solid as well as in the other, and has 
no thickness. For if it have any, this thickness 
must be either a part of the thickness of the solid 
CM, or FD, or of the thickness of both. It cannot 
be a part of the thickness of CM ; for if this solid 
be removed from FD, the surface CD, the boun- 
dary of DF, remains as it was : and it would ap- 
pear in a similar manner, that its thickness can 
De no part of the solid FD. The surface CD, 
therefore has only length and breadth, withoat any 
thickness. 
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The boundary, again, of a surface is a line ; or a line is tlie 
common boundary of two contiguous surfaces, or it is that which 
divides one surface into two contiguous parts. Thus, if CD be a 
l>oundary of the surface ACD, or of the conti^ous 
surfaces ACD, BCD, it is called a line, and it has 
no breadth. For if it have any, this must be part of 
the breadth, either of the surface ACD, or BCD, or 
of both. It is not a part of the breadth of ACD; 
for if this surface be removed irom BCD, the line ^ 
CD, which is a boundary of BCD, remains the same as it was. 
In like manner, it would be shown, that the supposed breadth is 
not a part of BCD. Theretbre the line CD has no breadth; 
neither has it any thickness, because the surface in which it is, has 
no thickness. A line, therefore, has only length, without breadth 
or thickness. 

Lastly, the boundary of a line is called a point : or a point is 
the common boundary or extremity of two contiguous lines. Thus, 
in the last fi|]^re, D, one extremity of tiie line AD, or the common 
extremity or the two lines AD, BD, is a point; and it has no 
thickness or breadth, because it is in a line, and a line has neither 
thickness nor breadth. Neither has the point D any length. For 
if it had any, this would be a part of the length, either of AD, or 
BD, or of both. It is not a part of the length of AD ; for if AD 
were removed, D would still remain as before, the boundary of DB; 
and it would be shown in a similar manner, that its length is not a 
part of BD. Hence, a point has a certain position, but it has not 
leugtti, breadth, or thickness. 

Gbometby has been defined to be that science which treats of 
the properties of extension, and consequently of the properties of 
soUos, surfaces, and lines. It forms the subject of this volume, 
with the exception of Euclid's fifth book and the Supplement to 
it^.which are not confined to the consideration of geometiical mag- 
nitudes, but are Equally applicable in arithmetic. 

Plane geometry investigates the properties of lines and figures 
lying in uie same plane; while solid aeometry treats of solids, and 
of hnes lying in different planes. Tne first, second, third, fourth, 
and sixth bw>ks of Euclid belong exclusively to the former: the 
eleventh and twelfth chiefly to the latter. 

Elementary geometry treats of the straight line and circle, of solid 
figures bounded by planes, and of the" three round bodies," — ^the cyl- 
inder, the cone, ana the sphere. The Tdaher geometry treats of the 
conic section s and other curves, and of the bodies produced by their ro- 
tations round fixed straight lines, or otherwise dependent on those 
curyes. 

Prop. VIII. and XXVI. — ^In addition to what is demonstrated 
by Euclid in these two propositions, it is proved in each, in this 
edition, that the areas or the triangles ai*e equal. This shortens 
the demonstrations of several subsequent propositions. 

Prop. XXIX. — ^No subject in elementary geometry has so much 
perplexed mathematicians, both ancient and modem, as the theory 
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of {MzvOel lines. There iftiiodifficii]tjinsliow]Dg«tbat iff _ 
lines in the same pliuie make certain angles equal, the lines vffi 
neyer meet, and are therefore parallel, as is done in the 27th an4- 
38th propoffitions of this book; hat to establish the converse, l>j' 
showmg,that if straight lines be parallel, the^ make certain anglea 
eonal, which is the object of the 29th proposition^has nerer been 
effiseted in a manner perfectly onobjectioiiable. The truth of the 
eonclnsions is nmrersally admitted ; bat to demonstrate these ooa- 
closions with that ricoar, of which geometrical reasoning is, in. 
other casecL soseeptibfe, has been found to present difficulties of uq 
ordinary kmd. Euchd has been unable to effect t)iis by means 
'Of his definiti^m of parallels, and has been obliged to assumcL 
in his 12th axiom, a principle, which, though readily admitted 
after the 28th proposition is understood, is by no means self- 
evident. 

To obviafce these objections, some writers have endeavoured to 
prove the 12th axiom and the 29th proposition by means of the 
properties of lines established by Euclia, in what precedes that 
proposition; others have assumed some other axiom, supposed to 
oe more obvious than Euclid's ; and some have ^ven a new defini- 
tion of parallels. A short statement and exammation of a tew of 
the principal attempts of this kind, will make the student aware 
of the difficulty of the sabject, and will show the necessity of great 
care and caution in all such inquiries. 

1. The earliest attempt with which we are acquainted, to estab^ 
lish the theory of parallels, without a new defimtion or axiom, is 
that of Ptolemy, tne celebrated author of the astrcmomical system 
which is called after his name. His proof, as given by Produs 
in the fourth book of his Commentaries, is 
in substance as follows. Let the straight 
line EGHF fall on the two parallels AB, 
CD ; the angles BGH, DHG are together 
equal to two right angles. For, if not, let 
them be greater. Then, because the lines 
GB, HD are not more parallel than GA, 
HC, the angles AGH, CHG are also greater than two right 
angles; and uierefore Ihe four interior angles at G and H, ai'd 
together greater than four right angles, which (I. 13) is absurd; [ 
Therefore BGH, DHG are not greater than two right angles; and 
it may be shown in a similar manner, that they are not less : they 
are therefore equal to two right angles. 

Now, this cannot be regarded as a proof arisingfrom the de£ni> 
tion of parallel lines. By that definition, AB, uD never meet; 
but we cannot hence infer immediately, that the interior angles W 
one side of GH are greater or less than two right angles, accot^- 
ing as those on the other side are : and though we readily ad^it* 
that this is likely to be true, it is from the loose idea which -v^e'havtt 
concerning parallel lines, as lying in the same direction, and net 
from their aefinition. It is therefore to be regarded as a ^sgiliii^ 
axiom, independent of the definition ; or, at best, as an illustratidii^ 
showing the reasonableness of the last part of the 29th propositiim: 

2. In 1787, an attempt to prove the 12th axiom without employ* ^ 
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ittg any new princi^e, was published by Franceschini, professor 
ofmathematics in Bologna. This geometer demonstrates, that 
if B be a nsht angle, and A an acute one, 
and if CD, IIF be perpendiculars to AD firom 
the points C, E, AF must be greater than AD. 
This he does indirectly, by showing, that a 
straight line joining ED is not perpendicular 
to AB ; and, seconmy, that one m*awn from £ 
to any point between A and D, is likewise 
oblique to AB. He then infers, that a» AE 
increases, AF must also increase, and that, since AB may be in- 
creased without hmit, so AF may become greater than any given 
line, and may therefore exceed AB ; wherefore, since the perpen- 
diculars to AB, from points beyond B meet AB produced, the 
peroendicular BG- must also meet it: and thus he conceives that 
ne nas proved the 12 th axiom. 

This reasoning, however, is fallacious, as magnitudes may con- 
tinually increase, and yet never become equal to a given finite 
magnitude. Of this the 41st proposition of the third book of the 
Appendix affords an instance, as it is there diown, that the sum of 
all the lines CG, FL, GM, LN, &c. how many soever of them may 
be taken, will never become so great as the radius CF.^ ^ Other 
instances are also furnished by the 40th and 42d iiropositions, by 
numberless infinite series', and by curves that have asymptotes, 
that is, lines which continusdly approach them, and yet never meet 
them. From the mere fact that a magnitude continually increases, 
we are not entitled to conclude, without considering the compara* 
tire magnitudes of the additions, that it will ever exceed a given 
amount: and therefore, in the present instance, we cannot legiti- 
mately infer, that^ however AE is increased, the point F will fall 
beyond B. 

9. In the Notes to Legendre's Elements de GeomStrie, a new 
method of investigating me theory of parallels is given, of which 
the following is an abstract. It is proved by superposition (or a» 
in Euc. L 26) that two triangles are in every respect equal, when 
a side and the two adjacent angles of the one are respectively 
equal to a side and the two acUacent angles of the other. If, 
therefore, p he a side of a triangle, and A and B the adjacent 
angles, the third an^le is determined if A, B, and p be given ; 
as otherwise there might be different triangles which would have 
each a side equal to p, and the adjacent angles eaual to A and B. 
Therefore the angle C must be a determinate ranction of A, B 
aud p; or, as it may be e:qpressed, C=^(Ay B, p), where ^ is 
used to denote a function or combination of A, B, and j). Now p 
must be rejected from this equation ; for, if not, we might have^^ 
conversely, the value of p expressed in terms of A, S and C, 
which is absurd, p and the angles A, B, C being heterogeneous, 
and such, that no combination whatever of the angles could give 
the value of ». Hence, therefore, we have simply 0= ^ (A, B); 
that is^ C is determined by A and B, independentiy of the sides. 

From this it follows, that if two angles of one tnangle be equal 
to two angles of another, their third angles are alsd equal. 
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Let now ABC be a triangle haTing the an^ BAG a right 

angle, and draw the perpendicular AD. 
Then, in the triai^es ABC» DBA, the ^^ 

right angles BAG, 6DA are eqoal, and the ^^ |\ 

angle B u common; therefore 15 AD iseqoal ^^ \ \ 

toC. In like manner it woold be shovm, ^ i --^ 

that GAD is equal to B : whence (L ax. 2) ^ ^ ^. 

the angle BAG is eanal to the two angles B and G ; but BAG is 
a right angle, and toerefore the three angles of ^e right-ax^ed 
triangle are together equal to two right angles. 

The same propoij is easily shown to belong to any other trian- 
gle, as it maj be diyided by a perpendicular from the greatest angfle 
to the o{>ix>site side, into two rignt-angled triangles, the angles of 
which will be equal to the angles of the assumed triangle, together 
wi^ the two right angles nuide by the perpendicular — and this 
proves tbe 32d of the fist book of £uclid.* 

The author next proceeds to prore, on similar principles, that, 
in equiangular triangles, the sides which are similarly situated, are 
proportional, which is the 4th proposition of the 6th book of 
Euclid ; and thence he derives at once a proof of the 12th axiom. 
This method, however ingenious, is much too abstract and diffi- 
cult for an elementary treatise. The principle of homogeneity on 
which it depends, is in itself sufficiently obvious ; but the mode in 
which it is nere applied, would be intelligible to very few* learners, 
when commencing the study of G^eometry. 

4. In Leslie's Elements of Geometry, a work which contains 
much curious and interesting matter, there is a singular ^ulure iu 
tJie attempt to prove that a straight line 6E, falling on two pai- 
allels, AB, GD, makes the exterior an^le EFG 
equal to the interior and remote angle EGA. 
The following is a correct abstract of lus reason- 
ing. Suppose a revolving straight line, extended 
in Doth directions, to pass always through F, and 
firsts let it take the position IFH. Then, in the 
triangle HGF, the exterior angle EFH is greater 
(L 16) than EGH. Again, let it take theposi- 
tion LFK. Then (L 16) in the triangle FKG, 
the angle KFG, or its equal EFL, is less than 
EGK. When the incident line, therefore, meets 
AB above G, it makes an angle EFH greater than EGH, and 
when it meets AB below that point it makes an angle EFL, 
which is less than the same angle. There is consequently a cer- 
tain intermediate nosition, GD, in which the revolving line, not 
meeting AB on eitoer side, and being therefore parallel to it, makes 
the exterior ang^e EFG equal to the interior EGA. 

Now it is plain from the slightest consideration, that what is 
here demonstrated, is not what is intended, but simply that the 
straight line which makes the angle EFO equal to EGA, does not 



* It h evident, that the remaining part of the theory might be eitatUdhed withcut 
proportion, as in page 82R. 
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cut AB, but 18 parallel to it ; which is the first part of Euclid's 
28th proposition. 

6. A method of proving the 12th axiom has been proposed by 
M. Bertrand of Genera, which is in substance the same as the 
following. Let AB, CD make with AC, the angles BAG, ACD, 
less than two right angles: AB, CD will meet, if produced. 
Draw AE, so that the angles E AC, ACD 
may be equal to two right angles : make 
also CF equal to AC, and the angle CFG- 
equal to ACD. Then it would be shown 
by superposition, that the bands between / / / /* 

AE, CD, and CD, Fa are equal, if taken ' ' ' - 
of the same length. Now, it is plain, that 
by the continued repetition oi the angle 
EAB, as is shown by the dotted lines, Sie Hik^. 
indefinite space contained between AE, ^ 

AF, \fill be at length exhausted ; but that same space can be ex- 
hausted by no numb^ of repetitions of the indefinite band, or space 
contained between AE, CD, as would appear by constructing 
more such bands, on bases taJcen in AF produced, each equal to 

AG, or CF. Hence, therefore, the space contained between AE, 
AB, extended without hmit, must be gi*eater tlian the space con- 
tained between AE, CD, extended without limit; which, since 
AE is a common boundary of these spaces, could not take place, 
if AB lay whoUy between AE and CD ; and therefore AB must 
cut CD. 

This method is very ingenious, and, on full consideration, will 
perhaps be regarded as satisfactory. The comparison, however, 
of the unlimited bands and angular spaces is scarcely conformable 
to the strict precision which we expect and admire in geometry. 
A resemblance will be readily tracea between this method and that 
of Proclos, illustrated hereaner. 

6, In Playfair's Elements of Greometry, the theory of parallels 
is founded on the following axiom, suggested by Ludlam in his 
Kudiments of Mathematics : ** Two straight lines which intersect 
one auotlier, cannot be both parallel to the same straight line. 
From this the author derives, indirectly, in a very simple manner, 
the proof of the first part of the 29th proposition : ana the proofs 
of the second and third parts are then given as in Euclid. It seems, 
however, to have escaped the notice of these writers, that tliis 
axiom is virtually the same as Euclid's 12th axiom. To perceive 
this, it is onl^ necessary to consider, that by the latter pai-t of the 
28th proposition, AGB is parallel to CHD, if the angles BGIi, 
OHI3 be equal to two right angles ; while it is assumed in the 12th 
axiom, that any other straight line drawn through G, will cut 
CHD, so that tnrough G only one straight line can be drawn pai*- 
allel to CHD. 

7. The theory of parallels has been founded by Thomas Simp- 
son, in the second edition of his Elements of Geometry, on the 
following axiom : **If two given points in a straight line are posited 
at unequal distances h*om another straight line, in the same plane, 
those two lines, being indefinitely produced on the side of the least 
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diatenoe will meet one another." From this it is easy U^ provi^ 
that a straight line falling on two parallels, makes the a^&^9tte 
angles eqaid. For hy drawing lines throi^h the points in iMriueh it 
intersects the parallels, perpendicular to one of them, and wliich 
therefore (L 28) are parallel to one another, these perpendictilara 
are equal, as otherwise the given lines, by the axiom, woald meet. 
For tne same reason, the parts of the given lines between ^heae 
perpendiculars are equal; and therefore (L 8) the alternate ai^lea 
are equal. 

This method, if the axiom be admitted, is very simple and ecisy. 
When it is known, however, that the distance betwe^i two curv^efl, 
or between a 8trais[ht line and a cprve, may coniinuailY decieaae, 
and yet never vanish, it cannot be regarded as a per&ct ifcxionij 
that two straight lines must meet» if their distances at di^fereDt 
points be unequal 

8. Dr. Simpson, in the Notes to his edition of £ncUd, admito 
that the 12th axiom is not self-evident ; and gives a proot of it 
founded on the following axiom: '*A straight line cannot first 
come nearer to another straight line, and then go farther hont it, 
before it cots it ; and, in like manner a straight line cannot ^ 
fiuiher from another straight line, and then come nearer t» it ; 
nor can a straight line keep the same distance from another straigtit 
line, and then come nearer to it^ or go farther from it; for & 
straight line keeps always the same direction.'^ This axiom is 
preceded by two definitbns,* expiuning the terms emplojfed id 
it ; and it is followed by five propositions, the last of which is the 
12th axiom, and which therefore prepares the reader for the 29th 
proposition. Such a lengthenea and prolix proof, as has beep 
well remarked by Playfair respecting the method of davins, 
''leaves a strong suspicion, that the roaii pursued is by no xn^anii 
the shortest possible." 

9. Oiavius, after offering objections to the method of Procltts nesrt 
to be explained, assumes as an axiom, that "a line, all the points 
of which are eaually distant from a straight line in tiie same f^aiie 
with it, is itseli a straight line." Of this he endeavours to shoDir 
the reasonableness; ana though he does not demonstrate its tiiifh, 
he concludes, that it wiUgain assent much more readily than'-tbe 
12th axiom of Euclid. He then applies the assumed principle in 
demonstrating the 12th axiom, in doing which he employs a very 
tedious and operose process; and, on the whole, his metiiod has 
little to recommend it. 

10. Proclus, in his Commentaries, adopts the principle previously 
assumed by Aristotle, that if two straight lines forming an aik^H 
be extended infinitely from their point of interseetionf tKeir dUetamee 
asrjmder will also increase^ so as to exceed any given inamUtude 
whatever. On this assumption, he proves that a straignt line 



* The latter of these concludes thus: " Two straight lines are said to keep ^ 
■ame distance fi«m one another, when the distance of the points of one of tllem 
from the other, la always the same." This is liable to the same objections M tlw 
axiom of Claviai^ mentioned in the next paragnq^h of Uie text. • > ' 



^ BO^KL] nOTBS. BB6 

\ftAch. mtenects one of two parallels, inteneets Utte other alsot* 

I as the two lines which by hypothesis, intersect one another, may, 

i by the assumed principle, be extended so far that their distance 

t adoader will exceed the distance between the parallels, so that the 

1 liae which cuts the one parallel must also cut the other. He 

i tl^n demonstrates the 12th axiom by showinjsr that, of the 

) t^o lines on which the third falls, one cuts a line drawn parallel 

I to the other; and that consequently these lines must cut one 

another. 

I This method, were it deyeloped with more care and rigour than 

I hare been employed by Proclus, would be preferable, on account 

I of its conciseness, to several others; and the principle assumed, 

I l^oagh not self-evident, will be admitted as readily as most others 

I tkat nave been proposed for the same purpose. 

11. Many writers employ a principle similar to that of ClavioS; 
bat insteaa of calling it an axiom, they assume it as the definition 
6f parallel lines. Thus, in Elrington's edition of Euclid, the method 
<»f JSuclid is retained in the text ; but in the Notes another method 
is- given, as the foundation of which, parallel lines are defined to 
be those which are always equally distant, however for they are 
piv)diiced. This definition, which is also adopted by Bosoovich, 
W<^tt8, Pardies, Fernandez, Deschales, ana Emerson, and by 
Thomas Simpson in the first edition of his Elements, is Uable to 
objection on nearly the same grounds as the axiom of Clavius. It 
through two given points in a straight line, two equal perpendi- 
eolars be drawn on the same side, one straight line (I. post. 1) 
and (L def. 3, cor.) oulj one can be drawn uirough their other 
extremities: and a definition in which it would be assumed, 
that this line is parallel to the proposed line, would be perfectly 
legitimate. Without proof, however, we are not entitled to infisr, 
that other perpendiculars from the first of these lines to the seoond 
are each equal to one of the first two perpendiculars, or that a 
peipendicular to one of the lines, is also perpendicular to the other, 
or muUly, that the two lines will never mee^ however far they may 
be extended. These propositions, though all true, require proof; 
and if we employ them without it, we should at least be aware, 
that we do what is inconsistent with strict reasoning. 

13. A method different from all the foregoing is given in Cress- 
well's Treatise of (Geometry, published in 1819. He assumes the 
principle, that ihfroagh <my point withm an angle a straight line 
may oe supposed to pass, which shaU cut the two straight lines that 
eotitam the angle, f Admitting this axiom, he demonstrates, that 
if ABD be a right angle, and BAG an acute one, BD and AC 
•will meet, if produced through C and D. To prove this, he makes 



* This principle is assumed without proof in Bonnycastle's Elaments, as the 
basis of the theory of parallels ; and instead ci being called an axiom, it is ianpro. 
pcriy classed among the postulates. 

t This principle, which is tacitly assumed by Euclid, in the 20th proportion of 
Uiedeventb book, is easily derived fh)m Euc. I. ax. 1:2, and I. 32, when the tlieoiy 
at parallel linte is estaUidied by other means. 
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the angle BAE eqnal to BAG. Then, by the axiom, some Hue 

EBF may be drawn catting AC, 

AE. If this coincide with BD, 

the proposition is plain ; as it is 

also if BF fiUl below BD. But 

if BF faU within the angle ABD, 

DB produced to O will foil within 

the angle ABE, and will therefore 

cut AE, since BE cuts AE. The 

proof is then completed by apply- ^ 

ing the angle BAE to BAC, so ^ 

that AE may tall on AC ; and BQ- will fall on BD ; whence the trath 

of the proposition is evident. 

From this proposition the theory of parallel lines is easily de> 
rived; and the assumption, or axiom, will perhaps be as readily 
admitted, as the others that have been assumed for the same 
purpose. 

The following method of establishing the theory of parallel 
lines, which occurred to me several years ago, I shall venture to 
insert here. I am aware that it is liable to some of the objections 
that have been made against other methods. At the same time, 
the axiom on wMch it is founded, will be more readily admitted 
than some others which have been proposed for the same fiurpoae ; 
and it gives short and simple proofs of the d2d proposition, a&d 
the 12th axiom. The 29th proposition may then be demonstrated 
in the manner given by Euclid. 

Axiom. — If a triangle be moved along a plane, so that its base 
may always be on the same straight line, its vertex describes a 
straight line equal to that which is described by eitner extremity 
of the base.* 

Book I. Peop. XXXII. — If a side of any triangle be produced, 
the exterior angle is equal to the two interior ana remote angles-; 
and the three interior angles of every triangle are together equal 
to two right andes. 

Let the side JBC of the triangle ABC be produced to D : the 
exterior angle ACD is equal to the two 
interior and remote angles CAB, ABC ; 
and the three interior angles of the tri- 
angle are together equi3 to two right 
angles. 

Let the triangle ABC be moved along the plane in which it lies, 
so that the base BC may always be on the straight line BD, till 
1 he point B shall fall on C, and the triangle ABO ta'ce the posi* 
tion ECF, the point A describing, by the axiom, the straight 




* This axiom might be generalized ; siDce it is evident, that the same will held 
respeotlBg any figure whatever, haring a straight line for one of its sides, and reu 
specting any point wliatevcr in that figure. As given above, however, it i* sulB- 
oifent for the inteoded purpose. 
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line A£ equal to the base BC, described by the point B. Then 
in the two triangles ABO, OEA, the side EC is equal to AB, 
the side AC is common, and the base AE is equal to the base BC : 
wherefore (I. 8) the angle ACE is equal to the angle BAO. 
To these angles add ECF and ABC, and the whole exterior 
angle ACD is equal (I. ax. 2) to the two interior and remote 
angles CAB, ABC. To these, again, add the ande ACB, and 
the three interior angles ai-e equal (1. ax. 2) to me two angles 
ACD, ACB; that is, (1. 13) to two right angles. Wherefore, if 
a side, &c. 

Cor, 1. Hence the interior angles of a quadrilateral are together 
e^ual to four right angles, being equal to the angles of the two 
tnangles into which it is divided by either diagonal : and there- 
fore if three angles of a quadrilateral be together equal to three 
right angles, the remaining angle is a right angle. 

Cor, 2. If a quadrilateral ABCD have all its angles right an- 
gles, its opposite sides are equal. Join AC, and produce BC to 
E. Then (I. 13) DCE is a right ande; and (I. 32) the angle 
ACE is equal to the two angles ABC, BAC. 
From these equals take away the right angles 
DOE, ABC, and there remains the angle 
ACD equal (I. ax. 3) to the angle BAC. 
Hence, the angles D and B being equal, and 
the side AC common to the two triangles 
ADC, CBA, the side AD is equal (I. 26) to BC, and DC to AB. 

Demonstration of Axiom 12 * — If a straight line meeting two 
other straight lines in the same plane, make the two interior angles 
CD the same side of it together less than two right angles, these 
fltraighc lines will at length meet on that side, if they be continu- 
ally produced. 

Let the straight line AB falling on the two straight lines AC, 
BD, make the angles CAB, ABD, together less than two right 
angles : AC and BD, if continually produced, will meet towards 
C, D, 

Of the angles CAB, ABD, one at least must be acute ; let 
ABD be acute, and draw (L 12) AE perpendicular to BD. This 
perpendicular will fall (I. 16. cor. 2) on the side of B towards D. 
Then the angle AED is equal (I. 32) to ABD, BAE : to each of 
them add EAC, and the angles AED, EAC are together equal 
to CAB, ABD, and are therefore less than two right angles ; but 
(const.) AED is a right angle, and therefore EAC is less than a 
ri^t luigle. 

Through A draw AF peipendicular to AE : take any point Q- 
in AC, and make QtH equal to AU ; draw (1. 12) GK, HL per- 



* This demonstration, I believe to be new. A more concise proof is given by 
PUiyfUr, wlio, in his note on the 29th proposition^ derives the 32d in a manner 
ijnlte different tram that which has been here employed. His proof of the axiom, 
however, presupposes the knowledge of the first lemma of the twelfth book, which. 
is not required in the demonstration here given. 
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p«ndicQlar to AF, and GM to HL. Then, since (eoofit) tbaee 
angles of the quadrilateral EM, are right angles, KGM is i^'^ 
right angle, by the first of the preceding corollaries. Now (I aSj 
the exterior anffle KGH is equal to the two interior and remojEe 
angles GKA, EaG. From these equals take the right m^uf 
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KGM, AKG, and (I. ax. 3) there remains the angle MGH equial 
to KAG: also the right angles GMH, AKG are equal, and 
(const.) the side GH is equal to AG. Hence (L 26) in the trian- 
gles GMH, AKG, the sides HM, GK are equal. But, by the 
second of the preceding corollaries, ML is also equal to GK ; 
wherefore HM, ML are e<^ual, and HL is double of KG. 

In like manner, if Hh be taken equal to AG or GH, and if 
NO be drawn perpendicular to AF, and HP to NO, it might be 
proved that NP is equal to HM or GK, and NO treble of KG; 
and by continuing this process, a point may be found in the straight 
line AC, such that the perpendicular drawn from it to AF may be 
equal to KG taken any number of times whatever; and may 
therefore exceed any given line.* 

Let Q be a point round in this manner, in the continuation '<^ 
AC, such that if QSR be drawn perpendicular to AF, QR will Ije 
greater than the perpendicular A£i^ Then, by the first of 1}xe 
foregoing corollaries, m the quadrilateral £B, the angle BSE iM 
a right angle ; and, by the second corollary, SB is equal to EA : 
but QR is greater than EA, and therefore it is also greater than 
SR. Hence the points A and Q are on opposite sides of BD ; aii^ 
therefore AC ana BD, being continually produced, intersect eticn 
other. 

Prop. XLIV. and XLV. 

These two propositions, as well as several others, may be advaob- 
tajgeously postponed till tiae student has made himself aoqnaiated 
with some of the principal propositions of the sixHi book : mid 
this may be done without violating any principle of good reason* 
ing, as the propositions in the sixth booK depend in no degree.QO 
these. The conciseness and ease of the ftmowing solations wBk 
show the advantage of this change of arrangement. 



* It to here assumed as an aaciom, that the less of two giren magnitiiAw , 
he multiplied so as at length to exceed the greater. The same is done by. Ifif 
in the proof of the eighth proposition of the fifth book ; and also in that oftbt ' 
propodtion of the tenth book, or, in this editioii, in the fint lemma in the 
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"f^ROP. XLIV.— Let ABC be a given triangle, D a given angte, 
and HK a given straight line : it is required to apply to HK a 
parallelogram equal to ABC, and having an 
angle equal to D. 

Bisect (1. 10) BC in E, and (I. 23) make , x xi f , 
the angles CEF,KHL each equal to D; draw / \7v / / 
{L 31) AG parallel to BC, and CG parallel 
to £F. Then (I. 42) the parallelogram EG 
is equal to ABC. To HK, EC. EF find 

(VI. 12) a fourth proportional, and. make ^ , 

HL equal to it ; complete the parallelogram [ J 

KL: it is the one required. For (const) h Jm 

UK : EC : : EF : HL ; that is, m the two 
parallelograms FC, KL, the sides about their equal angles FEC, 
K.HL, are reciprocally proportional; wherefore (VI. 14) KL is 
equal lo FC, and therefore (I. ax. 1) to ABC. Hence KL is ap- 
plied to HK, is equal to ABC, and has an angle equal to D : it is 
therefore the parallelogram required. 

Prop. XL V.— Let ABCD be a given rectilineal figure, and E a 
siven angle : it is required to describe a paralldogram equal to 
ABCD, and having an ai^le equal to E. 

Join DB, and describe TL 42) the parallelogram FH equal to 
the triangle ABD, and having the angle K 

equal to E. Produce FG, KH through G .^ ? / ^1^- 

and H. Then, as in the preceding propo- \/\ / / // 
sition, bisect BC, and through the point of \ / \ b — / // 
bisection draw a straight line making an V — J, / // 
an£^e with one of the halves of BC equal " ^ ^^ 

to K, and terminated by a parallel to dC 
flirough D. To HG, to the half of BC, and to the line drawn 
through the point of bisection of BC, find (VL 12) a fourth pro- 
portional ; make HM eoual to this, and draw ML parallel to KF 
or HG. Then it would be shown, as in the preceding proposition, 
that GM is equal to BCD, and consequently (L ax. 2) F^Tis equal 
to AC ; and, having the angle K equal to E, it is' the parallelo- 
gram required. 

Prop. XLVII. — This celebrated proposition may also be demon- 
strated with great ease by means of proportion, in the following 
maimer. 

Let ABC be a trianffle, right-angled at A; the square of the 
hypotenuse BC, is equal to the squares of the 
UfS^ AB, AC, 

Draw AD perpendicular to BO. Then (VI. 
8, cor.) BC : BA : : BA : BD, and BC : C A 
: : C A : CD. Hence (VL 17) the rectangle 
BC.BD is equal to the square of AB, and the 
rwtangle BC.CD to the square of AC. Hencd (L ax. 2) BC.BD 
-t-BC.CD, or (IL 2) BC^= AB>+ AC>. 

Other proofiB will oe found in the first book of the Appendix, 
propositions 0, 10, and 11. 
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Some propositions in this book may be demonstrated with much 
ease by means of propositions in the sixth book. The following 
proofs ot the fourfii, filth, and fourteenth propositions aftbrd iu- 
stances. 

Pkop. IV.— Let the straight line AC be divided mto any two 
parts in B: then AC"= AB» + BC»+2AB.BC. 

Draw BD perpendicular to AG, and meeting a semicircle de- 
scribed on AG as diameter in D ; and join DA, 
DG. Then (IIL 31) ADG is a right angle. 
Also (L 47) AD»=:AB»-t-BD», and GD«= 
BG'-f BD*. Add these equals; then AD»4- 
CD», or (L 47) AG» = AB»+BC» + 2BD«. 
But (VL 8, cor.) AB : BD : : BD : BC ; 
whence (VL 17) AB.BG=BD': and therefore by substitution, 
AC'=AB»+BC» + 2AB.BC. 

PfiOF. v.— Let the straight line BF (see the next figure) be di- 
vided equally in G, and unequally in E : then BE.EF4-GE^s 
GF». 

For if BH, FH were joined, it would appear, as in the preceding 
proposition, that the rectangle BE.EF is equal to the square of 
EH. To each add the square of EG-: then BEJSF+EG»=t 
EH« + EG^ = GH» -f GF^ 

The sixth proposition might be demonstrated on similar princi;- 
ples. The second proof in the text^ however, is as easy as any that 
can be given. 

Prop. XIV. — Let it be required to describe a square equal to 
the given I'ectilineal figure A. 

Describe (L 45) the rectangle BD 
equal to A. Then, if the sides BE, 
ED be eaual, BD is the required figure. 
But, if tney be unequal, nnd (VI. 13) 
EH a mean proportional between them. 
Then (VL 17) the squareof EH is equal 
to the rectangle BE.ED ; that is, to the given figure A ; therefore 
EH is the side of the required square. 
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Prop. XXXV. and XXXVL 

The 85th and 86th propositions of this book may each be de- 
monstrated in a single case by means of proportion in the foUowuig 



manner. 
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PjROP. XXXV. — Let the chords AE, BC (see the figure, page 
235) in the cu'cle ABEC, cut one another iu G-: the i-ectangles 
AO.GE, BG.GO ai-e equal. 

Join AC, BE. Then (I. 16) the angles AGO, EGB are equal, 
and III. 21) C is equal to E : wherefore ( VI. 4, corj AG : GO : : 
BG : GE, and therefore (VL 16) AG.GE = OG.GB, 

Pbop. XXXVI. — From D, a point without the circle ABC, let 
the straight line DB he drawn touchingthe cuxjle, 
luod DOA cutting it : the rectangle ADTDO is equal 
to the square of DB. 

Jom BA, BO. Then, in the triangles DBA. 
X>CB, the angle D is common, and (III. 32) the 
angle A is equal to CBD; wherefore (VI. 4. cor.) 
AD : DB :: DB : DO; and therefore (VI. 17) 
AD.DO = DB\* 
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Prop. X. — This may he demonstrated in the following easy 
manner hy means of proportion, the circle being 
unnecessary. 

By construction, AB.BO = AC^ = BD« ; 
whence (VL 17) AB : BD :: BD : BO; and there- 
fore (VL 6) the angle BOD is equal to ADB, 
or its equal B. Hence (1. 6) CD is equal to BD, 
or to its equal AC, and (I. 5) the angle A is 
equal to ADO. Now BOD, which is equal to B, 
being equal (I. 32) to both these taken together, is double of one 
of them : therefore B is double of A. 




ELEMENTS, BOOK V. 

Several minute changes, and, it is hoped, improvements, have 
been made in this book, especially in the definitions. These it is 
unnecessary to specify ; and I shall merely subjoin some remarks, 
which will tend to illustrate in a familiar manner, the nature of 



* The study of Euclid would be considerably facilitated to the beginner, if, in 
accordance with some of the preceding Notes, he should omit in the first reading, 
the 44th And 45th propositions of the first book, and all in the second book afUae 
the first three : then, omitting in like manner, the 35th, 36th, and 37th of the tliird 
book, and perhaps all the fourth book, he should proce^ to the fifth and sixth 
books. Then, having advanced in tiie latter to the 17th proposition, he may turn 
back and read what he has omitted, availing himself of the facilities that will be 
uffQrie/i, in several instances, by means of the sixth book. He might also postpone 
the 47tb of the first book : but Euclid's proof of it is so elegant and easy, as to 
mider this unnecessary ; and it is desirable, that he should be early acquainted with 
90 important a proposition. 
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proportion generaDy, And in partiedlar the fifth and sixth defini- 
tions of this book. Our common idea of proportion, and that 
wliich is presented in these definitions, are apparently very differ- 
ent ; and it will be a principal object in the following observations 
to show their agreement. 

In estimating the comparative magnittides of numbers or otiier 
quantities, we generally employ a species of division. Thu^, we 
say, that one <Snntry has tnree times or fi>nr times (be extent of 
another; and that the population of one city exceeds that, of 
another in a fourfold degree ; thus considering how often one of 
the magnitudes contains the other, and obtaimng by that means 
the idea of ratio. If by such an examination we find that one 
country contains three tunes as many square miles as anoth^, 
apd that the population of the former is treble of that of the latter, 
we see that uie ratios of tiie extents and populations are equal, 
and we say that the populations of the countnes and their extents 
are proportional The method, therefore, which naturally presents 
itself for estimating the ratio of one quantity to anotner, is to 
divide the former by the latt^. Thus, the ratio of a line of 10 
inches to one of 2 inches is 6, or is that of 6 to 1 ; and since, on 
the same principle, 15 has to 3 the same ratio, we say that 10^ 2, 
l& and 3 are proportionals. According, therefore, to this first 
and simplest notion of proportion, it appears thai four magniiudes 
are proportional^ when the quotients obtained by aividmg the jSf^t 
by the second, and the third by the fowrth, are equal, T!hese quo- 
tients, in the ^reat majority of actual instances, are firactional : still, 
however, if tiaey be equal, we regard the magnitudes as propor- 
tional. Thus, 16> 6, 20, and 8 are proportional, because 16. is 
equal to twice 6 and the half of 6, ana 20 to twice 8 and the Jbalf 
01 8 ; or, which is the same, the quotients are each 2^ jbi like 
manner, 6 is to 8, as 9 to 12, each of the quotients bemg in this 
instance the firaction |. 

Now, by the nature of division, if the second and fourth terms 
be multiplied by the Quotient, found as above, the products will 
be the first ana thira terms: and it evidently fouows, that if 
the first and third terms be multiplied by any number whatevcrr, 
and the second and fourth by the product of that number and, tiie 
same quotient, the products of the first and second terms will be 
equal, as will also those of the third and fourth. Thusy resumiiig 
the numbers 15, 6, 20, and 8, if we multiply 6 and 8 by 2^ the 
products are 15 and 20 ; that is, 15 rrr2i X 6, and 20 =r 2} X 8. If 
we now multiply these equals by any number whatever, tiie pro- 
ducts will be equal Let us, therefore, multiply them Irf the 
denominator 2, and we obtain 2.15=5.6, and ^.20 =s 5.8. fottn 
this it appears, that when the antecedents are multiplied.by 
2, and the consequents by 5, the multiples of the first and eeecMid 
are equal as are also those of the third and fourth : a result trhlbh 
agrees with one of the conditions of £uclid's fifth definltioD: aod 
it is plain, that if; instead of the multiples 2 and 5, we should em* 
ploy their doubles, trebles, or any other numbers in the same rafo, 
we should still arrive at a similar conclusion. It is also plsin«jtibat 
h\ retaining 5 as one of the multipliers, we were to use along 



BOOK, y.l ELRHENTS. 833 

with it any number greater than 2, the multiples of the first and 
thii'd would exceed those of the second and fourth : while if 2 were 
retained, and with it any multiplier greater than 5 were used, the 
multiples of the first and third would then be less than those of the 
other terms: and thus we have the agreement with the twore" 
fnaimng eonditicms of Euctid's definition established in the instance 
which we have been considering. 

In this example, 3 is a common measure of the first and second 
terms, and 4 or the third and fourth; and the numbers 5 and 2 
are obtained by dividing the terms of the two ratios respectively 
by these: and in the same manner, in every case in wnich the 
terms of the ratios are commensurable, we may find numbers by 
which, if they be multiplied, the products win be equal It, 
however, these terms be incommensurable, that is, if they have no 
common measure, no numbers can be found which will give mul- 
tiples exactly equal, as the quotient of two incommensurable 
quantities cannot be accurately expressed by any number either 
whole or firactional. We may find numbers, however, which wUl 
render the multiples as nearly equal as we please. Thus, suppose 
the terms of the ratio to be v 2 and 1, the former being the dia- 
gonal of a square of which the latter is the side. Then, since, by 
extracting the square root of 2 numerically, we find 1*414... for 
the approximate value of the first term, the quotient obtained 
by dividing the first by the second is greater than ^ and less 
than H^ ^^^ i^ ^® multiply the first term by 10,. and the second 
by 14, the first of the two results is greater than the second ; 
WkHe, if 10 and 15 be employed as multipliers, the first product 
18 less than the second. If, again, 100 and 141 were employed 
' as multipliers, and also 100 and 142, the multiples would still 
have the same relation, but would approach more nearly to 
the ratio of e<]uality : and thus, by takmg other multipUers, we 
might approximate to exact equality, as nearly as we please. 
Now, it is evident, that every thing would be precisely similar 
' with respect to 2V2 and 2, Z\/2 ana 3, and so on : so mat V2 : 
1 : : 2V2 : 2 : : 3 V3 : 3, &o. It thus appears that not only in 
commensurable magnitudes, but also in mcommensurable ones, 
if the quotients obtained by dividing the antecedents by the oon- 
tequents be equal, the magnitudes are proportional, according to 
the (Hiterion of Euclid r for if multiples be taken, as in the 5th 
definition, those of the antecedents will be either both greater, or 
both less, than those of the consequents ; and if the multiples of 
'the first and second terms be nearly in the ratio of equality, so will 
those of the third and fourth. 

The illustration here given is the same in substance as proposi- 
tbn I. page 117. Elrington, Leslie, and others, instead of Euclid's 
definition, have adop ed one to the following effect : The first of 
four moffniCucUs is said to have to the second the same ratio which the 
'ihM has to the fourth, wlien any submvUi'ple whatever of the first 
igcontahied in the second, ojsj^Un as a Uke mbmiUtiple of the third 
is c&nbamyid in the fourth, Tliis definition readily arises from the 
supposition, that when four magnitudes are proportional, the first 
t«rai is GontaiDed in the second as often as the third ia contained 
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in the fourth, which, with the exception of the order in whidi 'tbe 
terms are taken, is the same as the popular idea of proportM^ 
afa^ady considered. If, in applying this principle, we either ted 
that the first and third terms are greater than the others, or agne 
not contained in them without remainder, we use, instead of the 
first and third, submoltiples of them, and we regard the magni- 
tudes as proportionals, when the first, or any submultiple of it, is 
contained in the sectmd, as often as the third, or a like submulti|>le 
of it is contained in the fourth. This method is very simple in its 
application, and, wit^ proper management, it serves to eatabfish 
the theory of proportion on correct principles. 

With regard to the Supplement to the fifth book, it may be 
remarked, that while the properties established in it are primarily 
those of numbers, they belong equally to lines, surfaces, and other 
ma^itudes; as all magnitudes whatever may be conceived tc» be 
divided Into parts, each equal to a common unit, and may thus be 
expressed by means of numbers. 
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DEF. V. 

Instead of this definition, the following is sometimes adopted ; 
"Three or four straight lines are said to be in harmonical propor-- 
tion, when the first is to the last as the difference of the fii*st two 
to the difierence of the last two." Thus, in the figure for prc^osU 
tion A, page ISO, the three lines DB, DG, DC ai*e in harmonical 
proportion, if DB : DC :: BG (=DB— DG) : GC (='DG-^DC); 
which agrees exactly with the definition given in the text, if 
the straight line DB be regarded as divided into the three parta 
DC, Cd; GB. 

This relation of lines receives its denomination from the fact^ 
that three musical strings of the same thickness and tension, and 
proportional to 1, |, and ^, produce the sounds of a ceilain no^ 
its fifth, and its octeve ; and these lengths are such that the first 
is to the third, as the difference of the first and second to the 
difference of the second and 1^rd» By the insertion of other 
harmonical means between these, the lengths of the strings, giving 
the remaining notes of the octave, will be obtained, the lengms for 
the eight notes being proportional to the numbers 1, §-, j^, J, |, |-, 
iV> i • of which ^ is an harmonical mean between 1 and 4 ; | be- 
tween 1 and ^ ; and f the second of two harmonical means Detween 
1 and I : while f is the first of two such means between | and ^; 
and ^V is the harmonical mean between ^ and the hannonic-ai 
mean between it and f .* 

* The reciprocals of three equidifllsrent numbers, or, as they are commonly called^ 
numbers in arithmetieal progreisiorit are in harmonical proportion. Thus, 1, 1^, 
alio 2, have equal diiferences ; and their reciprocals, that is, the quotients obtaina^L" 
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Prop. XXVIIL and XXIX. — These propositions may be 

omitted by the student, as they are of scarcely any use, except the 

cases of them which are the 35th and ddth propositions of the 

Appendix, Book I. From the latter propositions, too, it is easy 

to derive solutions of the former. Thus, to construct the 28tH, 

make (I. i5) a rectangle equal to the given figuro R : then to the 

base EC, to the altitude of CD, and to one side of the rectangle 

equal to K, find a fourth proportional, and complete the rectangle 

contained by this fourth proportional and the other side of the 

rectangle equal to R : lastly, divide (Aff. 1. 35) AB in X, so that 

the rectangle AX.XB may be equal to the latter rectangle, and 

the thing is done. The proof is easy, and may serve as an exer- 

ciee to the student The 29th will be constructed in exactly the 

same manner, except that the 36th, and not the 35th, or the 

Appendix, Book I. is to.be employed. 

Prop. XXX. — ^From this proposition, and fix)m the scholium to 
the eleventh of the second book, it is plain that the segments of a 
line cut in extreme and. mean ratio, aro incommensurable to one 
another. For the neater segment is to the less, as the less to 
their dififeronce : the less to the difference, as the difference to the 
difference between it and the less, and so on continually; no re- 
mainder being ever found, which is contained exactly in the pre- 
ceding one. See page 263. 

It thus appears, that the ratio of the parts of a line divided in 
this manner, cannot be exactly expressed by any two numbers. It 
may be approximated, however, as nearly as we please, by means 
of the following series of numbers, the successive terms of which 
are each ec^ual to the sum of the two immediately preceding it, as 
is the case m a reversed order in the series of lines obtained in the 
scholium to the eleventh of the second book : 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, &c. 

Thus the parts are nearly as 3 to 5, more nearly as 5 to 8, more 
nearly still, as 8 to 13, and so on. 

Prop. D.— -If R be put to denote the radius of the circumscribed 
circle, p the perpendicular, S the area, and a, 6, e the sides oppo- 
site to the angles A, B, C, we have from this proposition bc=:2Hp* 
Multiply by a : then ahc = 2Rpa, or <ibc = 4KS, oecause pa = 2S. 
Hence, if the three sides of a triangle be given in numbers, we 
may compute the radius of the circumscribed circle, by dividing 
the continued product of the three sides by four times the area^ 
computed ( App. IV. 29) from the sides. 

Hence also it appears (App. V, 4) that a parallelepiped, having 



by dividing unity by them, are 1, ^, and ^ the harmoulcals mentioned abore. 
Again, if there be three harraonical8,and if the first and second be both multiplied, 
or both divided, by any number, and the second and third be both multiplied, 
or both^ divided, by any other number, the four numbers thus olitained are in 
bannonical proportion. These properties are most easily prored hj means of 
algebra. 
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for its length, breadth, and altitude, the three sides of » triactf^ 
is eqoal to a prism having the triangle for its base, and twioe «ie 
diameter of the circumscribed triangle for its altitude. 
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Prop. IL — Some may perhaps prefer the following proof of this 
proposition to the one given in the text 

From B ba centre with BA as radius, describe the btc AD ; 
and from C as centre, with an equal radius, describe the arc JCF. 
Draw AG, EH T>er{»endicular to BC; these (Aff. lit det^) 
are respectively the sines of B and to 
equal radii. Then the triangles AGO, 
EHC are equiangular, the angle at being 
common, and the angles at G and H right 
angles. Hence (VI. 4) CA : AG : : GE, 
or (const.) AB : EH; and, alternately, 
CA : AB : : AG : EH; that is, 6 : e : : 
sinB : sinC. 

The demonstration is simplified by taking, as here, one of .Ihe 
sides, AB or AC, as radius. This, however, is not essential, as 
arcs may be described from B and as centres, with equal radii 
of any magnitude, and th^ sines, and a perpendicular m>m A to 
BG being drawn, the proof wiU be readily obtained. 

Case II. Page 170. — The method which has been given for 
solving this case is, I believe, the best of which it is susceptible. 
The method of finding the third side, i^r hidf the diffeienoe of 
the angles has been computed, was first pointed out by ProS^HBor 
Wallacie of Edinburgh, in the tenth v(&ume of the £dinbui:|^ 
Transactions; and, m conjunction with the preceding analc;^, 
requires the tables to be opened' in only five places for the entire 
solution and verification. The solution depends on the thkd j^nd 
fourth propositions preceding it, of the latter of which I have g^vea 
a very short and easy proof, which I beUeve to be new. 

If tiie remaining side, instead of being found by the method 
here adopted, by computed by means ot the first case, by 1^0 
different analogies for the sake of a verification, the tables, as .has 
been remarkeaby Professor Wallace, must be opened in no fever 
than ten difierent places ; and thus we see how much pre^Nrttbie 
tlie one method is to the other. 

Case IIL Page 170.— The last method of solving this case ima 
first published, so far as I know, in 1830, in the se^md editlott'of 
my *' Elements of Plane and Spherical Trigonometry." 1st is 
preferable in a considerable degree to any of the other metbods, 
when all the angles are to be computed, with a view to obtain a 
verification; as the operations are more simple and easy, aad^fe- 
quire only four logarithms, while seven are required ki anV of the 
other methods. In the first method alio, a practical dimcn^yiiA 
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often ezfierienced in finding the segments of the base with suffici- 
ent furecision; and a aliglS inaccuracy in assigning them, may 
produce a yeij perceptible error in the yalues obtained for the 
axigles; — an moonvenience which does not belong to the new 
method, or to the second or third. An example of the mode of 
employing the new method is giyen in the note in page 171. 
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Def. Vm. — Listead of this definition the following is fidyen in 
Dr. Simson's edition : " Similar solid figores are such as haye all 
thfidr solid angles equal, each to each, and which are contained by 
the same number of similar planes." This, instead of being a 
definition of similar solid figures in general, is only a definition of 
those which are contained by planes, and it should be restricted 
accordingly. 

Prop. IV.** A simple and easy demonstration of this nroposition 
has been substituted for Euclid^ It is the same in suostanee as 
that which was eiyen b}r the late Professor Wallace of Edixiburgh, 
in his editions of Playfur's G^metry. 

Prop. VL — This may also be demonstrated in the following 
manner. Draw D£ of any length perpendicular to BD, and Join 
AE, BE, AD. Then AE* = iffi* ±jm^ = AB«+ BD>+ DE«= 
AD*+ DE'; wheiefbfe (L 48) ADE is • right angle. The rest 
of Uie proof 18 the same as in the text 

Pbop. XXin. — By means of a lemma, a new demonstration of 
this proposition is giyen, which is much shorter and easier than 
thatofEncKd. 

Prop. XXV. — ^In this proposition and many others. Dr. Simson, 
rendering the Greek hterally, uses the expression "solid parallele- 
piped." In this edition, the word ** solid" is omitted as super- 
fluous, in this and similar instances. 

In oonnexion with this it may be mentioned, that in the 16th 
proposition of the first book, and many others I haye used the 
phrase, remote angle, instead of opposite angU, confining the latter 
eamression to the case in which an angle is mentioned in connexion 
with a straight line which subtends it, and to the one in which two 
remote angles of a quadrilateral are spoken of. I haye also, aflter 
Dr* Simson, ayoided!the use of the expression W^Af line ; adhering in 
botii this and the pseoeding instance, to the principle, that in the 
kngnase of science, as well as in other eases, words should be used 
as neany as possible^ in theb ordinary and obyious meaning. 

Pbop. B.—- MThen, according to the h^^thesis of this proposition, 
the BoKd angies at A and B are contained by plane angles which 
aienet only equal, each to each, but which are similar^ situated. 
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80 that if the planes GAD, FBG be made to coincide, the edceff 
A£, BU lie OD the same dde of the coincident planes, tfie e^d 
an|^ ^olly coincide, and are therefore equal Bat if the plane 
anma fomung the two solid angles be arranged in a reversed 
crder^ so that when CAD, FBG are made to coincide, the edges 
A£, BH will be on opjiosite sides of the coincident planes, the 
solid ai^sles will not coincide. Still, however, by proposition A, 
the inclinations of the planes forming the solia angles will be 
eqnal, and we can have no hesitation m admitting, that the eolid 
angles are themselves equaL Soch solid angles as these, that i£, 
sndi as are eqnal, and yet from lying in oppoaite directions, caa- 
not coincide, have been denominated by li^gendre, angles e^ual 
hy fymmehy^ or simply symmetrieal angles. 

On the same principle, there may lie symmetrical soUcts; such, 
fer instance, as two pyramids similarly described on opposite aides 
of the same base, ana which, though obvioosly equal, cannot be 
made to coincide by superposition. 

Between plane figures and solids, there is a striking difference 
with regard to the present subject of consideration, as -Mrill appear 
by a simple example. If a perpendicular be drawn from the vertex 
or an isosceles plane triangle to the base, one of the parts into 
which the proposed triangle is thus divided, may be inverted and 
made to oomcide exactly with the other.* If, however, through 
the point in which the perpendicular cuts the base, a straight line, 
unequal in magnitude to half the base, be drawn perpendicular to 
the pltme of the triangle, and through its extremity straight lines 
be drawn to the several angles, a pyramid will be formed which 
will evidenUy be bisected by the pisme passmg through the per- 
pendicular of the triangle and the perpendicular to its plane; and 
yet the halves of the p^amid cannot be made to coincide. 

The principle on wnich we infer the equality of such solids, is^ 



* The case is different with regard to an isosceles spherical triangle; as, while 
the perpendicular will evidently divide it, as well as the perpendicular divides the 
plane triangle^ into two triangles, having equal sides, equal angles, and equal areas, 
those triangles cannot be made to coincide^ unless tiie sides of the isosceles trian- 
gle be quadrants. 

It maj be worth remarking, that, if without inverting dther of the parfs into 
which the perpendicular divides an isosceles plane triuigle, the vertioal angles 
be made to coincide, the parts of the triangles which do not coincide, will be two 
triangles having their sides and angles equal, each to each : that if the vertical 
angles of these be applied to one anotiio: in a similar manner, the parts wUch 
do not c(rincide will aUo be triangles, having equal sides and angles, uid so on; 
and if this process be continued, two triangles will at length remain, which will 
exactly coincide, if the angles of the proposed isosceles triangle be co mm ensuiaMe 
with a right angle : while if they lie not, the process may lie continued, till the 
triangles, which do not coincide, will be less than any assigned space. The proof 
of this is easy : and it will be readily seen that there may be an analogous subdivi- 
sion in case of an isosceles spherical triangle. 

It may also be remarked, that if about any two sacih plane triangles, circles be 
doscrilwd, and straight lines be drawn from their centres to the several angles, 
these lines and the sides of the triangles will form triangles, which will exactly 
coincide with each other: and the same will hold regarding spherical triangles; 
if arcs of great circles be drawn from the several angles to the nearer pole of the 
ehroumacribed circle; so that though such triangles cannot coincide as wholes, 
yet they may be divided into parts which will coincide ; and the like relation will 
£vident^ hold regarding trihedral angles, which are equal by symmetty. 
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as has been remarked by Playfair, that ihe conditions which de- 
termine the magnitude of one of them, are the same as those 
which determine the maj^nitude of the other. 

It is easy to see from these considerations^ that^ as was first 
shown by Dr. Simson, solids may be unequal, tiiongh contained by 
^e same number of equal and similar planes. Thus, as a simple 
example, suppose two symmetrical pyramids described on opposite 
sides of the same base : then, if on tne same base another pyramid 
be described, lying wholly without the one of these, which is on 
the same side of iSd base with it, the whole solid thus formed, and 
the solid which remains when both the symmetrical pyramids are 
taken away, are evidently contained by tne same number of equal 
and similar planes; while at the same time one of them is only a 
part of the other. It is plain also, that while the solid angles of 
these two unequal solids, are lespectiyely contained by the same 
number of equal plane angles, some or these solid angles are 
unequal. No solid angles, indeed, except trihedral ones, are de- 
termined without more data than the plane angles which contam 
them. 

The nature and relations of solid angles are well Ulustrated by 
means of spherical trigonometry ; since, if a sphere be described 
fh>m the vertex of a solid angle as centre,^ the solid angle will be 
measured by the portion of the spherical surfoce bounded by the 
planes fbrmmjg the angle. On this subjeet the reader may consult 
Uregory's Tngonomefiy, Chap. VL Section 6. 

Prof. XXXV. — The demonstration of this proposition is greatly 
shortened and simplified, chiefly by means of a corollary which has 
been annexed to proposition B. 
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Prop. VL-^This proposition has been inserted on account of its 
utility in the solution of many problems regarding triangles. 

Prof. XX— Of this proposition, which is the tenth of the thir- 
teenth book of Euclid, i have given a demonstration which I be- 
lieve to be new, and which is much easier than that of Euclid. 

Prof. XX VL — This curious proposition I have not met with, 
except in the ** Dublin Problems,''j>ublished in 1823, where it is 
inserted without demonstration. The fi>llowing is an outline of a 
vary easy and neat proof of it by Mr. Adam D. Glasgow of Belfast, 
a former student of mine, of great taste and talent for mathema- 
tical pursuits : — 

If circles be described about the triangles ABD, ACE, and if 
straight lines be drawn firom A, B, C to tiieir intersection, which 
suppose to be marked with L, the angles ALB, ALC will be 
eacn two thirds of two ri^^t angles, being (III. 22) supplements 
of D and E : and hence, smce there remain two thirds of two 
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right anjB^lefi for tiie anste BLO, it Movb (App. I. 4) tha;^ the 
circle desorihed about BCF will alao pass throagh L. It 10 1^ 
plain (see the second Bote to the tenth proposition of the fim 
i>ook) that GK cats AL perpendicnlarlj, euppofle in M; and ti^ 
QrH. cats BL perpendicularly, suppose in N. Then, since the an- 
gles at M and N are right angles, a circle (Afp. L 4) loay.bede- 
scribed about GMLN : and therefoce» suice MLN is two thirds ^8^ 
two right angles, MGN (lU. 22) is one third of two right ac^es. 
In the same manner it may be proved that Q-HK, HSm are ^aeti 
a third of two risht acgles: and hence (L 0, cor.) GHK isilp 
equilateral triangle. 

Prop. XXXV. and XXXVI— These two propositions a%ht be 
otherwise enunciated thus : ** Given the sum of two straight tines, 
and the mean proporiaonal between them ; to determine them :** 
and ** Given the cufiference of two straight Unes^ and the mean 
proportional between them ; to determine them." 

Prop. XLI. and XLII.— .In the year 1774, the interestiagmi- 
blem mentioned in the corollarr toproposition XLI. was publisned, 
without solution, by the Bev. Mr. Lawson. The method of soLvIiiq; 
it was soon after discovered by Dr. Charles Button, axid was 
aclmowledged by Mr. Lawson to be on the same principle as fais 
own. See Button's Tracts, YoL L page 254, and VoL IfiL |»«ge 
378 : where also information will be ftmnd regarding propoatlcbL 
XLII. ; the best mode of solving which seems also to be due to 
Dr. Button. 

Prop. XLIIL — This proposition, wiiieh is curious, as afibvdhig 
the first instance of the quadrature of a curvilineal space, iBjg»ii«- 
rally supposed to have been diisoovered by Bippocrates of Olios, 
an mgemotts mathematician, who flourished about 460 years befere 
Christ For additional informatian respecting lunes, see Butfeoa^a 
translation of Ozanam and Montucla's Itecreations, Vol. I. 
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The second book of the Appendix contains, in a small compass, 
much interesting matter. It commences with solutions of t^e 
'* tangencies ;" and it then introduces the student succeuuvely to 
the consideratloB of loci, of porisms» and of.isoperimetiioal.figuxes. 
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This book contains a miscellaneous coBection of propositfioiia, 
intended to apply and extend the principles estabhshed k^ llie 
preceding part of the work. To the solutions of seveiral'of 'tba 
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problemB the method of computation is subjoined ; and in this way 
the stud^it will obtain an interesting application of plane trigo- 
nometry. 

Paop. XVL — Tbi6 problem may be Belied in the feUmring man- 
OBT, witiiout employing proposition G of the six& book : 

Let AB be the giyen base, and let it be bisected m O, and divided 
in B so that AD may be to DB in the ratio of the rades. Draw 
1)B at right angles to AB, and equal to the perpendicular, found 
by means of the corollary to the 4dth propositaon of the first 
book : and produce it through D, making DF equal to a fourtii 
prop<fftional to ED, AD, DB. On DF 
as diameter describe a semicircle; and 
draw CGt parallel to EF, a&d meeting its 
<;ireumftare«ice in Q*. Draw EH parallel 
to AB ; and draw the straight line GDH, 
meeting it in H. Lastly, join AH, BH ; 
and ABB is the triangle required. 

Join QrF. Then, m the equiangular 
triangles DEH, DGF, as HD : DE : : 
FD : DG; and (const) DE : AD : i DB : 
DF. Hence (VL 16) HD.DG ==DEJDF, 
«adDE.DF=AD.DB; and, consequently, 
HD.DGs: AD.DB, and (App. L 6) a oircle will pass through A, 
€K B, H, the centre of which (III. 1« ooc) will oe in CG, since 
CG bisects AB peipendicularly. Let that circle be described. 
Then, the arcs AG, GB being evidently equal, the angles AHG, 
GBB are equal : and therefeie (VL 3) AH hius to HB ^ Kune 
n^ as AD to DB ; that is, (const ) the given ratio. The triangle 
AHB, t^refore, is described on the given base AB ; has its per- 
pendicular HK equal to DE, and therefore its wea equal to the 
given area; and its sides are in the given ratio. 

It is plain, that if CG meet the arc of the semicircle in two 
points, either of them may be joined with D, and there will be two 
solutions ; if CG touch the semicircle, there will be only one solu- 
tion ; and if it do not meet the circumference, the proUem will be 
impossible. 

This method of solution may evidentiy be employed in reference 
4o several problems, which are usually solved pnncipally by means 
of proposition G of the sixth book. 




' Prop. XXV.— To this problem I have given a simple and easy 
solution, which I believe to be new. 

Prop. XXVIIL-*From this proposition, and from the sixth and 
seventh corollaries to tho fourtn proposition of the fourth book of 
the Efementa, we can derive neat algebraic expressions for the 
fadii of the f^ circle6» each touchinz tne three sides of a triangle. 
Thfis, by dividing the expression f(n* the area by 8, we find, accord- 
ing to the sixth corollary, that the radius of i£e inscribed circle is 
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equal ioA^T^SflT^li^Z:^, In like maimer, by dividiiig 

the Bxpremm for the area snooesshrely by s — a, « — 6, < — c, we 
Had. BMordiDg to the ierenth corollary, that the radii of the 
drcies toudiii^ a, 6, c, extemaily are reqiiectiTely 

V^ « — a 'v « — * ' V « — « 

By takini^ the oontmnal prodact of these foor expreasiflni, and 
contracting tiie residt, we get« (« — a)(< — b) (< — «>» which is 
equal to t& square of the area: and hence, by expreecmog this in 
woK^M, we have the following remarkable theorem : The eontkmal 
produet-tf ihe radii of the Jour circles, each of which touches the 
three sides of a triangle, or tneir proUmffotions, is equal totheseeand 
power of the area. 

Prop. XXIX. — This important problem was propoeed by Mr. 
Townley, and eolTed by Mr. John Collins, in the Philosophical 
Transactions for 1071. It is of much use in the snrFeying of coasts 
and harbours. 
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This book is snpplementary to the eleventh and twelfth of 
EacUd, containing a few additional propositionB in solid geometry, 
and exiiibiting, in particular, the method of computing the contents 
of pyramids, cones, and polyhedrons. The inte^^ csuculus affords 
the best and easiest means of investigating most of what remains 
of the mensuration of the surfaces and volumes of solids. 

Pbop. IV. Cos. 2. — ^An easy method of computing the content 
of a truncated pyramid or cone, that is, the frustum which re- 
mains when a part is cut from the top by a plane parallel to the 
base may be thus investigated by the help oi algebra. The solid 
cut off is (App. IV. 3, schol. 2) similar to the whole ; and therefore 
the areas of their bases will be proportional to the squares of their 
corresponding dimensions, and consequentiy to the squares of their 
altituaes. Hence putting V to denote the volume or content of 
the frustum, H and B &e altitude and base of tiie whole solid, 
and h and b those of the solid cut oS, if we put ^H' to denote B, 
since B : 6 : : H' : A', or B : 6 : : ^H' : qh\ we shall have (V. 14) 
b—qh^\ and therefore (App. V. 4, cor. 2) the contents of the 
whole cone and the part cut off' are equal respectively to i^H*. 
and \qh*; wherefore V=r Jgr(H' — h*), or, by resolving the second 
member mto factors, y=f^(H»+HA+A') (H— A)==1(^H>4^HA+ 
qh^) (H-— A). Now 9H' is equal to B, ah* to b, quK to a mean 
))roportional between them, and H — A to the height of the 
frustum. Hence, to find the content of a truncated pyramid or 
cone, add together the areas of its two bases and a mean proportional 
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between them, muJUiply the sum by the height of the frustum, and 
divide the tnidiust by 3. 

This admits of convenient modifications in particnlar cases. 
Thus, if the bases be squares of which S and s are sides, and if a 
be the altitude of the frustum, we shall have 

V=la(S»+S «+s«)=ia(3S8+S»— 2 Ss+s'); 
or, y=ia {3 Ss4-(S--8)»} =a {S8+J(S— 5)'} . 

fieaoe, to find the content of the frustum of a sauare pyramid, 
to the reetanffle under the stdes of its baees, add a iMra of the 
• square of their difference, and mmtvply the sum by the height. It 
would be shown in like manner (App. I. 39, cor. 2) tKat if K 
and r be the radii of the bases of the frustum of a cone, and a 
its altitude, 
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1. The least rtn^t line that can be drawn to another strai^^ 
line from a pmnt wnhoot it^ is the pefpendicnlar to it : of others 
that which is nearer to the peipendicalar is less than one vaare 
remote ; and c/nltj two equal straigfat luies can be drawn, ooe on 
each ode of the perpendicular. 

2. Of the triangles formed hj drawing straight lines finom jl 
point within a parallelogram to the sereral angles, each pair that 
nave opposite sides of tro paralldogram as bases, are half of it. 

3. U^ in proceeding round an eaoilateral tri- 
aiq^, a sqiiaie, or anr regnlar poiTgon, in the 
same dirBcnoo, points oe taken on the mdes, or 
the sides produced, at equal distances from the 
several angles, a similar rectiluieal figure win be 
formed b;|^ loining each point of secticm with those 
on each side of it 

4. If the three sides of one triang^ be perpendicular to the three 
sides of another, each to each, the triangles are eqniangolar. 

5. A trapezoid, that is, a tn^ieziiim having two of its ades 
parallel, is equal to a triangle which has its base equal to the sum 
of the parallel sides, and its altitude equal to their perpendicular 
distance. 

6. Given the segments into which the line bisecting the vertical 
angle, divides the oase, and the difiarenoe of the angles at the base ; 
to construct the triangle, and compute the sides. 

7. IVlthin or without a triangle, to draw a straight line panlld 
to the base, such that it may be equal to the parts of the other sides, 
or of their continuations, between it and the base. 

8. Given the perpendicular of a triangle, the difference of the ' 
segments into which it divides the base, wad the difoence of tbe 
angles at the base ; to construct the triangle. 

9. In the figure fi>r the 47th proposition of the first book of 
EucUd^rove tnat CF is perpendicular to AB. 

10. Tne angle made by two chords of a circle, or by their eon* 
tinuations, is equal to an angle at the circumference standing on 
an arc equal tothe sum of the arcs intercepted between the choiNis, 
if the pomt of intersection be within the circ^ or to their differ- 
ence, ii it be without : (2) the angle made by a tangent and a Ime 
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oattiiiii; the circkL is eqmd to an angle at the circomferenoe on an 
arc equal to the difierence of the arcs intercepted between the point 
of contact and the other line : and (3) the angle made by two tan- 
fl^ts is equal to an angle at the circumference standing on an arc 
e^ual to the difference of those into which the circumference is 
divided at the points of contact 

Cor, If a tangent be parallel to a chord, the arcs between the 
point of contact, and the extremities of the chord are equal 

11. Giyen the sum of the perimeter and diagonal of a square ; 
to construct it. 

12. On a ^ven straight line describe a square, and on the side 
opposite to tne given Ime, describe equilateral lariangles lying in 
opposite directions; circles describea through the extremities 
or the given line, and through the vertices oithese triangles are 
equal 

13. To inscribe an equilateral triangle in a £^ven square. 

14. Given the angles and two opposite sides of a trapezium to 
construct it. 

15. In a given circle to place two chocds of given lengths, and 
inclined at a given an^le. 

16. In the second &ure in page 83, if AM, BM be joined, the 
angle AMB is half of ACB. 

17. I( in proceediujg in the same direction round any triangle, 
as in Exercise 3, pomts be taken at distances from tiie several 
angles, each equal to a third of the side, tiie triai^ie fonned by 
joining the pcMnts of section is one third of the entire triangl& 

18. To describe a square having two of its angular points on 
the circumference of a given circle, and the other two on two given 
stnught lines drawn through the ceotrek Show that there may 
be eight such squares. 

19. Given the vertical angle of a trianele, and the segments into 
which the base is divided at the point of contact of the inscribed 
circle ; to describe the triaiiffle, and compute the sides. 

20. If any three angles of an equilateral pentagon be equal, all 
its angles are equal 

21. Given two sides of a triangle, and the difference of the seg- 
ments into which the third side is divid^ by titie perpendicular 
from the opposite angle ; to construct the triangle. 

22. Given the vertical an^e of a triangle, &e line bisecting it, 
and the perpendicular; to construct the tnangle. 

23. From a given centre to describe a cmole, from which a 
straight line, given in position, will cut off a segment containing an 
angle equal to a given angle. 

24. In a given triangle to inscribe a sefiucircle having its centre 
in one of the sides. 

35. 1%rough three given points to draw three parallels, two of 
which may to equally distant from the one between them. 

26. Given an angle of a triangle, and the radii of the circles 
toudlung the sides of the triangles into which the straight line bi- 
fiecting the given angle divides the triangle ; to constru^ it. 

27. In a momlms to inscribe a square. 
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28. GiTOi the lengths of the two parallel sides of a taapouiidt 
and the lengths of t& other sides ; to construct it. 

29. Given one of the angles at the base, and the segments into 
which the base is divided at the pdnt of contact of the inscribod 
circle ; to describe the triangles. 

30. To draw a tangent to a g^ven circle, such that the pari of 
it intercepted between the wntinnations of two given diameters 
may be equal to a given straight line. 

31. To draw a tangent to a given circle, such that the part of 
it between two given tangents to the circle may be equal to a given 
straight line. 

32. Given the vertical an^Ie of a triangle, the difSsrenee of the 
sides, and the diflference ot the segments into which the line bi- 
secting the vertical angle divides the base ; to construct the tri- 
angle. 

33. Given any three of the circles mentioned in the scholiiun to 
the fourth proposition of the fourth book of £ucUd ; to describe 
the triangle. 

34. A straight line and a point being given in position, it is 
required to draw throujgh the {x>int two stmight lines inclined at 
a given angle, and encasing with the given Ene a space of given 
magnitude. 

35. From two given straight lines to cut off equal parts^ each i»f 
which will be a nouBan proportional between the remainders. 

36. A square is to a regular octagon described on one of its ffldes, 
as 1 to 2 (l+y2). 

37. In a given triangle to inscribe a parallelogram of a given 
are<L 

38. In a given circle to inscribe a parallelogram of a given area. 

39. Through a given point between the Imes forming a given 
angle, to draw a straight line cutting off the least possible triangle. 

40. To divide a given straight line into two parts, such that the 
square of one of them may be double of the square of the other; or 
may be in any given ratio to it 

41. To produce a given straight line, so that the square of the 
whole line thus produced, may be double of the square of the part 
added, or in any given ratio to it 

. 42. Given the area of a right>angled triangle, and the sum of 
the legs ; to construct it 

43. Given th6 area and the difference of the legs of a right- 
angled triangle ; to construct it 

44. Given one leg of a right-Angled triangle, and the remote 
segment of the hypotenuse, made T)y a perpendicular from the 
right anp;le ; to construct the triangle. 

45. Given the base o£ a triangle, the vertical angle, and the side 
of the inscribed square standing on the base ; to describe the tri- 
angle. 

46. Given the base of a triangle, and the radii of the inscribed 
and cu'cumscnbed cuxsles ; to construct the triangle.. 

47. To draw a chord in a circle which will be equal to one of 
the segments of the diameter that bisects it 

48. In a given drcle to draw a chord whieh will be equal to the 
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^ffibrMoe of the parts into which it diyides the diameter that bi- 
sects it 

49. If two sides of a regular octagon, between which two others 
ii<9, be produced to meet, each of the prodaced parts is equal to a 
side or the octagon, together with the <tiagonal of a square, de- 
scribed on the side. 

00* The perimeter of a triangle is to the base, as the perpendi- 
cular to the radius of the inscribed circle. 

51. From a given point without a given circle, to draw a straight 
line cutting the circle, so that the external and internal parts may- 
be in a given ratio. 

52. Each of the complements of the parallelograms, about the 
diagonal of a parallelogram, is a mean proportional between those 
parallelograms. 

53. Griven the ratio of two straight lines, and the difference of 
their Muares ; to find them. 

54. The square of the perimeter of a right-angled triangle is 
equal to twice the rectangle under the sum of the Hypotenuse and 
one leg. and the sum of the hypotenuse and the other. 

55. The qnadrilaterSd formed by straight lines bisecting each 
pair of adjacent sides of a quadrilateral, is a parallelogram which 
IS half of the quadrilateral ; and straight lines, joining the points 
in which the sides ot that parallelogram are cut by the diagonals 
of the primitive figure, form a qiuuiriiateral similar to that figure 
and equal to a foivth of it. 

56. From three given points as centres, and not in the same 
straight line, to describe three circles each touching the other two. 
Show that this admits of four solutions. 

57. To add a parallelogram to a rhombus, such that the whole 
figure may be a parallelogram similar to the one added. 

58. A straight line being given in position, and a circle in mag- 
nitude and position, it is rsquired to describe two e^ual circles 
tonohing one another, and each touching the straight hne and the 
circle. 

59« The squares of the diagonals of a quadrilateral are together 
double of the squares of the straight lines joining the points of 
bisection of the opposite sides. 

dO. In a given niombus to inscribe a rectangle having its sides 
in a given ratio. 

61. If,, through the vertex and the extremities of the base of a 
triangle, two circles be described intersecting one another in the 
base or its continuation, their diameters are proportional to the 
sides of the triangle. 

62. To draw a straight line cutting two given concentric circles, 
so that the parts of it within them may be m a given ratio. 

63. From a given point, within a given circle, or without it, to 
draw two straight lines to the circumference, perpendicular to one 
another, and in a given ratio. When will this be impossible? 

64. If a straight line be divided in extreme and mean ratio, the 
siioares of the whole and the less part are together equal to three 
times the square of the greater. 

65. If A straight line be cut in extreme and mean ratio, and be 
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4lao biieeted» the iqiiaiv of the iiitonnadiAto part, and t^^ 

the square of half'the line are equal to twice the square ^ 4fae 

greateryart 

66. If the hypotenofe of a nght-aofi^ triangle he giren, the 
side of the greatest inscribed square, standing on the hypcfbeuame, 
is one thirdof the hypotenuse. 

67. To diTide a given semidrele into two parts by a perpeadi- 
cfilar to the diameter, so that the radii oi the eircles inecrioed ml 
them, may be in a giTen ratio. 

68. To draw a straight luie parallel to the base of a triaan^ 
making a segment of one side equal to the remote segment of tbe 
other. . 

60. In the figure for the 11th proposition of the second book of 
Euclid, the square of the diameter of the circle, passing throqgii 
the points F, H» D, is six times the square of the straight line 
jommg FD. 

70. Given the base, the area, and the sum of the squares of the 
sides of a triangle ; to construct it. 

71. If, from we extremities of the hypotenuse of a right-angled 
triangle as centres, ares be described pasting through the right 
angle, the hypotenuse is divided into three segments, such t£at 
l^e square or the middle one is equal to twice i& rectangle of the 
others* 

72. On a given hypotenuse to describe a right-angled triangle, 
such that the difference between one leg and ^e adjacent segment 
of the hypotenuse made by a perpendicular from the right ang^e, 
may be a maximum. 

78. On a given hypotenuse to construct a r^ht-aneled triangle, 
such that one segment of the hypotenuse made by the perpendi- 
cular, from the right ang^e, may be equal to the sum of the pei^ 
pendicular, and the other segment. 

74. The square of CD (see the figure for proposition XXT, 
page 248) is equal to the rectangle SiELNL; and if the circles 
touch one another externally, CD is a mean proportional between 
their diameters. Also the square of FG is equal to the rectangle 
ML.NK. 

75. On a given straight line to describe an isosceles triangle, 
having the vertical ang£ treble of each of the angles at the base. 

76. If BD, CE. in &e figure in paee 245, be joined, the interior 
figure contained by the segments of the diagonals, is a regular 
pentagon ; and if each pair of remote sides AB, DC, &c. be pro- 
duced to meet, their points of intersection will be the angular 
points of another regu&r pentagon. 

77. To find a point firom which, if straight lines be drawn to 
three given points, they wiH be proportional to three given straigl^ 
lines. 

78. Given the segments into which the base of a triangle ip 
divided by two straight lines trisecting the vertical angle ; to con- 
struct it. 
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79. If one diagonal of a qnadrilateral inis^ribed in a oirele» be 
biseetod by the other, the square of the latter is equal to half the 
sum of the squares of the four sides. 

80. To divide a straight line into two parts, such that the squares 
of the whole and one of the parts may be double of the square c^ 
the other part 

81. Given the segments into which the base of a triangle is 
divided by the straight line bisecting the vertical angle, to con- 
struct the triangle so that its angle a(0acent to the greater segment 
may be either of a given magmtude, or a maximum, and in each 
case to compute the remaining sides and angles. 

83. To draw a straight line bisecting a given parallelograin, so 
that if it be producea to meet the sides produced, the external 
triangles will have a given ratio to the parallelogram. 

83. Through a given point to draw a straight line, which, if con- 
tinued, would pass through the point of intersection of two given 
inclined straight lines, without producing those lines to meet 

. 84. If, from any point in the circumference of the circle described 
about an equilateral triangle, chords be drawn to its three angles, 
the sum of their squares is equal to six times the sqnaro or the 
radius of the same circle, or to twice the square of a side of the 
triangle. 

86. Given the difiference of the angles at the base of a fariangle, 
the difference of the segments into which the base is divided by 
the perpendicular, and the ratio of the sides ; to construct the 
triangle. 

86. Given the base and vertical angle of a triangle, to construct 
it, so that the line bisecting the vertical angle may oe a mean pro- 
portional between the segments into which it divides the base. 

87. Given two sides of a triangle, and the ratio of the base and 
the line bisecting the vertical angle ; to construct the triangle. 

88. If the vertical angle of a triangle be double of one of the 
an^es at the base, the rectangle under the sides is equal to the 
TQ^MD^ under the base, and tne line bisecting the vertical angle. 

89. If a straight line be divided into parts, which, taken in 
succession, are continual proportionals, and if circles be described 
on the several parts as diameters, a straight line which touches 
two of the circles on the same side of the straight line joining their 
centres. wiU touch all the others. 

90. Given the segments into which the base is divided by the 
straight line bisecting the vertical angle, and the angles which 
that straight line makes with the base ; to construct the triangle. 

91. To divide a given circle into two segments, such that the 
squares inscribed in them may be in a given ratio. 

92. Through a given point in the base of a given isosceles 
triangle, or its continuation, to draw a straight line such that the 
tines mtercepted on the equal sides, or their continuations between 
that line ana the extremities of the base, may have one of the equal 
sides as a mean proportional between them. 

93. Through a point in the circumference of a given circle, to 
draw two chords, such that their rectangle may be equal to a given 
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Space, and the chord joimng their other extremities equal to a given 
straight line. 

94. In any triangle the radius of the circumBcribed circle fa to 
the radius of tiie circle which is the locus of the vertex, when the 
base and the ratio of tiie sides are given, as the difference of the 
squares of those sides is to four times the area. 

95. The difference of the sides of a triangle is a mean propor- 
tional between the difference of the segments into which the base 
is divided by the perpendicular, and the difference of those into 
which it is divided Dy the line bisecting the vertical angle. 

96. Let the angles of a parallelogram which has unequal sides, 
be bisected by straight lines cuttmg the diagonals, and let the 
points of intersection be joined : the ngure thus formed is a paral- 
lelogram, which has to the proposed parallelogram the duplicate 
ratio of tiiat which the diflerence of the unequtS sides of the latter 
has to their sum. 

97. A circle and a point being given, it is required to describe a 
triai^le similar to a given one, haviufl^its vertex at the given point, 
and its base a chord of the given circle. 

98. GKven the three pointo in which the sides of a triangle are 
cut by the perpendiculars from the opposite angles : to constmet 
the tnangle. 

99. Given the angles of a triangle, and the lengths of three 
straight lines drawn from the angular points to meet in another 
point ; to construct the triangle. 

100. Given the base of a triangle, and the ratio of its sides ; to 
construct it, so that the (distance of its vertex from a given point 
may be a maximum or minimum^ 

101. To divide a circle into two segments, such that the sum 
of the squares inscribed in them may he equal to a given space. 

102. Through a given point, with a given radius, to describe a 
circle bisecting the circumference of a given circle. 

103. With a given radius to describe a circle bisecting the cir* 
cumferences of two given circles. 

104.. In a right-angled triangle, the rectangle under the radius 
of the inscribed circle, and the radius of the circle touching the 
hypotenuse and the legs produced, is equal to the area. So, like- 
wise, is the rectangle under the circles touching the legs externally, 
and the continuations of the other sides. 

105. If three straight lines be continual proportionals, the sum 
of the extremes, their difference, and double the mean, will be the 
hypotenuse and legs of a right-angled triangle. 

106. From two ^ven centres, to describe circles having their 
radii in a given ratio, and the part of their common tangent, be- 
tM'een the points of contact, equal to a given straight line. 

107. In a given circle to inscribe a quadrilateral, having two of 
its sides equal to two given lines, and the other two in a given 
ratio. 

108. With a given radius to describe a circle torching tw«- 
given circles. When is this impossible, and when are thei^ two^ 
or more solutions? 
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109. Throagh a giren point to describe a circle touching a given 
circle, and having its centre in a given straight line. When is this 
impossible? 

110. With a given radius, to describe a circle passing through a 
given point) and touching a given straight line. 

111. To trisect a ffiven triangle by straight lines drawn from a 
given point within the triangle, one of those lines 'being given. 

112. Oiven the angles and the vertex of a triangle, to describe 
it, so that the extrenuties of the base may be on two straight lines 
given in position. 

lis. To divide a given chord of a given circle into two parts, 
such that their rect^gle may have a given ratio to tbe squai'e of 
the straight line drawn from the point of section to a given point 
in the circumference. 

114. To describe two circles touching each other, and each of 
them touching the base and one of the remaining sides of a given 
tiiangle, the ratio of their radii being given. 

115. Two straight lines being given in position, and two points 
being given in one of them; it is requu-ed to find two points 
in the other, such that if two s^aight lines be drawn from the given 
points to the latter, and two from ihe latter to meet in the other 
tine, the sum of all the four wiU be a minimum. 

116. Let BEF (see the figure for proposition G of the sixth 
book) be a given triangle, and (VI. G-, cor.^ through B let the 
circle ABC be described, such that straight Imes drawn from any 
point in its circumference may be proportional to BE, BF : then, 
if through E and F two other circles be described, the first, such 
that straight lines drawn from B and F, to meet in its circumfer- 
ence, may be proportional to EB, EF, and the second, such that 
straight fines drawn from E and B, to meet in its circumference, 
may oe proportional to FE, FB ; the centres of the three circles 
win lie in the same straight line, and there are two points through 
which all their circumferences pass. 

117. In the figure for proposition H of the sixth book, BF : 
FO : : AC.BD : AB.DC. 

118. To describe a triangle having its sides equal to three given 
straight lines, and passing through three given points. 

119. On a given straight line as hypotenuse, to describe a right 
angled bian^e, such that, of the triangles into which it is divided 
by the perpendicular from the right angle, one may be a maximum. 

120. In a given triangle ABO, (see the first figure for the 
second proposition of the sixth book) draw DE parallel to BO, 
so that BE being joined, the triangle BDE may be a maximum. 

121. To describe a circle having its centre in a given line, and 
bisecting the circumferences of two given circles. 

132. A straight line and two points equally distant from it, on 
the same side, being given in position, it is required to draw 
through the points two straight lines forming with the given line 
the least Isosceles triangle possible, on the side on which the 
points are. 

123. To describe a circle touching a diameter of a given circle 
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in a giren pointy and having its drcnmferenoe Ineeeted by that of 
the ffiyen one. 

124. If an angle of a triangle be 60®, the square of the oiqwdte 
side is less than the sooares of the other two hj their rectangle : 
but if an angle be 12(r, the sauare of Uie opposite side is greater 
than the squares of the others by their rectangle. 

125. In the figure in page 249, proTe that the three straight lines 
joining AF, BE, GB are all equal 

126. The chord of 120'' is equal to the tauffent of 60^ 

127. The sines of the parts into wMch me vertical angle of a 
triangle is divided by the straight line bisecting the base^ are 
reciprocally proportional to the ^jacent sides. Shov fromTi^s 
how a given angle may be divided into two parts, having their 
sines in a given ratio. 

128. The diameter of the circle described about any triangle is 
equal to the product of any side and the cosecant of the opposite 
angle. 

129. In any triangle ABC, the radius of the inscribed cire!e is' 

, . sinlBsinlC . , sinlAsinlC . sin it A sin 1 IX 

or, finally, to the cube root of 

abe sin^A sin^B sin^G tan^A tan^B tan^G. 

130. Given the sum of the tangents, and the ratio of the secants, 
of two angles to a given radius ; to determine the angles geometri- 
cally, ancf by computation. 

131. To divide a given angle into two paits having their tangtttts 
in a given ratio. 

132. Find an angle, such that its tangjnxt is to the tangent oiito 
double, in a given ratio ; simpose tiiat of 2 to 5. 

133. The square of the cuameter of a globe is three times Hke 
square of the side of the inscribed cube. 
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ELEMENTARY GEOMETRY. 



With a few of the facts and relations of Geometry, men mnst 
have been acquainted from the earliest period. It is impossible to 
ascertain, however, in what comitry the elements of me science 
first besan to be reduced to anything like a systematic form ; but, 
while were is reason to beliere, that the ancient Hindoos and 
Egyptians did something in this way, we have no aatiientic record 
regiffding anything that was done on the subject, prior to llie time 
at wbioh the study was introduced in ancient Greece, upwards of 
six hundred years before the commencement of the Christian era. 
In that country, and in its dependencies, polite literature and the 
fine arts were cultivated at a vary early period with extraordinaij 
seal and success ; and, at the same time, the ingenious and intel- 
leetoul peo^ of the same regions made great progress in enriching 
in^ eztending geometry, ahnost the sole branch of pure science to 
which the energies of tne human mind were directed at an eariy 
period in the history of man. 

Thales of Miletus, in Asia Minor, who is said to have been bom 
about 640 years before Christ, is generally regarded as the first 
who introduced the study of geometry as a branch of science 
among the Greeks ; and it is probable, tnat he got his first notions 
of the subject in Egypt^ in which country he is said to have resided 
for some time, and io have formed an acquaintance with its priests, 
the sole depositories of whatever science existed in the land. This 
philosopher, having returned to his native country, Ionia, founded 
m it what has thence been called the Ionian school. 

The celebrated Pythagoras, a native of the island of Samos, is 
said to have been horn about 580 years before Christ This dis- 
tinguished individual, after having been a pupil of Thales, in- 
creased his knowledge by travelhng in Egypt and India, and 
making himself acquainted with the learning which then existed 
in these countries. To him has been attributed the discovery of 
the two important propositions, the 32d, and the 47th, of the nrst 
book of Euclid. Some have thought, however, that he learned 
them on his travels.* 



* Etoi if TjitagvnB did dlseoTer these propositions, it is highly improbable, that, 
as has been related, he sacrificed, in his Joy on discoyering the 47th, a hundred 
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AooUier fimthematifcian of ecmaderable celeiintj 
cratei, of the idaad of ChioB, who fived aboTe 400 
Chrut Ue is the fint who is known to have 
ing the qaadraJbare ifi a ennrihneal qMce, by finding a lectflneal 
ctie equal to it This ingenioaa, thoii^ hanen diseoYefy, ia ffwa 
in the 43d proposition of the fint boo£ of the Appendix. 

One of tiie most distingniithed promoters of seienoe maaaag the 
Greeks was the celebrated philosopher Plato. There is no dniiisiii 
eridenoe, that he made mathematical disooreries himself; throagfa 
some have supposed, that geometrical analysis (see Appenfiz, book 
n. prop. 10, &c.) as a separate subject of study, and the eonic 
sections, which were certamly first studied in his seho<^ were in- 
debted to him for their origin. H€iwer& this msj be, he greatiy 
encouraged the study of geometry amon? his pnpds, all of wbom 
be required to have a competent knowledge of the sdenee, taoA he 
even put an inscription over the door of his sdiool, statii^, that 
no one unaconainted with geometry should be allowed to enter it 
as a pupiL The conic sections, as the name, in part at leaeC^ im- 
plies, are those curves which are produced by Ihe section of t^ eooe 
Dy a plane : and the discovery of these important lines is saki to 
have originated in the attempts that were made to scdve the oeie- 
brated problem, of finding two mean praportionah betwten two 
ffiven moffnitudes.* 



ountotlieiinisef. So expenrivea aacriflca, there it good re—on to bdjero, wnwM 
bftre been inoonelstent with bis wotidlj dicanubuioee: and the ehwidin g of blood 
WM otnutenoewittihiepiinc^iiee; m, in eo n yqae n ce of hie holding the doctrine 
of the tnnimiKntion of eonle, lie eonridered it inhnmen to Idll creetuics whidi 
might poMiUj be enimetfid by the eonle of tiie ikthera, brotiien, or other relattons 
of the penons who lecrifloed them. Thoa, Ovid refveiaite him, intbe fifteoith 
boA of the Metamorphooei, as aitTing, 

Corpofa, qom poasint animae habnteae paientom. 
Ant fratrnm, ant aliqno jnnct<nrum foedere nobia, 
Aot bominum certd, tota ease et boneata rinamna. 

• » « » » 

Boaaret; ant mortem aenloribasimpntetannis; 
Horrlferum contra Borean ovis anna ministret ; 
Ubera dent aatuns mai^boa preeaanda capellae, &c. 

FSrthagoraa paid mu^ attention also to astronomy, mnsic, and arithmetic ; and 
he waa certainly one of the most distinguished men of ancient times. 

* The mettiod ot finding one mean proportional between two straight lines is 
given in the 13th proposition of the dxth book of Euclid. The finding of tun 
mean proportionalB, however, by means of dementary geom^zy, that is, by employ- 
ing only tiie straight line and tiie cirde, long ejcercised the ingenui^ of geometri- 
eiuis, but in vain ; and all the weU>informed mathematicians of modem times 
agree, that the solntion cannot be effected without the aid, directly or indirectly, 
of the higher geometry. The aolution ia easily effected by means of the conic 
sections and many other curves. It is easily obtained, also, by means of algebra. 
Thus, let a and b be the given magnitudes, and 1 to x the ratio of each of the pro- 
portionals to the one following it. Then, as 1 : jr : : a : ox, the first mean ; as, I : j: 
:i a* : or', the second; and 1 : x : : axs : ax» ; which, by the nature of thia pro- 
blem, is equal to b. Putting it, therefore, equal to 6, dividing by a, and extraoting 
the cube root, we find the value of x; and tiiencc the values of the meansg ox and 
ox a, are obtained at once. If, for example, it were required to find two mean pro- 
portionals between two lines of 54 and 16 inches respectivdy* we g^ fay dividing 
the latter by the former, ^, the cvibe root of which is §, Hfliiee» llie first i 
36, two thirds of 54 ; and the second 24, two thirds of 36. 
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Another celelnraited problem which ooeapied mucb attention in 
it^e school of Plato, and in subsequent times, was Me triaection of 
anan&le. The geometricians ot that school fsiiled, as all others 
hs?e dooe, in solving this problem by means of elementary geo- 
m^j* While they failed, nowever, in their main object, both in 
Teference to ttus problem, and that of finding two mean propor- 
tionfU^ their time and exertions were not tmt)wn away, as they 
jBMbde .valuable discoveries regarding the conic sections, as already 
MffOktionedt and also in other oranches of geometry.* 
. About 333 years before Christ, and 15 years after the death of 
Plato, the city of Alexandria in Egypt was founded by Alexander 
the Qreat. Thia city was soon after made the royal residence by 
•Ptolemy Lagus, called also Ptolemy Soter, king of Egypt, and 
•that pnnce established its celebrated Museum. This was an 
.a^iademy in which a society of learned men devoted themselves 
4» tfauQ study of science ; and it continued to be the asylum of 
leacned men, and the chief seat of mathematics, philosophy, and 
literature in general, for nearly 1000 years, till the city was taken 
by the Saracens in the 640th year of me Christian era. 

Of the distinguished men who were connected with this esta* 
blishment, the one who claims most attention in this sketch, is 
JfluoUdf the author of the Elements, and several other works. 
Whare this mathematician was bom, and the times of his birth 
and death are all unknown. It is bdieved, however, that he was 
bom upwards of 300 years before the conunencement of our era, 



According to an uicient tndttloo, the proUem of finding two mean prcqxnrtion- 
aU had its origfin in a mponae given bgr tlie oracle of Apollo at l>eloe (whence it 
was often called the DeUan Prvblem) in reply to an inquiry regarding the means 
of aTerting a plague, \n which Attica was desolated, in consequence of an aflh>nt 
alleged to hare been offered by the Athenians to that deity. In the response, (hey 
were ordered to dmMe tkeaUar; and, as the altar of Apollo at Athens was of a 
cubical form, they were thus required to double a cube. It was soon seen, that if 
tiiey doubled the length, breadth, and height of the altar, its magnitude would be 
increased eight fold ; and it was discoTered, it is said, by Hippocrates of Chios, 
that if each of these dimensions were increased in the ratio of 1 to the first of two 
mean proportionals between 1 and 2, the content or Tolume of the attar would be 
doubled. 

* The mode of bisecting an angle is glren by Euclid in the idnth proposition of 
the first book ; and that of trisecting a right angle, or any angle obtained by bisect- 
ing a right angle, its half, its fourth part, &c. is pointed out in the scTenth corol- 
lary to the thirty-second proposition of the same book, and in the note to that 
corollary. The trisection of other angles has been often attempted by means of 
elementary geometry, but in vain. By means. howcTer, of the conic sectionf , as 
well as of many other curves, the trisection may be readily effected ; and the same 
may bo easily done hy means of algebra in connexion with trigonometrical princi- 
ples. To show how the solution may be obtained in the last-mentioned way, let 
3A be changed into B in the second of each of the sets of formulas marked (235) 
and (239) in my Elements at Plane and Spherical Trigonometry; and there will 
heobtaixied, 

4co8H^—3co8i^— 008^=0, and 4sln*|^~38ini^(dn^s0. 

Then 13ie resolution of the first of these equations, which is a cubic in reference to 
eoa^9t or of the second, which is also a cubic in reference to sini^, will determtno 
19 bT means of Its cosine in the one caM^and its sine in the other, when 9 is given. 
Each equation will have three roots, which in the first will be the cosines, and in 
the senond the sine*, of one third of B, one third of 0+360°, and one third of 0+720". 
Other solutions might be obtained from formula (47) or (48) of the same work. 
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and he wm tibe pncmtoe and Mend of PtolM&y PhMixlBlplm^ 
kiae of B^^pt* Ut the ^rorks whieh he oon^aed, th» mao^ 
MlMratedu the Elemeiits ah^ady referred to ; a work wbiicb btm 
been tranriatBd into the lanyiayee of all nations that faftTe-niade 
any ooasiderable progxest in oivilization, naoe it was first pabttslMMl, 
and which has been more generally used for the pnxposee ofiMMh^ 
iag, than any work on absteaet science that has ever appeared! 

What share Eoclid had In the disooTery of the propoaitidiia- ~ 
tained in this woik, it is impossible to detennine. It is i^^ 
that before bis time, Hippomtes of Chios, Eudoxnsy wad 
had oomposed treatises on elementary ffeemetry, whieb were li^faly 
eeteemeo, and which most doubtless naw contaiaed most ot^te 
principal pr(»ositi(ms whic^ we find in Endid. Besides tius» tbe 
progress maae in the theory of the conic sections before hu tiaie 
proves inoontroyertifaly, that much must haTe been done in efo- 
mentary geometry, as its leading propositions are required in nato 
blishing &at theoiy. With regard to the composition of the woric, 
however, Euclid is entitied to tiie greatest credit His reasoning 
is conducted with extreme rigour, and the work exhibits throarii- 
ont soeh accuracy of thought and expression as is caloaltttef to 
produce the most beneficial effects on the miod of the earaM 
readOT. It is a decisive proo( also, of the estimation in whidi it 
has been held, that it has been lumded down to modem tinuBB, 
while the similar works that preceded it have been lost ; and that 
.even amid the giffantio strides made in modem science, na wwrk 
has yet appearoa which has superseded it in any consiABncble 
d^ree. 

This celebrated work is divided into fifteen books. Of tbeae, 
the first four treat of the equality or inequality of strs^ht lines, of 
angles, and of figures bounded oy straight lines or circular wboa. 
The fifth contains the theory of proportion in the abstract, and 
the sixth applies this theorv in reference to the mi^nitudes treated of 
in the first four books. The seventh, eighth, and ninth books treat 
of the properties of numbers, and form the most ancient tract oa 
arithmetic extanl In the present state of science, however, these 
books are of scarcely any value. The tenth is devoted to the 
consideration of commensurable and incommensurable mafi^- 
tudes, and the last five treat of solids. The last two of these are 
supposed to have been written, not by Euclid, but by HypskUeaitf 
Alexandria, who lived about 200 years after him. The first six 
books, and the eleventh and twelfui, form the most valuable part 
of the work—the part which is found to be of importance in seieaoe 
in its present state ; and accordingly most of the modem editieos 
contam only these. The editions of Barrow, Gregory, and Pey* 
rard, besides others, contain the whole fifteen books. 

Since the time of Euclid many curious and interesting propo* 



* A Tsmarkable reply whiofa he is mid to faste ghreii to Ptolemy, is reeorM, sM 
is often referred to. That prlnoe haying uked Enoiid whether there wsa so sfaiKMr 
or easier moans of acquiring a knowledge of geometry, than that wfaieb hs had 
given in his Elements, Euclid is reported to hate said in rejdy,--^* No, Sire, there Is 
no royal road to geometry." 
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sitions in elementary geometry have been discorered by diffisrent 
iHdiVldaalB. Many otthe most yalnable of these will be found in 
tlld Appendix to this work, and in the propositions in the second 
end iKBth books, marked A, B, C, &c. In reference to these 
AMttert, it is imneoessaiT to go into minate details ; and it may be 
toAcieilt to state, that tne most interesting addition to elementary 
fnooftoffttj, made in modem times (too difficult, however, in its cha- 
ractepto be suited to the Appendix to this work), was given by Pro- 
^NMor Gauss of GKittingen, in his IHsquisUiones Arithmetiece, 
pMkHaed in 1801. The only regular polygons that coidd be in- 
■efibed in a given circle before the time of G-auss, were those 
which are treated of in the fourth book of Buclid, and those which 
aro obtained by continued bisections of the ares of wliich their 
sKe chords. That distinguished mathematician, however. 



dinovered'tbe means of inscribing polygons of 17 sides, of 257 
sides; and, in general, of 2"-|-l siaes, when 2"-f-l is a prh 



prune 



Several treatises on Trigonometry were written in ancient times. 
The earliest of these of vmich we have any record, was by Uip- 
pan^ns, the celebrated astronomer, who flourislMd about 150 years 
oefiire Christ. This has been lost, however; and the earliest 
iMStiBe extant is that of Theodosius, who lived soon after Hip- 
parohus. This treatise, as well as some otiiers of ancient times, 
M oonfined to spherical trigonometry, that branch of the subject 
which is chiefly useful in astronomy ; and the demonsteations are 
emducted in the same synthetic manner that is employed by 
ISuehd in the Elements. Other writers on trigonometry were 
MenelaUB, who lived in the first century of the Christian era ; and 
Ftolemy, the £lgyptian astronomer, from whom the Ptolemaic 
•ystem takes its name, and who gave some useful matter regarding 
trigonometry in the first book of his Almagest {MtyaXri 'Swra^tg). 
In trigonometrical computations the ancients used chords instead 
of sines; the use of the latter, which is much preferable, having 
been introduced by the Arabians in the middle ages. 

Great improvements were introduced, about the middle of the 
fifteenth century, by Piffbach^ and afterwards by his pupil, John 
MoHer, commonly ciiJled Regiomontanus, both Germans. After 
these writers, many others, particularly Yieta, contributed in sue- 
cwmoa to the gradual improvement of trigonometry. It was 
reserved, however, for Baron Napier, or Neper, of Merehiston, 
near Edinburgh, to confer upon science in general, and on trigo- 
nometry in particular, vast advantages, by nis invention of loga- 
rithms, in the year 1614. The use of these remarkable numl^rs 
changed, in a great degree, the whole stioicture of trigonometry ; 
and, besides the important aid which they afford, in many in- 
stances in scientific mvestigations, they greatly facilitate compu- 
tations in general, but more particularly in trigonometry, 
navigation, and astronomy. 

During the period that has elapsed between the invention of 
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logariihmB and the preaent time,* — ihe most brilliant period, br 
iar, in the history ofacienoe, — ^die period in whicJbi the oueoTeries 
of Kewton, Koler, La Grange, Laplace, and mBaxr other vaead 
the highest genius, have b^n given to the worlo. — during tbii 
period — the greatest stride that has been made in the advance- 
ment of trigonometrv and of eeometiy at larae, has been the 
bringing of them both under the dominion of aiMbra^ By this 
means, the investigations are freed firom the cnnabirous finnnaHty 
and tedioasness ofdemonstrations snch as those of Eaclid, whicli» 
however admirable they are in the elements of science, and how- 
ever well they are calculi^ed to strengthen and diacipline the 
mind, are powerless in the more advamsed researchea of sciaice. 
By these means, trigonometry has be^i enriched with, numberless 
new additions ; and, instead of being confined, as it formerily was, 
to the mere resolution of triangles, it has now become a powerful 
instrument of investigation in other departments of science. AJige- 
bra, too, applied in the way first pointed out by Descaxtes, and 
followed up Dv the powerful means afibrded by tlie difierential and 
integral cidcultts, has given the hieher geometry an extent incom- 
parably greater tiian it could possibly have attamed by the ancient 
eeometncal method of investigation. Within a very recent period, 
this application of algebra has been reduced to a systematic forn^ 
constituting a new, or at least a separate, branch of science which 
is generally called Analytic Geometry, 

For fJEutner information on tiiese curious and important subject^ 
the student may have recourse to Montuda's and Bossut's Hi^ 
tones of Mathematics, to Button's and Barlow's Mathematical 
Dictionaries, to the Transactions of scientific societies, to encyclo- 
poedias, and to various biographical works. 



* It msy be worth mentioning, that, daring this period, some methods of reflolv« 
ing the dementary cases of trigonometry hate been introdnoed, whioh arv of value 
in a practical point of view. Thus, the rery dennt formulas in the oMvUaiy ^ 
the 6th proposition in page 166, and those in the first and seoond ooroUaries in the 
next page, were disooTered by William Purser of Dublin, about the year 1682, or 
soon after. The properties established in the 4th propositionjwge 166, were given 
for the first time, so fiur as I liave been abie to ascertain, in Thacker's Mls«M»ll>ny 
in 1643; and their use in resolving the second case in plane ^rtgonometiy was 
pointed out by the late Professor Wallace of Edinburgh, in the Transactions of 
the Royal Society of Edinburgh for 1 823. The method of resolving the third case, 
given in page 171, as arising from the 3d and 3d corollaries to the 7th proposition, 
page 167, was first given in the second edition of my Elements of FJane BZid 
Spherical Trigonometry, published in 1830: and in the next edition of this work 
a new formula (83) was given, which answers the same purpose with equal Ikdlity. 



BELFAST: 
PRIITTED nr SIMMS A.XD M'JXTYBK. 



